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Abstract 

Metamodeling is becoming a rather popular means to approximate the expensive 
simulations in today’s complex engineering design problems since accurate metamodels 
can bring in a lot of benefits. The metamodel accuracy, however, heavily depends on the 
locations of the observed points. Adaptive sampling, as its name suggests, places more 
points in regions of interest by learning the information from previous data and metamodels. 
Consequently, compared to traditional space-filling sampling approaches, adaptive 
sampling has great potential to build more accurate metamodels with fewer points 
(simulations), thereby gaining increasing attention and interest by both practitioners and 
academicians in various fields. Noticing that there is a lack of reviews on adaptive sampling 
for global metamodeling in the literature, which is needed, this article categorizes, reviews, 
and analyzes the state-of-the-art single-/multi-response adaptive sampling approaches for 
global metamodeling in support of simulation-based engineering design. In addition, we 
also review and discuss some important issues that affect the success of an adaptive 
sampling approach as well as providing brief remarks on adaptive sampling for other 
purposes. Last, challenges and future research directions are provided and discussed. 
Keywords: Adaptive sampling; Global Metamodeling; Simulation-based engineering 
design 

1 Introduction 

Nowadays, computer simulation models, e.g., computational fluid dynamics (CFD) and 
finite element analysis (FEA), are gaining widespread use in various types of engineering 
design problems, e.g., global optimization, domain exploration, and sensitivity/uncertainty 
analysis. The simulation models can approximate detailed information of real-world 
physical problems, but require huge computational resources. To mitigate the computing 
cost, metamodels, also known as surrogates, response surfaces, or model-of-the-model, 
have gained intensive attention. Metamodels can mimic the behavior of simulation models 
with analytical expressions. Various types of metamodeling techniques, e.g., Kriging (also 
known as Gaussian process, GP) (Cressie 1988; Rasmussen 2006), radial basis functions 
(RBF) (Dyn et al. 1986), polynomial response (PR) and support vector regression (SVR) 
(Clarke et al. 2005), have been continuously developed. For more information, please refer 
to Refs. (Wang and Shan 2007; Kleijnen 2009; Razavi et al. 2012b; Viana et al. 2014). 

The scope of this survey is confined to global metamodeling (GM), whose goal is to 
build a global metamodel as accurate as possible for deterministic simulation-based 
problems with reasonable computational budget. Fig. 1 illustrates the global metamodeling 



process for approximating a target function f, which consists of two main steps: (1) 
sampling (also known as Design of Experiments, DoE), wherein a set of points is generated 
over the domain; and (2) metamodeling, wherein a metamodel f̂  is fitted to the observed 
points. The high prediction quality of a metamodel is beneficial for further applications, 
e.g., the convergence speedup in metamodel-based optimization, and the accurate 
identification of important inputs in sensitivity analysis. It is found that the choice of 
observed points by DoE is crucial to the prediction quality of a metamodel. Thus, sampling 
approaches that deal with how to gather informative experiments for better understanding 
a given phenomenon have been intensively studied. For global metamodeling, it is to build 
an accurate global metamodel with as few points (simulations) as possible.  
 

 
Fig. 1 Global metamodeling process and its applications 

 
In general, as shown in Fig. 2, the conventional sampling approaches can be classified 

into two categories: one-shot sampling and sequential sampling. One-shot sampling 
approaches determine the sample size and points in a single stage. However, for a target 
function with no prior knowledge, it is hard to predetermine an optimal or appropriate 
sample size. Hence, flexible sequential sampling approaches have been introduced, which 
sequentially determine the points using the information from previous iterations. The 
sequential sampling approaches can be classified into two categories: space-filling 
sequential sampling and adaptive sequential sampling. “space-filling” means that the 
generated points spread over the entire domain evenly. The space-filling sequential 
sampling approaches are usually developed from some well-known one-shot sampling 
criteria by simulating the points in a sequential manner. 
 

