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Abstract—The DTLZ1-DTLZ4 problems are by far one of the
most commonly used test problems in the validation and com-
parison of multiobjective optimization evolutionary algorithms.
However, very recently, it has been pointed out that they have
the following two special characteristics: the regularly-oriented
Pareto front shape and the single distance function. As a modi-
fication of them, this paper presents a new set of test problems
mDTLZ1-mDTLZ4 to avoid the two special characteristics. Using
these new test problems, we investigate the performance of three
representative multiobjective evolutionary algorithms NSGA-II,
MOEA/D-Tch and SMS-EMOA. Experimental results indicate
that the performance of NSGA-II and MOEA/D-Tch deteriorates
on mDTLZ1-mDTLZ4. Subsequently, our analysis reveals that
there exist the hardly-dominated boundaries in each of mDTLZ1-
mDTLZ4, which hinder the approximation of Pareto dominance
based algorithms and Tchebycheff-decomposition based algo-
rithms. Furthermore, we summarize that the hardly-dominated
boundary should be an often encountered problem feature in
multiobjective optimization. Last but not least, we point out and
validate some coping strategies for dominance based algorithms
and decomposition based algorithms to overcome the challenges
caused by the hardly-dominated boundary.

Index Terms—Multiobjective optimization, evolutionary algo-
rithm, test problems, hardly-dominated boundaries, generalized
decomposition, ϵ-dominance

I. INTRODUCTION

A large number of multiobjective optimization evolutionary
algorithms (MOEAs) have been developed for various

optimization tasks [1]–[4]. The validation and comparison
of them are usually carried out by using a chosen set of
benchmarks or test problems [5]. Ideally, the test problems
used should be well-understood and feature-rich so that the
strengths and weaknesses of each algorithm can be com-
prehensively identified [6]. Toward such a goal, on the one
hand, new test problems with different features need to be
continuously designed; on the other hand, the features of the
existing test problems require to be thoroughly analyzed and
summarized [7].

Recently, several test suites with new features have been
presented along with some unprecedented findings on the
search behaviors of MOEAs [8]–[14]. For example, Liu et
al. [15] suggested a set of imbalanced test problems for
the investigation of MOEAs. And they found that MOEAs
designed with the “convergence-first, diversity-second” search
strategy may become ineffective in addressing multiobjective
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problems with the imbalance feature. In contrast, a search
strategy that balances diversity and convergence can enable
MOEAs to achieve reasonable performance on these problems.
For another example, Li et al. [16] proposed using a set of test
problems with bias features to study the approximation ability
of MOEAs. They concluded that the search scheme combining
differential evolution (DE) and covariance matrix adaptation
(CMA) could make MOEAs more efficient in coping with
biased multiobjective problems.

In addition to constructing new test problems, the analysis
of existing test problems is also imperative [17]. By analyzing
and summarizing the features of the test problems, the appli-
cability of each tested MOEA to each problem feature can be
understood more clearly. With such clear understanding, more
accurate conclusions about the strengths and weaknesses of the
algorithms can be drawn [18]. Furthermore, the rigorous anal-
ysis of the test problems can contribute to recognizing their
design flaws and further refine them. For example, DTLZ5,
DTLZ6 and WFG3 were initially built to be multiobjective test
problems with degenerate Pareto fronts [18], [19]. However,
later studies demonstrated that their Pareto fronts are not
degenerate when DTLZ5 and DTLZ6 have more than three
objectives or WFG3 has more than two objectives [20]–[22].
Constraint conditions introduced in [20]–[22] can be used to
remove the nondegenerate parts of their Pareto fronts.

The DTLZ test suite proposed by Deb et al. [19] is a
set of scalable multiobjective test problems. Its first four
test problems, DTLZ1-DTLZ4, have frequently been used for
the performance evaluation of MOEAs [23]–[29]. However,
recently Ishibuchi et al. [7] have pointed out that there exist
two special characteristics in DTLZ1-DTLZ4, which may lead
to unfair comparisons and validations of MOEAs. The two
special characteristics can be described as follows:

1) The Pareto fronts of DTLZ1-DTLZ4 have regular ori-
entation and are similar to the (m − 1)-dimensional
simplex (c.f. Fig. 2); while the weight/direction vectors
of decomposition based MOEAs are usually also set to
be uniformly distributed along the (m − 1)-dimensional
simplex as well (c.f. Fig. 3). This overfitting between
the PFs and the distribution of weight/direction vectors
facilitates decomposition based MOEAs to achieve good
performance on them.

2) For each of the DTLZ1-DTLZ4 test problems, all the
objective functions adopt the same distance function. By
only optimizing this single distance function, the Pareto
optimal solutions to the problem can be reached. This
means that the search for the Pareto optimal solutions is
independent of the number of objectives, and more like
the single-objective optimization.



In this paper, we first introduce a new set of test prob-
lems (denoted as mDTLZ1-mDTLZ4) by modifying DTLZ1-
DTLZ4 to avoid the two special characteristics. Using these
new test problems, we investigate three representative MOEAs
(i.e. NSGA-II, MOEA/D-Tch and SMS-EMOA), and the re-
sults reveal that NSGA-II and MOEA/D-Tch perform poorly
on them. By analyzing the feasible region of three-objective
mDTLZ1 in the objective space, we find that it has three
peculiar boundaries, each of which is connected with one edge
of the Pareto front and parallel to a coordinate axis (c.f. Fig. 9).
This kind of feasible region boundary, referred to herein as the
hardly-dominated boundary, causes many difficulties for Pare-
to dominance based MOEAs and Tchebycheff-decomposition
based MOEAs. The solutions located on the hardly-dominated
boundary have the property of dominance resistance, as only a
tiny part of solutions in the feasible region can dominate them.
They can hardly be replaced or updated by other solutions ac-
cording to the Pareto dominance criterion and the Tchebycheff
decomposition method. Furthermore, we summarize that the
hardly-dominated boundary should be an often encountered
problem feature in multiobjective optimization. Last but not
least, we point out and validate some coping strategies for
dominance based MOEAs and decomposition based MOEAs
to overcome the challenges caused by the hardly-dominated
boundary.

The remainder of this paper proceeds as follows. In Sec-
tion II, some fundamental concepts are presented along with
a brief review of DTLZ1-DTLZ4. In Section III, the new test
problems mDTLZ1-mDTLZ4 are introduced in detail. In Sec-
tion IV, three representative algorithms NSGA-II, MOEA/D-
Tch and SMS-EMOA are tested and compared on the three ob-
jective mDTLZ1-mDTLZ4. In Section V, the analysis explains
why the performance of Pareto dominance based MOEAs
and Tchebycheff-decomposition based MOEAs degrades on
the mDTLZ1-mDTLZ4 problems. In Section VI, some coping
strategies for certain MOEAs are indicated and verified. Some
discussions are provided in Section VII. Finally, this paper is
concluded in Section VIII.

II. BACKGROUND

A. Basic Definitions

In general, a continuous multiobjective optimization prob-
lem (MOP) can be defined as follows:

minimize f(x) = (f1(x), · · · , fm(x))ᵀ,
subject to x ∈ Ω ⊂ Rn.

(1)

where Ω ⊂ Rn is the n-dimensional decision space, and x =
(x1, · · · , xn)

ᵀ is a decision vector in it. The objective vector
f(x) consisting of m objective functions {f1(x), · · · , fm(x)}
defines the mapping from the decision space to the objective
space. In our study, Ω is a closed subset, and all the objective
functions are continuous of x.

Definition 1: A solution x1 is said to Pareto dominate
another solution x2, if fi(x1) ≤ fi(x

2) for all i ∈ {1, . . . ,m},
and fj(x

1) < fj(x
2) for at least one j ∈ {1, . . . ,m}.

Definition 2: A solution x∗ is said to be Pareto optimal, if
there is no other solutions that can Pareto dominate it.