 
Fig. 2 Conventional sampling categories 

  
Compared to the space-filling sequential sampling, the adaptive sequential sampling, 

also known as active learning (Settles 2010), allows to choose informative points via the 



metamodel or data that it learns, and consequently, performs better with fewer points. For 
a complex function, rather than sampling the points evenly, it has been suggested that more 
points should be placed in regions where the model has large prediction errors. That is, the 
sampling process should adapt to the properties of the target function. These interesting 
regions are denoted as “current region of interest” (Barton 1997), “continuous and 
multimodal region” (Li et al. 2010), “region of interest” (Lin et al. 2004), or “irregular 
region” (Farhang‐Mehr and Azarm 2005). The adaptive sampling strategy is particularly 
interesting for simulation-based problems, since it is potential to build accurate global 
metamodels with fewer points than the space-filling sampling, thereby saving the cost of 
expensive simulations. The adaptive sampling strategy has been demonstrated in many 
successful real-world engineering applications, including design of a heat exchanger (Aute 
et al. 2013), aerodynamic data modeling (Mackman and Allen 2010b; Rosenbaum and 
Schulz 2012), parametric macromodeling of a microwave antenna (Deschrijver et al. 2011), 
design of an industrial naphtha cracking furnace (Jin et al. 2016) and others. 

In the past two decades, many adaptive sampling approaches, together with the 
metamodeling techniques, have been continuously developed for various purposes. To the 
best of our knowledge, however, there has been a lack of reviews on the adaptive sampling 
for global metamodeling in the literature. Recently related reviews, on the other hand, have 
mainly focused on traditional space-filling sampling approaches (Kleijnen 2008; Pronzato 
and Müller 2012; Kleijnen 2015; Damblin et al. 2013; Sanchez and Wan 2015). Pickett 
and Turner (2011) reviewed various adaptive sampling criteria for the development of 
NURBs-based metamodels. In the field of machine learning, Settles (2010) and Fu et al. 
(2013) reviewed the active learning approaches mainly for classification problems.  

Therefore, the objective of this article is to categorize, review, and analyze the literatures 
regarding adaptive sampling for deterministic global metamodeling, and examine the 
considerations and characteristics of adaptive sampling in support of complex engineering 
design. The main contributions of this review come in three-folds. First, this article 
categories the adaptive sampling approaches according to the sampling criterion for 
identifying interesting regions, and comprehensively reviews the diverse single-/multi-
response adaptive sampling approaches for global metamodeling occurred in the literature. 
Second, this article reviews and analyzes the design considerations for the completeness 
and success of an adaptive sampling approach, and provides brief remarks on adaptive 
sampling for other purposes. Last, based on the reviews and analyses, some attractive 
research directions are highlighted for addressing the rising complexity of modern 
engineering design problems. 

The remaining of this article is organized as follows. Sec. 2 first offers a non-exhaustive 
review regarding space-filling sampling for global metamodeling. With the formulation of 
adaptive sampling for global metamodeling in Sec. 3, we extensively review the state-of-
the-art single-response adaptive sampling approaches and their design considerations in 
Sec. 4 and Sec. 5. Furthermore, Sec. 6 reviews the multi-response adaptive sampling 
approaches for global metamodeling in three scenarios. Some brief remarks on adaptive 
sampling for other purposes are also provided in Sec. 7. Finally, Sec. 8 and Sec. 9 discuss 
further research directions and concluding remarks. 



2 Conventional space-filling sampling for global metamodeling 

    Classical sampling approaches that are mainly developed for physical experiments have 
a long history in the DoE field. The widely used classical sampling approaches include Full 
Factorial design, Fractional Factorial design, Central Composite design, Box-Behnken 
design, and Plackett-Burman design (Wang and Shan 2007). For classical sampling 
approaches, (1) they determine the sample locations in order to reduce the impact of 
random errors on physical experiments; (2) they usually sample more points around the 
boundary regions rather than the interior regions; and (3) they are model-dependent, i.e., 
the sampling process is based on a pre-determined regression model. But for deterministic 
computer codes, a good sampling approach prefers filling the entire domain (i.e., space-
filling) rather than concentrating on boundary (Sacks et al. 1989; Jin et al. 2001). 
 