Definition 3: The set of all the Pareto optimal solutions
is called the Pareto set (PS), i.e. PS = {x∗ ∈ Ω|@x ∈ Ω
dominates x∗}.

Definition 4: The Pareto front (PF) is the set of the images
of the solutions in the PS, i.e. PF = {f(x)|x ∈ PS}.

Definition 5: The ideal point z∗ = (z∗1 , . . . , z
∗
m)ᵀ is defined

as z∗i = min{fi(x)|x ∈ Ω}, for i = 1, . . . ,m.
Decomposition based MOEAs decompose an MOP into

a set of single objective subproblems and collaboratively
optimize them [30]. The Tchebycheff decomposition method
is one of the most commonly used decomposition methods,
which defines the scalar optimization subproblem as follows:

minimize g(x|w, z∗) = max
1≤i≤m

{wi|fi(x)− z∗i |}

subject to x ∈ Ω
(2)

where w = (w1, . . . , wm)ᵀ is a weight vector that satisfies
wi ≥ 0 for all i = 1, . . . ,m and

∑m
i=1 wi = 1. By using

different weight vectors in Eq. (2), a set of different scalar
optimization subproblems can be achieved. In practice, wi = 0
is replaced by a sufficient small value (e.g. wi = 10−9).
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Fig. 1. Illustration of the scalar optimization subproblem defined with the
Tchebycheff decomposition method.

As shown in Fig. 1, the properties of a subproblem de-
fined by Eq. (2) can be depicted by a directional line and
several contour lines [31], [32]. The intersection between the
directional line and the PF is the optimal solution of this
subproblem.

B. DTLZ1-DTLZ4 Test Problems

DTLZ1-DTLZ4 are the first four test problems of the
DTLZ suite [19]. They can be represented by the following
formulation:

minimize fk(x)=hk(xI)
(
1+g(xII)

)
, for k=1, . . . ,m. (3)

where x = (x1, · · · , xn)
ᵀ ∈ Ω is the decision vector,

xI = (x1, · · · , xm−1)
ᵀ and xII = (xm, · · · , xn)

ᵀ are two
subvectors of x. h1(xI), . . . , hm(xI) are usually called the
position functions, they together define the PF of Eq. (3).
g(xII) ≥ 0 is often called the distance function, which
determines how far a solution is to the PF. If a solution
makes g(xII) to be zero, it would be the Pareto optimal
one. The formulations of g(xII) and (h1(xI), . . . , hm(x)I)

ᵀ

in DTLZ1-DTLZ4 are presented in Table I.
As shown in Table I, let y∗ = (y∗1 , . . . , y

∗
m)ᵀ be a Pareto

optimal solution in the objective space, the PFs of DTLZ1-



TABLE I
DTLZ1-DTLZ4 TEST PROBLEMS

Problem Position functions and distance function Variable domains

DTLZ1

hk(xI) =


0.5

∏m−1
i=1 xi, k = 1,

0.5
((∏m−k

i=1 xi

)
(1−xm−k+1)

)
, k = 2, . . . ,m− 1,

0.5(1− x1), k = m. [0, 1]n

g(xII) = 100

(
n−m+ 1 +

n∑
i=m

(
(xi − 0.5)2 − cos

(
20π(xi − 0.5)

)))
.

DTLZ2

hk(xI) =


∏m−1

i=1 cos(0.5πxi), k = 1,(∏m−k
i=1 cos(0.5πxi)

)
sin(0.5πxm−k+1), k = 2, . . . ,m− 1,

sin(0.5πx1), k = m. [0, 1]n

g(xII) =
n∑

i=m

(
(xi − 0.5)2

)
.

DTLZ3 hk(xI) for k = 1, . . . ,m are the same as those in DTLZ2.
[0, 1]n

g(xII) is the same as that in DTLZ1.

DTLZ4

hk(xI) =


∏m−1

i=1 cos(0.5πx100
i ), k = 1,(∏m−k

i=1 cos(0.5πx100
i )

)
sin(0.5πx100

m−k+1), k = 2, . . . ,m− 1,

sin(0.5πx100
1 ), k = m. [0, 1]n

g(xII) =

n∑
i=m

(
(x100

i − 0.5)2
)
.

PF

(a)

PF

(b)

Fig. 2. The PFs of DTLZ1-DTLZ4 with three objectives. (a) DTLZ1. (b)
DTLZ2-DTLZ4.

DTLZ4 can be represented by the following formulations:

DTLZ1:
m∑
i=1

y∗i = 0.5,

0 ≤ y∗i ≤ 0.5 for i = 1, . . . ,m.

(4)

DTLZ2-DTLZ4:
m∑
i=1

(y∗i )
2 = 1,

0 ≤ y∗i ≤ 1 for i = 1, . . . ,m.

(5)

The PFs of three-objective DTLZ1-DTLZ4 are illustrated in
Fig. 2. It can be observed that the shape of each problem’s
PF is the same or similar to the shape of the 2-dimensional
simplex (i.e. triangular plane).

C. Two Special Characteristics

Although the DTLZ1-DTLZ4 problems are one of the most
popular benchmark problems in evolutionary multiobjective

optimization research, they have recently been identified as
less general due to their two special characteristics [7].

Fig. 3. The distribution of weight/direction vectors used in decomposition
based MOEAs.

1) Regularly-oriented PF shape: The PFs of DTLZ1-
DTLZ4 have regular orientation and their shapes are similar
to the shape of the (m− 1)-dimensional simplex (c.f. Fig. 2).
However, the weight/direction vectors of decomposition based
MOEAs are usually set to be uniformly distributed along the
(m− 1)-dimensional simplex (c.f. Fig. 3) as well. There is an
over-fitting between their PF shapes and the distribution of the
weight/direction vectors, which naturally helps decomposition
based MOEAs in achieving a set of well-distributed approx-
imate solutions. As benchmark test problems, such an over-
fitting should be avoided so as to provide fair comparisons of
MOEAs.

2) Single distance function: For each of the DTLZ1-
DTLZ4 test problems, all the objective functions employ the



TABLE II
MDTLZ1-MDTLZ4 TEST PROBLEMS

Problem Position functions and distance functions Variable domains

mDTLZ1

hk(xI) =


0.5

(
1−

∏m−1
i=1 xi

)
, k = 1,

0.5
(
1−

(∏m−k
i=1 xi

)
(1− xm−k+1)

)
, k = 2, . . . ,m− 1,

0.5x1, k = m. [0, 1]n

gk(xII) = 100

(
|ϕk|+

∑
i∈ϕk

(
(xi − 0.5)2 − cos

(
20π(xi − 0.5)

)))
,

where ϕk = {m− 1 + k, 2m− 1 + k, . . . , ⌊n+1−k
m ⌋m− 1 + k} for k = 1, . . . ,m.

mDTLZ2

hk(xI) =


1−

∏m−1
i=1 cos(0.5πxi), k = 1,

1−
(∏m−k

i=1 cos(0.5πxi)
)
sin(0.5πxm−k+1), k = 2, . . . ,m− 1,

1− sin(0.5πx1), k = m.
[0, 1]n

gk(xII) =
∑
i∈ϕk

(
(xi − 0.5)2

)
,

where ϕk = {m− 1 + k, 2m− 1 + k, . . . , ⌊n+1−k
m ⌋m− 1 + k} for k = 1, . . . ,m.

mDTLZ3 hk(xI) for k = 1, . . . ,m are the same as those in mDTLZ2.
[0, 1]n

gk(xII) are the same as those in mDTLZ1.

mDTLZ4

hk(xI) =


1−

∏m−1
i=1 cos(0.5πx100

i ), k = 1,

1−
(∏m−k

i=1 cos(0.5πx100
i )

)
sin(0.5πx100

m−k+1), k = 2, . . . ,m− 1,

1− sin(0.5πx100
1 ), k =m.

[0, 1]n

gk(xII) =
∑
i∈ϕk

(
(x100

i − 0.5)2
)
,

where ϕk = {m− 1 + k, 2m− 1 + k, . . . , ⌊n+1−k
m ⌋m− 1 + k} for k = 1, . . . ,m.

same distance function. In this case, if a solution x1 is better
than another solution x2 with respect to this single distance
function (the values of the position functions are the same),
then x1 can dominate x2 (c.f. Fig. 6(a)). That is, the Pareto
optimal solutions can be obtained by merely optimizing the
single distance function. This means that the search for the
Pareto optimal solutions is independent of the number of
objectives, and more like a single-objective optimization.

III. MODIFIED DTLZ PROBLEMS

To avoid the two special characteristics, in this section we
introduce the modified variants of the DTLZ1-DTLZ4 prob-
lems (denoted as mDTLZ1-mDTLZ4). Besides, we provide
some analysis and experiments in this section to illustrate that
the mDTLZ1-mDTLZ4 test problems can get rid of the two
special characteristics.

A. mDTLZ1-mDTLZ4 Test Problems

The mDTLZ1-mDTLZ4 test problems can be written in the
following form:

minimize fk(x)=hk(xI)
(
1+gk(xII)

)
, for k=1, . . . ,m. (6)

where the definitions of x, xI and xII are the same as in
Eq. (3). Note that each objective function fk ∈ {f1, . . . , fm}
in Eq. (6) employs a distinct distance function gk. The

formulations of gk and hk in mDTLZ1-mDTLZ4 are shown
in Table II.

As shown in Table II, if we let y∗ = (y∗1 , . . . , y
∗
m)ᵀ be

a Pareto optimal solution in the objective space, the PFs
of mDTLZ1-mDTLZ4 can be expressed by the following
formulations:

mDTLZ1:
m∑
i=1

y∗i = 0.5(m− 1),

0 ≤ y∗i ≤ 0.5 for i = 1, . . . ,m.

(7)

mDTLZ2-mDTLZ4:
m∑
i=1

(y∗i − 1)2 = 1,

0 ≤ y∗i ≤ 1 for i = 1, . . . ,m.

(8)

Fig. 4 illustrates the PFs of three-objective mDTLZ1-
mDTLZ4. It can be found that the PF shapes of mDTLZ1-
mDTLZ4 are similar to the shape of the inverted 2-dimensional
simplex (i.e. inverted triangular plane).

B. PF Shapes and Distance Functions

Similar to the DTLZ−1 test problems [7], the PF shapes
with inverted orientation are adopted in mDTLZ1-mDTLZ4.
Multiobjective test problems with such PF shapes can e-
vade several undesirable features. For example, as discussed
in [33], [34], there is a problematic and unrealistic feature
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Fig. 4. The PFs of three-objective mDTLZ1-mDTLZ4. (a) mDTLZ1. (b)
mDTLZ2-mDTLZ4.

in the m-objective test problems whose PFs are similar to
the regular (m−1)-dimensional simplex (e.g. DTLZ1-DTLZ4
and WFG4-WFG9). To illustrate it, let us first consider a
practical example of multiobjective optimization in buying a
car. When choosing a car, we often consider several conflict-
ing criteria or objectives (e.g. minimizing price, maximizing
comfort, maximizing engine performance and minimizing fuel
consumption). With respect to minimizing price and maximiz-
ing engine performance, the optimization would involve two
conflicting metrics (i.e. price and engine performance). Thus,
there exists a set of trade-off solutions are optimal in a non-
dominated sense. However, the nature of the test problems
with regularly-oriented PFs cannot fulfill with this property
of the contradiction between the objectives. This is because
this kind of test problem has a feature that its any (m − 1)
objectives are nonconflicting to each other, i.e. there exists a
single solution can simultaneously optimize its any (m − 1)
objective functions. In other words, the PF degenerates into
a single point if we arbitrarily omit one objective of the test
problem. On the other hand, the mDTLZ problem can address
such a shortcoming so that the optimization involving any k
objective functions (1 < k < m) results in a set of trade-off
solutions rather than a single solution. Furthermore, mDTLZ1-
mDTLZ4 can avoid being over-friendly to decomposition
based algorithms since their PFs no longer exactly match the
distribution of the weight/direction vectors (c.f. Fig. 5).

Fig. 5. Relation between weight/direction vectors and the PF of mDTLZ1.

Referring to [7], we conduct a comparative experiment
on DTLZ1 and mDTLZ1 to illustrate their distance function
related properties. As shown in Fig. 6(a) and Fig. 6(b), we first
randomly generate an initial solution (shown as a hexagram)
on DTLZ1 and mDTLZ1, respectively. Then we generate 100
child solutions (shown as circles) from each initial solution
by randomly changing the values of its distance related vari-

ables (i.e. xm, . . . , xn). That is, we keep the initial solution’s
position related variables (i.e. x1, . . . , xm−1) unchanged and
replace its position related variables with randomly generated
values within their domains. It can be seen that the solutions
generated on DTLZ1 are all located on a straight line (c.f.
Fig. 6(a)). This is mainly because all the objective functions
of DTLZ1 use the same distance function. In this case, the
solutions that differ only on this single distance function are
surely on the same line. In other words, the Pareto optimal so-
lutions can be achieved by optimizing only the single distance
function. This means that the search for the Pareto optimal
solutions is single-objective optimization. However, such a
phenomenon is not shown in Fig. 6(b) since each objective
function of mDTLZ1 adopts a distinct distance function.
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Fig. 6. 100 solutions generated by randomly changing the initial solution’s
distance related variables on two-objective DTLZ1 and mDTLZ1, respectively.

Overall, it can be concluded that mDTLZ1-mDTLZ4 can
avoid the two special characteristics, i.e. the regularly-oriented
PF shape and the single distance function. Next, one might
wonder if existing MOEAs are still effective on mDTLZ1-
mDTLZ4.

IV. EXPERIMENTAL TESTING

In this section, three representative MOEAs, NSGA-II [35],
MOEA/D-Tch [30] and SMS-EMOA [36], are tested and
compared on three-objective mDTLZ1-mDTLZ4.

A. Examined Algorithms and Parameter Settings

• NSGA-II is a classical dominance based MOEA, which
employs the Pareto dominance criterion and the crowding
distance for fitness evaluation.

• MOEA/D-Tch is a commonly used decomposition based
MOEA. By adopting a group of uniformly distributed
weight vectors in the Tchebycheff decomposition method,
MOEA/D-Tch decomposes an MOP into a set of single
objective optimization subproblems and optimizes them
collaboratively.

• SMS-EMOA is a well-known indicator based MOEA
that uses the hypervolume metric for population diversity
maintenance.

The parameters of NSGA-II, MOEA/D-Tch and SMS-
EMOA are set according to their corresponding references,
respectively [30], [35], [36]. To have a fair comparison, we let
three MOEAs use the same reproduction procedure (i.e. the
simulated binary crossover and the polynomial mutation) for



TABLE III
∆2-METRIC VALUES OBTAINED BY NSGA-II, MOEA/D-TCH AND SMS-EMOA ON THE THREE-OBJECTIVE MDTLZ1-MDTLZ4

∆2 NSGA-II MOEA/D-Tch SMS-EMOA
Problem Median Best Median Best Median Best
mDTLZ1 3− 1.739E+02 1.586E+02 2− 2.360E+01 1.414E+01 1 1.699E-02 1.667E-02
mDTLZ2 3− 3.432E-01 3.334E-01 2− 6.285E-02 6.096E-02 1 3.665E-02 3.598E-02
mDTLZ3 3− 3.427E+02 3.286E+02 2− 5.111E+01 4.153E+01 1 3.702E-02 3.610E-02
mDTLZ4 3− 3.459E-01 3.308E-01 2− 2.887E-01 2.394E-01 1 3.689E-02 3.631E-02

+ ,− and ≈ denote that the performance of the corresponding algorithm is significantly better than,
worse than, and similar to SMS-EMOA respectively by Wilcoxon’s rank sum test with α = 0.05.