Table 1. Space-filling sampling approaches 

Approach Ref. Approach Ref. 
Uniform design Fang et al. (2000) Sobol’s sequence Sobol’ (1979) 
Maximin/Minimax design Johnson et al. (1990) Halton sequence Halton (1960) 
Orthogonal array Owen (1992) Latin Hypercube Design McKay et al. (1979) 
Audze-Eglais Audze and Eglais (1977) Lattice sampling Patterson (1954) 
Hammersley sequences Kalagnanam and Diwekar 

(1997) 
Centroidal Voronoi tessellation Saka et al. (2007) 

 
The space-filling sampling tends to spread the points over the entire domain evenly in 

order to gather most information about the underlying function. Table 1 lists the basic 
space-filling approaches and the related references. Among them, the Latin Hypercube 
Design (LHD) has gained much popularity in various fields. According to the survey 
(Viana 2013) from Google Scholar, there is strong growth in the number of papers using 
LHD when compared to other space-filling sampling approaches. One main reason for the 
popularity of LHD is that (1) it has the space-filling property to make points fill up the 
entire domain; meanwhile, (2) it has the non-collapsing property; that is, if a few inputs 
are useless, the resulting points still follow a LHD type. 

To further improve the space-filling property of LHD, the so-called optimal LHD has 
been developed by combining with some space-filling strategies, e.g., the maximin 
criterion (van Dam et al. 2007; van Dam et al. 2009) and the orthogonal arrays criterion 
(Joseph and Hung 2008; Lin et al. 2009; Loeppky et al. 2012). However, as a sophisticated 
optimization problem, obtaining an optimal LHD is a non-trivial task. For example, the 
maximin-LHD has been shown to be a discrete optimization problem believed to be NP-
hard (Rimmel and Teytaud 2014). Hence, different time-consuming optimization strategies, 
e.g., columnwise-pairwise (Stocki 2005), genetic algorithm (Liefvendahl and Stocki 2006), 
simulated annealing (Pholdee and Bureerat 2015), enhanced stochastic evolutionary 
algorithm (Jin et al. 2005), and iterated local search heuristics (Grosso et al. 2009), have 
been presented to account for the non-collapsing property under different optimal criteria, 
e.g., maximin distance criterion, ϕp criterion, entropy criterion, and centered L2-
descrepancy criterion (Jin et al. 2005). Recent comparison studies of these search 
algorithms for optimal LHD can be found in (Damblin et al. 2013; Rimmel and Teytaud 
2014). To further alleviate the optimization budget, a near-optimal LHD is achieved by the 
translational propagation idea (Viana et al. 2010b; Pan et al. 2014a). It first creates small 
blocks containing a good seed design with a few points, and then translates them over the 



entire hypercube. This approach is much more efficient than the formal optimization based 
approaches, while still yielding comparable LHD points. 

The above space-filling approaches, however, usually run in a one-shot fashion; that is, 
all the points are generated in a single stage. Sequential space-filling sampling further 
improves the one-shot space-filling by sequentially adding new points for saving 
computational budget. For example, to obtain m points with n dimensions, the one-shot 
sampling criterion needs to solve an m × n dimensional optimization problem, which 
becomes harder with the increase of dimensionality and sample size. While the sequential 
sampling decomposes this large problem into a sequence of n dimensional sub-problems. 

 Many of current space-filling approaches can be easily modified to run sequentially. 
For sequential LHD, it needs specific strategies for ensuring the non-collapsing property. 
Wang (2003) partitioned the domain along each dimension according to the required 
sample size, and then sampled new points in the intervals with no existing ones. But due 
to the distribution of the observed points, the proper domain partition cannot always be 
successfully achieved. A more general idea (van Dam et al. 2007) is to treat the sequential 
LHD process as a set of optimization problems, with the objective being some space-filling 
criteria, and the constraints being a set of one-dimensional distance thresholds. This quasi-
optimal sequential LHD strategy thereafter has been widely studied and extended (Xiong 
et al. 2009; Crombecq et al. 2011b; Liu et al. 2015a). 

Space-filling sampling has also been studied and applied in some interesting scenarios. 
For example, the nested space-filling design (Husslage et al. 2005; van Dam et al. 2010; 
Rennen et al. 2010; Qian et al. 2009; Qian and Ai 2010; Haaland and Qian 2010) were 
proposed for multiple responses with linking parameters, sequential evaluation and 
multistage model fitting. “nested” means the design consists of two sample sets, with one 
being a subset of the other. This type of sampling approach has been widely used for multi-
fidelity modeling, see Sec. 6.3. Besides, if the domain is no longer a regular hypercube, 
some space-filling sampling approaches for irregular regions have been presented by using, 
e.g., the maximin criterion (Stinstra et al. 2003; Auffray et al. 2012), the non-collapsing 
sampling criterion (Draguljić et al. 2012), and the central composite discrepancy criterion 
(Chuang and Hung 2010; Chen et al. 2014). Such constrained space-filling sampling 
approaches are especially useful for problems with irregular input regions. 