TABLE IV
HV-METRIC VALUES OBTAINED BY NSGA-II, MOEA/D-TCH AND SMS-EMOA ON THE THREE-OBJECTIVE MDTLZ1-MDTLZ4

HV NSGA-II MOEA/D-Tch SMS-EMOA
Problem Median Best Median Best Median Best
mDTLZ1 3− 0.58775 0.83269 2− 1.34773 1.34860 1 1.35351 1.35355
mDTLZ2 3− 0.96562 0.97986 2− 1.05960 1.06082 1 1.07938 1.07961
mDTLZ3 3− 0 0.05199 2− 1.05331 1.05593 1 1.07890 1.07929
mDTLZ4 3− 0.94384 0.96860 2− 0.98874 1.05315 1 1.07901 1.07925
+ ,− and ≈ denote that the performance of the corresponding algorithm is significantly better than,

worse than, and similar to SMS-EMOA respectively by Wilcoxon’s rank sum test with α = 0.05.

0

0 0

20

40

mDTLZ1

f3

60

100100

f2 f1

80

200200

300300

NSGA-II

PF

0

0 0

0.2

f3

0.4

0.20.2

f2 f1

0.6

0.4 0.4
0.6 0.6

0

00

0.5

0.50.5

f3

mDTLZ2

1

f1f2

1.5

11

1.51.5

NSGA-II

PF

0

00

100

200

mDTLZ3

f3

200200

300

f2 f1

400400

600600

NSGA-II

PF

0

0 0

0.4

f3

0.8

0.40.4

f2 f1

1.2

0.80.8
1.2 1.2

0

00

0.5

0.50.5
f3

mDTLZ4

1

f2 f1

1.5

11

1.51.5

NSGA-II

PF

(a)

0

00

50

20

f3

mDTLZ1

50

100

40

f1f2

10060
80 150

MOEA/D-Tch

PF

0

0 0

0.2

f3

0.4

0.2 0.2

f2 f1

0.6

0.4 0.4
0.60.6

0.0

0.2

0.0 0.0

0.4

0.2 0.2

0.6

mDTLZ2

f3

0.8

0.40.4

1.0

f2 f1

0.60.6

1.2

0.8 0.8
1.0 1.0

1.2 1.2

MOEA/D-Tch

PF

0

00

100

f3

mDTLZ3

100

200

f1f2

100
200

300200

MOEA/D-Tch

PF

0

0 0

0.4

f3

0.8

0.4 0.4

f1f2

1.2

0.80.8
1.21.2

0

0 0

0.5

0.5 0.5

f3

mDTLZ4

1

f2 f1

1.5

1 1

1.5 1.5

MOEA/D-Tch

PF

(b)

0

0 0

0.2

mDTLZ1

f3

0.4

0.2 0.2

f1f2

0.6

0.4 0.4

0.60.6

SMS-EMOA

PF

0.0

0.2

0.0 0.0

0.4

0.2 0.2

0.6

mDTLZ2

f3

0.8

0.4 0.4

1.0

f1f2

0.6 0.6

1.2

0.8 0.8
1.0 1.0

1.2 1.2

SMS-EMOA

PF

0.0

0.2

0.00.0

0.4

0.2 0.2

0.6

mDTLZ3

f3

0.8

0.40.4

1.0

f2 f1

0.60.6

1.2

0.80.8
1.01.0

1.21.2

SMS-EMOA

PF

0.0

0.2

0.00.0

0.4

0.20.2

0.6

mDTLZ4

f3

0.8

0.4 0.4

1.0

f1f2

0.6 0.6

1.2

0.80.8
1.01.0

1.21.2

SMS-EMOA

PF

(c)

Fig. 7. Plots of the final solutions with the median ∆2-metric values found by three MOEAs in 30 runs on the three-objective mDTLZ1-mDTLZ4. (a)
NSGA-II. (b) MOEA/D-Tch. (c) SMS-EMOA.
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Fig. 8. Evolution of the mean ∆2-metric values of three MOEAs on the three-objective mDTLZ1-mDTLZ4.

the generation of offspring solutions. The detailed parameter
settings are summarized as follows:

1) Number of objectives and decision variables: All three
algorithms are performed on mDTLZ1-mDTLZ4 with
m = 3 and n = 10.

2) Population size: The population size is set to be 300 for
each algorithm. That is, N = 300 for NSGA-II and SMS-
EMOA, and H = 23 for MOEA/D-Tch.

3) Number of runs and stopping condition: Each algorithm is
carried out 30 times independently for each test problem.
In each run, the algorithm terminates when the maximal
number of function evaluation reaches 100, 000.

4) Settings for reproduction operators: The distribution in-
dexes in the simulated binary crossover and the polyno-
mial mutation are set to be 15 and 20, respectively. The
crossover probability is 0.9, and the mutation probability
is 0.1.

B. Performance Metrics

In our experiments, the ∆p indicator and the hypervolume
(HV) indicator are used to assess the performance of the
comparison algorithms.

1) ∆p-metric [37]: Let Q be a set of uniformly distributed
Pareto optimal solutions in the objective space. Let S
be an approximate set obtained by the algorithm. Then
∆p(Q,S) is defined as:

∆p(Q,S) = max {GDp(Q,S), IGDp(Q,S)} . (9)

where
GDp(Q,S) =

(∑
u∈S dist(u, Q)p

|S|

) 1
p

, (10)

IGDp(Q,S) =

(∑
v∈Q dist(v, S)p

|Q|

) 1
p

. (11)

For a solution u and a solution set A, dist(u, A) is
defined as follows:

dist(u, A) = inf
v∈A

∥u− v∥. (12)

where ∥·∥ is the vector norm. In this paper, we use 2-norm
for dist(·, ·). Furthermore, we let p = 2 and choose 1000
representative points to approximate Q for each three-
objective test problem.

2) HV-metric [38]: Let y∗ = (y∗1 , y
∗
2 , . . . , y

∗
m)ᵀ be a ref-

erence point that satisfies y∗i ≥ maxx∈PS fi(x). The
HV-metric value of the approximate set S against y∗ is

the volume of the region between S and y∗, which is
computed by:

IH(S, y∗) = vol(
∪
y∈S

[y1, y
∗
1 ]× . . .× [ym, y∗m]). (13)

where vol(·) is the Lebesgue measure. In our experi-
ments, y∗ = (1.2, 1.2, 1.2)ᵀ is used for all three-objective
test problems.

C. Experimental Results

Experimental results obtained by three MOEAs in terms of
the ∆2-metric and the HV-metric are shown in Table III and
Table IV, respectively. Moreover, the statistical significance
results and the rankings of algorithms are also provided
in both tables. Furthermore, Fig. 7 plots the obtained final
solutions which have the median ∆2-metric values from each
algorithm’s 30 runs on mDTLZ1-mDTLZ4. These results
indicate that SMS-EMOA significantly outperforms NSGA-
II and MOEA/D-Tch on all four problems. By contrast,
MOEA/D-Tch performs better than NSGA-II. As shown in
Fig. 7(a), NSGA-II fails to approximate the PFs of mDTLZ1
and mDTLZ3, as the solutions it attains are far away from
the PFs. For mDTLZ2 and mDTLZ4, although NSGA-II can
find some solutions on the theoretical PFs, it also retains
many other non-dominated solutions in the final population.
In Fig. 7(b), it shows that the vast majority of the solutions
achieved by MOEA/D-Tch are located on the theoretical
PFs. Nevertheless, MOEA/D-Tch still keeps some undesirable
solutions in the approximate sets, especially for mDTLZ1 and
mDTLZ3. On the other hand, Fig. 7(c) indicates that the
solutions gained by SMS-EMOA can well approximate the
PFs of mDTLZ1-mDTLZ4.

Fig. 8 presents the evolution of the mean ∆2-metric values
of three algorithms on each problem versus the number of
function evaluations. It is evident that SMS-EMOA is more
effective and efficient than MOEA/D-Tch and NSGA-II in
reducing the ∆2-metric values on all four test problems.
MOEA/D-Tch also can gradually reduce the ∆2-metric values,
but not as efficiently as SMS-EMOA. NSGA-II cannot achieve
satisfying ∆2-metric results on any mDTLZ problem. The
obtained mean ∆2-metric value is even getting worse with
the number of function evaluations.

In summary, only the hypervolume indicator based algorith-
m SMS-EMOA can achieve satisfactory results on mDTLZ1-
mDTLZ4. The performance of the Pareto dominance based al-
gorithm NSGA-II is severely deteriorated on these four MOPs.



The Tchebycheff-decomposition based algorithm MOEA-Tch
is also plagued by the undesirable solutions in the final
approximate sets. In the following, we will explain the reasons
for the performance deterioration of Pareto dominance based
MOEAs and Tchebycheff-decomposition based MOEAs in
dealing with MOPs like mDTLZ1-mDTLZ4.

(a) Detailed illustration

(b) Other perspectives

Fig. 9. The feasible region of three-objective mDTLZ1 is illustrated with
detailed information (a) as well as shown from two other perspectives (b).

V. ANALYSIS

In this section, we take three-objective mDTLZ1 as an
example to explain why Pareto dominance based MOEAs and
Tchebycheff-decomposition based MOEAs are less effective
on the mDTLZ problems. In Fig. 9, we illustrate the feasible
region of mDTLZ1 in the objective space. fmax

i in Fig. 9(a)
represents the maximum value of the ith objective function of
mDTLZ1, i.e. fmax

i = max{fi(x)|x ∈ Ω}, for i = 1, . . . ,m.
In Table V, we also provide the formulas for calculating the
maximum values of the objective functions for each DTLZ
and mDTLZ problem. If the parameter settings are the same
as in Section IV

(
i.e. m = 3, n = 10, ϕ1 = {3, 6, 9},

ϕ2 = {4, 7, 10} and ϕ3 = {5, 8}
)
, it can be deduced that

fmax
1 = fmax

2 = 330.875 and fmax
3 = 220.75 in mDTLZ1.

It can be observed from Fig. 9 that the feasible region of
mDTLZ1 has three peculiar boundaries (i.e. plane S1, plane S2

and plane S3), each of which is connected to one edge of the
PF and parallel to one of the coordinate axes. In combination
with the results in Fig. 7, it appears that the undesirable

TABLE V
MAXIMUM VALUES OF THE OBJECTIVE FUNCTIONS IN DTLZ1-DTLZ4

AND MDTLZ1-MDTLZ4

Problem Maximum values of the objective functions

DTLZ1 fmax
i=1,...,m = 110.125(n−m) + 110.625.

DTLZ2 fmax
i=1,...,m = 0.25(n−m) + 1.25.

DTLZ3 fmax
i=1,...,m = 220.25(n−m) + 221.25.

DTLZ4 Same as DTLZ2.

mDTLZ1 fmax
i=1,...,m = 110.125|ϕi|+ 0.5.

mDTLZ2 fmax
i=1,...,m = 0.25|ϕi|+ 1.

mDTLZ3 fmax
i=1,...,m = 220.25|ϕi|+ 1.

mDTLZ4 Same as mDTLZ2.

solutions acquired by NSGA-II and MOEA/D-Tch are mainly
located on these three boundaries. Thus, we infer that these
peculiar boundaries may be responsible for the performance
degradation of the two algorithms. This type of feasible region
boundary is referred to as the hardly-dominated boundary in
this paper. Let y = (y1, . . . , ym)ᵀ be an objective vector
on the hardly-dominated boundaries, the ith (i = 1, . . . ,m)
hardly-dominated boundary of each mDTLZ problem can be
represented as follows:

mDTLZ1:
∑
j∈Ψi

yj = 0.5(m− 2),

0 ≤ yj ≤ 0.5 for j ∈ Ψi,

0.5 < yj ≤ fmax
i for j = i,

Ψi = {1, . . . ,m} \ {i}.

(14)

mDTLZ2-mDTLZ4:
∑
j∈Ψi

(yj − 1)2 = 1,

0 ≤ yj ≤ 1 for j ∈ Ψi,

1 < yj ≤ fmax
i for j = i,

Ψi = {1, . . . ,m} \ {i}.

(15)

In the following, we explain how the hardly-dominated
boundary hinders the approximation of Pareto domi-
nance based MOEAs and Tchebycheff-decomposition based
MOEAs, respectively.

A. Pareto Dominance Based MOEA versus MOP with Hardly-
dominated Boundaries

In fact, the solutions on the hardly-dominated boundaries
can be recognized as dominance resistant solutions (DRSs) s-
ince they have the property of dominance resistance [39], [40].
The DRSs can cause Pareto dominance based MOEAs difficul-
ty in approximating the PF [19], [41]. Fig. 10 demonstrates this
matter with three-objective mDTLZ1 as an example. D and F
in the figure are two solutions on the 3rd hardly-dominated
boundary (parallel to f3-axis). E and G are two Pareto optimal
solutions which have the same f1 and f2 values with D and
F, respectively. As we can see in Fig. 10, the solution D (F)
can only be dominated by the solutions located on the line
segment DE (FG). However, such solutions are scarcely able



Fig. 10. Multi-perspective illustration of the Pareto dominance relation of two solutions which lie on the hardly-dominated boundary of mDTLZ1.

to find by an MOEA. That is, the solutions on the hardly-
dominated boundaries are very likely to be identified by Pareto
dominance based MOEAs as non-dominated solutions, even
they are far away from the PF. In this case, Pareto dominance
based MOEAs will select and maintain many diverse solutions
on the hardly-dominated boundaries under the action of niche
strategies (e.g. crowding distance).

Fig. 11. Three different PF shapes and their corresponding hardly-dominated
boundaries.

If the hardly-dominated boundaries have a much larger size
than the PF, Pareto dominance based MOEAs will prefer to
maintain non-dominated solutions on the hardly-dominated
boundaries rather than the PF. It is because the non-dominated
solutions on the hardly-dominated boundaries can be more
diverse than the solutions on the PF. This explains why
NSGA-II performs worse on mDTLZ1 and mDTLZ3 than on
mDTLZ2 and mDTLZ4 (c.f. Fig. 7(a)). The hardly-dominated
boundaries of mDTLZ1 and mDTLZ3 are much larger than
those boundaries of mDTLZ2 and mDTLZ4. The sizes of the
hardly-dominated boundaries of each mDTLZ problem are
mainly determined by the maximum values of the objective
functions (i.e. fmax

1 , . . . , fmax
m in Table V). If fmax

i has a
larger value, its corresponding ith hardly-dominated boundary
will have a greater “length” and thus a larger size.

In addition, the PF shape can also affect the sizes of the
hardly-dominated boundaries. To explain this, we illustrate
three different PF shapes and their corresponding hardly-
dominated boundaries in Fig. 11. It can be seen that the PF

shape limits the “widths” of the hardly-dominated boundaries.
For example, when the PF adopts a hexagonal shape [34]
rather than an inverted triangular shape, the corresponding
hardly-dominated boundaries have smaller “widths”. However,
when the PF uses a triangular shape, each hardly-dominated
boundary degenerates to a line (i.e. each axis with the width of
zero). This may explain why Pareto dominance based MOEAs
have rarely encountered the challenges posed by the hardly-
dominated boundaries when dealing with the DTLZ problems.

Fig. 12. Illustration of two subproblems whose direction lines across the
hardly-dominated boundary of mDTLZ1.