Finally, it is worth noting that most of the space-filling sampling approaches reviewed 
here are model-independent, i.e., the determination of sample points is independent of the 
model or output characteristics. As a result, the sampling process cannot gain benefits from 
any new findings from the subsequent modeling process. In contrast, the adaptive sampling 
to be reviewed next utilizes the characteristics of both inputs and outputs for choosing 
informative points. Besides, for some variance based sampling approaches in (Jin et al. 
2002), we prefer reviewing them in the context of adaptive sampling since they slightly 
adapt to the output responses by utilizing the variance information.  

This section offers a non-exhaustive review of conventional space-filling sampling 
approaches for global metamodeling. For more information about space-filling sampling, 
one can refer to the recent books, reviews and comparison studies (Kleijnen 2008; Pronzato 
and Müller 2012; Kleijnen 2015; Damblin et al. 2013; Sanchez and Wan 2015), and the 
interesting website https://spacefillingdesigns.nl/. 



3 Problem formulation: Adaptive sampling for global metamodeling 

Adaptive sampling is designed for scenarios where the output responses of sample points 
are very expensive to obtain. In the field of machine learning, adaptive sampling, known 
as active learning, is described as “… the key hypothesis is that if the learning algorithm is 
allowed to choose the data from which it learns—to be “curious”, if you will—it will 
perform better with less training.” (Settles 2010). For global metamodeling, adaptive 
sampling seeks the sequential collection of informative points for building accurate global 
metamodels with less computing cost. 

Fig. 3 depicts a general adaptive sampling process for global metamodeling. For the 
target function f defined in nD∈R , the sampling process begins with a set of initial points 

{ }1, , T
m=X x x , and uses them to fit a metamodel f̂ . Then based on an adaptive 

sampling criterion, it solves an auxiliary optimization problem to iteratively add new points 
Xnew and update the metamodel until a stopping criterion is met. Suppose that an adaptive 
sampling approach runs in a one-by-one fashion, generally the new point is selected by 
maximizing a score function as: 
 ( )new arg maxScore ( ), ( )

D
local global

∈
=

x
x x x   (1) 

where local(x) and global(x) respectively represent the local exploitation term and global 
exploration term, which will be explained below. It is notable that we need to execute the 
expensive simulator to obtain the true response f(xi) at point xi. The adaptive sampling 
process here is illustrated for single-response problems that contain only a single target 
function. It however can be modified to handle multi-response problems with multiple 
target functions, which will be discussed and reviewed in Sec. 6. 

 
Fig. 3 General flowchart of an adaptive sampling approach for global metamodeling 

     
    For efficiently improving the overall model accuracy, an adaptive sampling approach 
should contain two conflicting parts (Deschrijver et al. 2011; Liu et al. 2016a): 

• Local exploitation: This part plays a key role in adaptive sampling, since it helps 
find the interesting regions with large prediction errors to sample more points. Note 
that the actual prediction error in practice is unknown a priori. Alternatively, we 
can use the prediction variance, cross-validation error, local nonlinearity, or local 



gradients to represent it. Thus, the most important task in adaptive sampling is to 
design an appropriate local exploitation criterion for identifying interesting regions. 

• Global exploration: This part, which helps discover the interesting regions that 
have not yet been detected before, makes the adaptive sampling process complete 
for global metamodeling. A pure exploitation based adaptive sampling approach is 
often biased due to having an incomplete view of the entire domain. To address this 
issue, the global exploration term based on, e.g., some distance criteria, is required. 