B. Tchebycheff-decomposition Based MOEA versus MOP with
Hardly-dominated Boundaries

In Fig. 12, we illustrate two example subproblems of a
Tchebycheff-decomposition based MOEA, whose direction
lines cross the 3rd hardly-dominated boundary (parallel to f3-
axis) rather than the PF of mDTLZ1. The intersection points
are shown by points D and F in the figure. E and G are two
Pareto optimal solutions which have the same f1 and f2 values
with D and F, respectively. From the figure, we can find that
the optimal solution to each of such subproblems is not unique.
For example, all the solutions on the line segment DE (FG) can
make the corresponding subproblem to be optimal. In this case,
once a solution on the line segment DE (FG) except E (G) is
obtained during the search, the subproblem cannot be further
improved. The subproblem will keep this solution and finally
output it as an approximate solution. Since many subproblems’



(a)

(b)

Fig. 13. The feasible regions of mDTLZ1-V1 and mDTLZ1-V2. (a) mDTLZ1-V1. (b) mDTLZ1-V2.

direction lines intersect with the hardly-dominated boundaries
instead of the PF (c.f. Fig. 5), the algorithm may yield quite a
number of solutions on the hardly-dominated boundaries rather
than on the PF (c.f. Fig. 7(b)).

From Fig. 7(b), we can observe that the performance
of MOEA/D-Tch is also affected by the sizes of the
hardly-dominated boundaries. The larger the hardly-dominated
boundaries of the problems (e.g. mDTLZ1 and mDTLZ3), the
worse the performance achieved by MOEA/D-Tch.

When a Tchebycheff-decomposition based MOEA deals
with the DTLZ problems, all the subproblems’ direction lines
have intersections with the PF. Meanwhile, each of these sub-
problems has a unique optimal solution. In such situations, the
subproblems will not suffer from the hindrances of non-unique
optimal solutions, and thereby the algorithm can perform well.

C. Influence of Each Modification
Since there are two modifications in the mDTLZ problem

(one for the PF shape and the other for the distance function),
it is unclear how each part affects the features of the test
problem. To illustrate them, we develop two variants of
mDTLZ1. They are denoted as mDTLZ1-V1 and mDTLZ1-
V2, respectively. In mDTLZ1-V1, we use the regularly-
oriented PF shape but different distance functions. That is, we
replace the position functions (i.e. h1, . . . , hm) of mDTLZ1
with the position functions of DTLZ1. In mDTLZ1-V2, we
adopt the inverted PF shape and single distance function, i.e.
we let gk = g for k ∈ {1, . . . ,m}, where g1, . . . , gm are the
distance functions of mDTLZ1 and g is the distance function
of DTLZ1. For both mDTLZ1-V1 and mDTLZ1-V2, we set
m = 3 and n = 8.

The three MOEAs set with the same parameters as in
Section IV are performed on mDTLZ1-V1 and mDTLZ1-V2.

The solutions obtained by three algorithms with the median
∆2-metric values are shown in Fig. 19 of the Supplementary
File. Moreover, the evolution of their mean ∆2-metric values
with the number of function evaluations is exhibited in Fig. 20
of the Supplementary File. These results clearly show that all
three algorithms can get reasonably good results on mDTLZ1-
V1 and mDTLZ1-V2. To explain the reasons behind these
results, we provide the feasible regions of mDTLZ1-V1 and
mDTLZ1-V2 in Fig. 13. It can be seen from Fig. 13(a) that the
hardly-dominated boundaries of mDTLZ1-V1 degenerate into
three lines (i.e. three axes). As discussed earlier, algorithms
encounter few related challenges when the hardly-dominated
boundaries are tiny. From Fig. 13(b), it can be found that the
boundaries of mDTLZ1-V2’s feasible region are not parallel
to the axes. In other words, there is no hardly-dominated
boundary in the feasible region of mDTLZ1-V2. Without the
challenges caused by the hardly-dominated boundary, NSGA-
II and MOEA/D-Tch could perform well on mDTLZ1-V1 and
mDTLZ1-V2.

D. Existence Conditions of the Hardly-dominated Boundary

Although the hardly-dominated boundary can pose many
difficulties for certain MOEAs, one may wonder whether it is
a common problem feature of multiobjective optimization. In
the following, the conditions for the existence of the hardly-
dominated boundary in an MOP are provided.

Definition 6: An MOP is featured with the hardly-
dominated boundary, if there exists at least one fi ∈
{f1, . . . , fm} that satisfies:

1) The minimization of {f1, . . . , fm}\{fi} is a set of trade-
off solutions rather than a single solution;

2) these trade-off solutions have non-unique fi values.
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Fig. 14. Plots of the final solutions with the median ∆2-metric values found by ϵ-MOEA in 30 runs on the three-objective mDTLZ1-mDTLZ4.
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Fig. 15. Evolution of the mean ∆2-metric values of NSGA-II and ϵ-MOEA on the three-objective mDTLZ1-mDTLZ4.

In view of such relaxed existence conditions, we may
conclude that the hardly-dominated boundary is by no means
a rare problem feature, especially for MOPs having many
objectives. However, this feature is scarcely seen in the exist-
ing multiobjective optimization test problems. This is because
almost all existing multiobjective test problems [7], [15], [16],
[18], [19], [42]–[47] have at least one of the following two
characteristics: the regularly-oriented PF shape and the single
distance function. The test problem with the regularly-oriented
PF shape is in violation of the first existence condition, while
the test problem whose all objective functions use the same
distance function violates the second existence condition. It is
interesting to note that these two characteristics are precisely
the two ones that have recently been regarded as lacking in
generality [7].

VI. COPING STRATEGIES

As discussed previously, the hardly-dominated boundary is
a common problem feature, and it can cause Pareto dominance
based MOEAs and Tchebycheff-decomposition based MOEAs
difficulty in approximating the PF. In this section, we point out
and validate some possible improvement strategies for both
dominance based MOEAs and decomposition based MOEAs
to overcome the challenges caused by the hardly-dominated
boundary.

A. Relaxation Forms of Pareto Dominance

Considering that the dominance resistance property of the
solutions on the hardly-dominated boundaries arises from the
strict criterion of Pareto dominance, the use of the relaxation
forms of Pareto dominance (e.g. ϵ-dominance [48] and α-
dominance [41]) in dominance based MOEAs should be
a possible coping strategy [49], [50]. To validate this, we
operate ϵ-MOEA [51] on the mDTLZ1-mDTLZ4 problems
and compare its performance to that of NSGA-II.

ϵ-MOEA is a steady-state MOEA that uses ϵ-dominance
criterion to update the archive population. The concept of ϵ-
dominance can be defined as follows [48], [52]:

Definition 7: Let ϵ = (ϵ1, · · · , ϵm)ᵀ and ϵi > 0 for i =
1, . . . ,m, a solution x1 is said to ϵ-dominate another solution
x2, if fj(x

1) − ϵj ≤ fj(x
2) for all j ∈ {1, . . . ,m}, and

fk(x
1)− ϵk < fk(x

2) for at least one k ∈ {1, . . . ,m}.
In our experiments, ϵi is set to be 0.02 for i = 1, . . . ,m,

and other common parameters are set to be the same as in
Section IV. Fig. 14 plots the final population obtained by ϵ-
MOEA that has the median ∆2-metric value in the 30 runs
on each three-objective mDTLZ problem. It is evident that ϵ-
MOEA can find a good approximation for each test MOP’s PF.
The undesirable solutions on the hardly-dominated boundaries
are significantly reduced in each approximate solution set, and
almost all the attained solutions are close to the PF. Fig. 15
shows the evolution of the average ∆2-metric values achieved
by NSGA-II and ϵ-MOEA with the number of function e-
valuations. Obviously, ϵ-MOEA is much more effective and
efficient than NSGA-II in reducing the ∆2-metric values on
all these four test problems.

From these results, we may conclude that the utilization of
relaxation forms of Pareto dominance is useful for dominance
based MOEAs in coping with MOPs characterized by the
hardly-dominated boundary.