  Finally, recall Fig. 2 that we use different kinds of sampling approaches to build a 
Kriging model for the function with a center unimodal region. We use the translational 
propagation LHD (TPLHD) sampling approach (Viana et al. 2010b) to generate thirty one-
shot points; while we use the sequential maximin (MM) sampling approach (Johnson et al. 
1990) to generate ten space-filling sequential points (the red circles), and use the CV-
Voronoi sampling approach (Xu et al. 2014) to generate ten adaptive sequential points. By 
using the root mean square error (RMSE) to assess the model accuracy, it is found that the 
adaptive sampling approach yields more accurate predictions (RMSECVV = 0.026, 
RMSEMM = 0.095, RMSETPLHD = 0.072) using the same number of points. 

4 Single-response adaptive sampling for global metamodeling 

We begin with the single-response adaptive sampling because most of current adaptive 
sampling approaches are designed for this scenario. As stated earlier, for discovering 
interesting regions, the key to an adaptive sampling approach is to design an effective local 
exploitation criterion that well estimates the actual prediction errors ˆe f f= −  over the 

domain. Based on the way of representing the actual prediction errors, we classify current 
adaptive sampling approaches into four categories, as shown in Table 2: 

• The variance based adaptive sampling asserts that regions with large prediction 
variances (i.e., large uncertainty) estimated by the statistical model is most likely 
to contain large prediction errors; 

• The query-by-committee (QBC) based adaptive sampling is a semi-variance based 
strategy that uses the response variances estimated simultaneously by several 
competing metamodels to represent the prediction errors; 

• The cross-validation (CV) based adaptive sampling directly estimates the 
prediction errors using the cheap-to-run cross-validation process; and 

• Finally, the gradient based adaptive sampling employs the local gradient 
information to implicitly represent the prediction errors. 

Note that as explained in Sec. 2, “model-dependent” in Table 2 characterizes whether an 
adaptive sampling approach utilizes some inner properties of a specific metamodel type or 
is independent of the choose of model type (i.e., model-independent). In what follows, the 
four categories of adaptive sampling in current literature will be reviewed and analyzed in 
detail. 
 
Table 2. Classification of current single-response adaptive sampling approaches 

Type Local exploitation Global exploration Model-
dependent 



Variance based 
Variance, adjusted variance using 
some error metrics, or some modified 
expected improvement criteria 

Distance based variance Y 

Query-by-committee based Response variance Distance criteria N 

Cross-validation based Cross-validation errors and some 
variants 

Distance criteria or some 
implicit error-pursuing 
mechanism 

N 

Gradient based Gradient information or geometric 
information Distance criteria Y/N 

4.1 Variance based adaptive sampling 
The variance based sampling approaches are deeply combined with the Kriging or GP 

model which considers the output response as the realization of a Gaussian process. 
Through using the prior information from observed points, this type of model constructed 
through the Bayesian rule offers a posterior Gaussian distribution 2ˆ ˆ( ) GP( ( ), ( ))y f σx x x  
where ˆ ( )f x  is the prediction response and ˆ ( )σ x  is the prediction variance (also known as 
mean square error (MSE)). The prediction variance, regarded as an estimation of the actual 
prediction error, is widely employed to assist the sampling process for reducing model 
uncertainty, thus improving the prediction quality. 

In the statistics community, many variance based sampling approaches have been 
proposed. The intuitive idea is to sample a new point by maximizing the mean square error 
(MMSE) (Jin et al. 2002) as 
 new ˆarg max ( )

D
σ

∈
=

x
x x  (2) 

Moreover, Sacks et al. (1989) considered the integrated mean square error (IMSE) criterion 
by averaging the MSE value over the entire domain as ˆ ( )

D
dσ

∈∫x
x x . The IMSE criterion 

selects a new point that maximizes the average reduction in prediction variance over the 
entire domain after adding it in the sample set. Besides, Shewry and Wynn (1987) proposed 
the maximum entropy (ME) criterion that selects new points via maximizing the 
determinant of correlation matrix in the Bayesian framework. Morris et al. (1993) further 
combined the ME criterion with the known first derivatives to improve the sampling 
performance. Interestingly, Jin et al. (2002) pointed that the MMSE criterion is equivalent 
to the one-by-one ME criterion. These traditional variance based sampling approaches can 
be integrated into the Kriging metamodeling to form a procedure called Design and 
Analysis of Computer Experiments (DACE) (Sacks et al. 1989; Viana et al. 2014). Recently, 
an efficient sequential sampling approach was introduced, which selects new points by 
maximizing the mutual information over the design space (Beck and Guillas 2016). 