B. Generalized Decomposition

The generalized decomposition method [53], [54] is a
modified version of the Tchebycheff decomposition method,
and it defines the scalar optimization subproblem as follows:

minimize g(x|w, z∗) = max
1≤i≤m

{wi

(
|fi(x)− (z∗i − δ)|

+ρ
∑m

j=1 |fj(x)− (z∗j − δ)|
)
}

subject to x ∈ Ω

(16)
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Fig. 16. Plots of the final solutions with the median ∆2-metric values found by ϵ-MOEA in 30 runs on the three-objective mDTLZ1-mDTLZ4.
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Fig. 17. Evolution of the mean ∆2-metric values of MOEA/D-Tch and MOEA/D-Gen on the three-objective mDTLZ1-mDTLZ4.

where the definitions of w and z∗ are the same as in Eq. (2).
δ and ρ are two small scalars.

As discussed in [53], [54], subproblems achieved by the
generalized decomposition method can avoid being optimal
on the weakly Pareto optimal solutions. With this theory, we
infer that using the generalized decomposition method instead
of the Tchebycheff decomposition method in the decompo-
sition based MOEA can prevent the algorithm from yielding
undesirable solutions on the hardly-dominated boundaries.

To confirm this idea, we operate a new algorithm
named MOEA/D-Gen on the mDTLZ1-mDTLZ4 problems.
MOEA/D-Gen is realized by replacing the Tchebycheff de-
composition method in MOEA/D-Tch with the generalized
decomposition method. In MOEA/D-Gen, δ and ρ are set to
be 0.01, and the rest of the parameters remain the same as
MOEA/D-Tch.

Fig. 16 presents the obtained solutions with the median
∆2-metric values in 30 runs of MOEA/D-Gen on the three-
objective mDTLZ1-mDTLZ4, respectively. It is clear that
MOEA/D-Gen can get rid of the undesirable solutions lie on
the hardly-dominated boundaries. For each MOP, almost all
the solutions yielded by MOEA/D-Gen are close to the PF.
Furthermore, Fig. 17 provides the evolution of the mean ∆2-
metric values achieved by MOEA/D-Tch and MOEA/D-Gen
versus the number of function evaluations on each MOP. It
also indicates that MOEA/D-Gen outperforms MOEA/D-Tch
in getting better ∆2-metric values on all four test problems.

These results lead us to the conclusion that using the
generalized decomposition method for the construction of sub-
problems is an efficient way for decomposition based MOEAs
to address the challenges posed by the hardly-dominated
boundary.

C. Estimation of Hypervolume Contributions
When dealing with the mDTLZ problem, due to the ex-

istence of many DRSs, the environmental selection of SMS-

EMOA is mainly based on the solutions’ hypervolume con-
tributions. However, the calculation of hypervolume is very
time-consuming, especially for many-objective problems (the
runtime complexity is exponential in the number of objec-
tives). An intuitive way to ease this computational burden is to
use the estimation algorithm to approximate the hypervolume
contributions. Monte Carlo simulation is one of the most
commonly used hypervolume estimation methods [55].

In the first variant of SMS-EMOA, SMS-EMOA-E1, the
Monte Carlo simulation (i.e. Î1h in [55]) is employed to
replace the original exact calculation of the hypervolume
contribution. However, our studies indicate that the hypervol-
ume contributions of many DRSs are tiny and the estimation
method (i.e. Î1h) tends to approximate them as zero. As a
result, the algorithm’s environmental selection will be less
effective since the worst solution cannot be identified. To
overcome this shortcoming, another variant of SMS-EMOA
(denoted as SMS-EMOA-E2) is subsequently developed. In
SMS-EMOA-E2, the solutions can be further distinguished
via the overall hypervolumes (i.e. Î

|A|
h in [55]) once their

hypervolume contributions are estimated to be zero.

SMS-EMOA-E1 and SMS-EMOA-E2 are carried out on the
three-objective mDTLZ1-mDTLZ4. The solutions obtained by
two algorithms with the median ∆2-metric values in 30 runs
are plotted in Fig. 21 of the Supplementary File. Moreover,
the evolution of the mean ∆2-metric values achieved by SMS-
EMOA, SMS-EMOA-E1 and SMS-EMOA-E2 is shown in
Fig. 22 of the Supplementary File. From these results, it
can be concluded that SMS-EMOA-E1 fails to approximate
the PFs of mDTLZ1 and mDTLZ3. The two test problems
have large hardly-dominated boundaries, and thereby contain
numerous DRSs in the feasible regions. As mentioned earli-
er, the environmental selection of SMS-EMOA-E1 becomes
inefficient when faced with a large number of DRSs. The
solutions obtained by SMS-EMOA-E2 are mostly located on



the PF of each problem. However, these solutions are not
as well-distributed as the solutions yielded by SMS-EMOA.
Although the two variants are not as good as SMS-EMOA
in approximation quality, they are superior to SMS-EMOA in
terms of computational effort, especially when dealing with
many-objective problems.

VII. DISCUSSIONS

A. Other Challenges Arising from the Hardly-dominated
Boundary

As discussed earlier, the solutions on the hardly-dominated
boundary are easily treated as non-dominated solutions by
MOEAs, albeit they are far away from the PF. For a non-
dominated solution set, if it contains a large number of
solutions far away from the PF, it is considered to be low-
quality. Since the non-dominated solution set is often used in
many aspects of the evolutionary process, a low-quality one
may introduce various difficulties for MOEAs. For example, it
may lead to inaccurate estimations of the nadir point and the
PF range [25], [45], [56], [57]. Moreover, it is also likely to
pose hindrances in the normalization of objective vectors [23],
[58], [59], the dynamic design of weight vectors [60]–[62],
the estimation of density distribution [63]–[65] and so on.
Therefore, it is crucial to eliminate the inferior solutions (far
away from the PF) before utilizing the non-dominated solution
set for other purposes.

B. Further Improvements of the Coping Algorithms

As can be seen from Fig. 16, although MOEA/D-Gen can
get rid of the hindrances induced by the hardly-dominated
boundary, it still cannot produce a good approximation to
each problem’s PF. It still suffers from the mismatch between
the distribution of its subproblems and the PF shape of the
mDTLZ problem [7]. The approximate solutions achieved by
the majority of subproblems lie on the boundaries of the PF.
A better distributed approximate solution set can be yielded
by employing an external archive or adaptive weight/direction
vectors in the decomposition based MOEA [47], [66].

Furthermore, it can be found from Fig. 14 that ϵ-MOEA
cannot well approximate the boundary parts of each prob-
lem’s PF. This deficiency can be remedied by adding other
diversity maintenance strategies to the algorithm. In addition,
the approximate sets with better distributions can be achieved
by SMS-EMOA if the reference point is appropriately set in
its hypervolume calculation [67]. Meanwhile, the accuracy
of the hypervolume approximation algorithm needs to be
improved so that the differences between solutions having
small hypervolume contributions can be distinguished.

C. Generality of the PS and PF Shapes

Although the PF shapes used in mDTLZ1-mDTLZ4 can
avoid being over-friendly to some MOEAs, their generality is
still unlikely to model all real-world problems [68]. Moreover,
the PS shapes of mDTLZ1-mDTLZ4 are still linear, which
is not conducive to reflect the real difficulties of the test
problems. For an MOP with a linear PS, once a Pareto optimal

solution is found, other Pareto optimal solutions can be easily
obtained by searching along the PS.

Using more complicated PS and PF in mDTLZ1-mDTLZ4
can make them more general. A simple way to achieve this
is to use Eq. (17) instead of Eq. (6) to define the objective
functions, and use Eq. (18) to replace the component xi− 0.5
or x100

i − 0.5 in gk(xII) of each mDTLZ problem.

minimize fk(x)=2k
(
hk(xI)

)α(
1+gk(xII)

)
, (17)

2(xi)
β − 1−

∏m−1
j=1 sin

(
3πxj +

iπ
n

)
. (18)

where k ∈ {1, . . . ,m}, i ∈ {m, . . . , n} and α, β > 0 are
two parameters. Fig. 18 shows the PS and PF generated for
mDTLZ1 using m = 3, n = 10, α = 0.5 and β = 1.
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Fig. 18. Complicated PS and PF generated for mDTLZ1 with m = 3,
n = 10, α = 0.5 and β = 1.

In this paper, our primary purpose is to illustrate the
existence of the hardly-dominated boundary and explain how
it hinders the approximation of certain MOEAs. The use of
simple PS and PF shapes in mDTLZ problems is to facilitate
analysis and explanation. Test problems with various PS and
PF shapes will be developed and discussed in our future work.

VIII. CONCLUSION

In this paper, our study initiated with the DTLZ1-DTLZ4
test problems. First, we have proposed the modified variants
(denoted as mDTLZ1-mDTLZ4) of the DTLZ1-DTLZ4 prob-
lems to enable them to get rid of two special characteristics:
the regularly-oriented PF shape and the single distance func-
tion. Then, three representative algorithms NSGA-II (dom-
inance based MOEA), MOEA/D-Tch (decomposition based
MOEA) and SMS-EMOA (indicator based MOEA) have been
tested and compared on mDTLZ1-mDTLZ4. Experimental
results have shown that the performance of NSGA-II and
MOEA/D-Tch deteriorates to some extent.

Through analysis, we have found that there exist the hardly-
dominated boundaries in each mDTLZ problem’s feasible
region. The solutions on the hardly-dominated boundaries are
easily misidentified as the Pareto optimal solutions by Pareto
dominance based MOEAs and Tchebycheff-decomposition
based MOEAs, thus impeding their approximation to the
problem’s PF. Further, we have revealed the conditions for
the existence of the hardly-dominated boundary and pointed
out that it should be an often encountered MOP feature.

In addition, we have indicated and verified some possible
strategies for dominance based MOEAs and decomposition



based MOEAs in coping with MOPs featured by the hardly-
dominated boundary. More specifically, the challenges posed
by the hardly-dominated boundary can be overcome by us-
ing the relaxation forms of Pareto dominance in dominance
based MOEAs as well as using the generalized decomposition
method in decomposition based MOEAs.
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I. EXPERIMENTAL RESULTS OBTAINED BY NSGA-II, MOEA/D-TCH AND SMS-EMOA ON TEST PROBLEMS
MDTLZ1-V1 AND MDTLZ1-V2
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Fig. 19. Plots of the final solutions with the median ∆2-metric values found by NSGA-II, MOEA/D-Tch and SMS-EMOA in 30 runs on test problems
mDTLZ1-V1 and mDTLZ1-V2.
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Fig. 20. Evolution of the mean ∆2-metric values of NSGA-II, MOEA/D-Tch and SMS-EMOA on test problems mDTLZ1-V1 and mDTLZ1-V2.
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II. EXPERIMENTAL RESULTS OBTAINED BY SMS-EMOA-E1 AND SMS-EMOA-E2 ON THE THREE-OBJECTIVE
MDTLZ1-MDTLZ4
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Fig. 21. Plots of the final solutions with the median ∆2-metric values found by SMS-EMOA-E1 and SMS-EMOA-E2 in 30 runs on the three-objective
mDTLZ1-mDTLZ4. (a) SMS-EMOA-E1. (b) SMS-EMOA-E2.
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Fig. 22. Evolution of the mean ∆2-metric values of SMS-EMOA, SMS-EMOA-E1 and SMS-EMOA-E2 on the three-objective mDTLZ1-mDTLZ4.

III. EXPERIMENTS ON MANY-OBJECTIVE CASES

In this section, we investigate the performance of the MOEAs on the five-objective mDTLZ1-mDTLZ4. The experimental
results of SMS-EMOA are unavailable due to its huge computational load. The other six MOEAs, NSGA-II, MOEA/D-Tch,
ϵ-MOEA, MOEA/D-Gen, SMS-EMOA-E1 and SMS-EMOA-E2, are performed on mDTLZ1-mDTLZ4 with m = 5 and n = 10.

A. Parameter Settings

We set the population size N to be 330 for NSGA-II SMS-EMOA-E1 and SMS-EMOA-E2; H = 7 for MOEA/D-Tch and
MOEA/D-Gen; ϵi = 0.15 for ϵ-MOEA. Moreover, the number of sampling points in SMS-EMOA-E1 and SMS-EMOA-E2
is set to 10, 000. In addition, we use 100, 000 points uniformly sampled along the PF to calculate the ∆2 indicator and use
y∗ = (1.2, 1.2, 1.2, 1.2, 1.2)ᵀ as the reference point in the calculation of the HV indicator.

B. Experimental Results

The ∆2-metric and HV-metric results obtained by six MOEAs on the five-objective mDTLZ1-mDTLZ4 are given in Table VI
and Table VII, respectively. From these results, it can be observed that the performance of NSGA-II and MOEA/D-Tch further
deteriorates on the five-objective mDTLZ1-mDTLZ4. Moreover, SMS-EMOA-E1 also fails to achieve satisfactory results on
these four five-objective problems. Overall, the results obtained by ϵ-MOEA, MOEA/D-Tch and SMS-EMOA-E2 are relatively
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TABLE VI
∆2-METRIC VALUES OBTAINED BY SIX MOEAS ON THE FIVE-OBJECTIVE MDTLZ1-MDTLZ4

∆2 NSGA-II MOEA/D-Tch ϵ-MOEA MOEA/D-Gen SMS-EMOA-E1 SMS-EMOA-E2
Problem Median Best Median Best Median Best Median Best Median Best Median Best
mDTLZ1 1.29E+02 1.18E+02 5.26E+01 4.79E+01 1.82E-01 1.77E-01 2.05E-01 2.05E-01 6.65E+01 5.38E+01 2.39E-01 2.34E-01
mDTLZ2 7.41E-01 7.13E-01 6.59E-01 6.56E-01 5.58E-01 5.43E-01 6.58E-01 6.57E-01 5.75E-01 5.32E-01 5.55E-01 5.53E-01
mDTLZ3 2.50E+02 2.40E+02 1.31E+02 1.22E+02 2.72E+01 2.01E+01 6.56E-01 6.54E-01 1.35E+02 1.27E+02 5.51E-01 5.43E-01
mDTLZ4 7.59E-01 7.32E-01 7.46E-01 7.29E-01 6.11E-01 5.90E-01 6.66E-01 6.60E-01 7.82E-01 7.40E-01 5.54E-01 5.54E-01

TABLE VII
HV-METRIC VALUES OBTAINED BY SIX MOEAS ON THE FIVE-OBJECTIVE MDTLZ1-MDTLZ4

HV NSGA-II MOEA/D-Tch ϵ-MOEA MOEA/D-Gen SMS-EMOA-E1 SMS-EMOA-E2
Problem Median Best Median Best Median Best Median Best Median Best Median Best
mDTLZ1 0 0 1.0723 1.1022 0.8836 0.8927 1.1974 1.1978 0.1582 0.3795 1.1807 1.1861
mDTLZ2 0.2934 0.3150 0.4124 0.4151 0.4772 0.4806 0.4060 0.4078 0.3988 0.4228 0.5024 0.5041
mDTLZ3 0 0 0.3213 0.3339 0.4702 0.4756 0.4071 0.4123 0 0.0248 0.5040 0.5048
mDTLZ4 0.2207 0.2501 0.3445 0.3713 0.4643 0.4735 0.3903 0.4024 0.1778 0.2296 0.5019 0.5028

good. Another point worth noting is that SMS-EMOA-E2 performs quite well on the five-objective problems, although it shows
poor results on the three-objective problems.
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