It is notable that the above variance based sampling approaches utilize the property of 
the Kriging model that follows a stationary assumption, in which the covariance structure 
is identical over the entire domain. Consequently, the points generated by them are 
primarily space-filling with a slight adaption to the relative variability along each 
coordinate direction. From this view, the prediction variance of the Kriging model can be 
further improved to better represent the actual prediction error. 

To this end, one way is to introduce some non-stationary models, e.g., the Bayesian treed 
GP model (Gramacy and Lee 2009) and the non-stationary covariance-based Kriging 
model (Xiong et al. 2007), and then apply the variance based sampling criteria to them 
(Gramacy and Lee 2006, 2009). The other way, which is the focus of this survey article, is 



to develop some adaptive sampling criteria by adjusting the prediction variance. We here 
employ the well-known bias-variance decomposition (Geman et al. 1992)  
 2 2 2{[ ( ) ( )] } [ ( ( )) ( )] {[ ( ) ( ( ))] }y f y f y y− = − + −E E E Ex x x x x x  (3) 
in the field of machine learning to explain the potential of adjusting prediction variance. 
The first term in the right-hand side of Eq. (3), denoted as bias, means the difference 
between the prediction response and the actual response; while the second expectation term, 
denoted as variance, is actually the prediction variance 2ˆ ( )σ x  of the metamodel. For 
quickly reducing the generalization error of the metamodel, 2{[ ( ) ( )] }y f d−∫ E

x
x x x , the 

selection of new points should reduce not only the prediction variance but also the bias. In 
practice because of the unknown actual response f(x), we need to estimate the bias 
information for adjusting the prediction variance.  
 

 
Fig. 4 A 1D example to select a new point by maximizing (a) the prediction variance and 

(b) the adjusted prediction variance of Kriging, respectively 
 
    Fig. 4 depicts a 1D example to select a new point by maximizing the prediction variance 
and the adjusted prediction variance of Kriging, respectively. The considered function is 

2 4( ) (sin(7 ) cos(14 )) , [0, 4]xf x x x x e x−= + ∈ , with the multimodal behavior in the left-hand 
side. The Kriging model is built by five points, and the shadow region represents 95% 
confidence interval. The prediction variance in Fig. 4(b) is adjusted by the approach in (Le 
Gratiet and Cannamela 2015). It is found that maximizing ˆ ( )σ x  makes the new point fall 
into the largest interval, while maximizing adjˆ ( )σ x  makes the new point fall into the region 
with large prediction errors.  
    Generally, there are two ways to adjust the prediction variance. The first way, denoted 
as internal variance based adaptive sampling, is to incorporate the bias information into 
the prediction variance. Lin et al. (2004) pointed that the correlation function  R(.) between 
two arbitrary points in the Kriging model depends solely on the relative distance. For 
adaptive sampling, they adjusted the prediction variance via some error information as 

 ( ) ( ) ( )22 2 2
adj adj

1

ˆ , = , = exp
n

i j i j i j k k
k

R dσ σ σ ηη θ
=

−∏x x x x  (4) 

where the adjusted correlation function Radj(.) uses the Gaussian formula as an example to 
describe the relationship between xi and xj; θk and dk describe the correlation and the 
Euclidian distance between two points along the kth direction, respectively. Eq. (4) 
achieves the adaption by introducing two adjust factors ηi and ηj that consider the error 
information at points xi and xj. As a result, the prediction variance now depends on not only 



the relative distance between two points but also their error information. In their approach 
the factors ηi and ηj are estimated using the prediction errors at both the observed points 
and some additional validation points. The validation points, however, are usually 
unavailable in practice. Hence, Liu et al. (2016a) suggested using the cross-validation error 
to formulate the adjust factors ηi and ηj. Similarly, Le Gratiet and Cannamela (2015) used 
both the cross-validation error and the cross-validation prediction variance to adjust the 
prediction variance. Besides, Farhang‐Mehr and Azarm (2005) adjusted the prediction 
variance by the locations of local optima on the Kriging model in order to identify irregular 
regions. This strategy, however, heavily depends on the quality of Kriging model. A poor 
model may lead to an erroneous identification of interesting regions (Liu et al. 2016a). 
Different from the above approaches, the variance in the hierarchical variance sampling 
(HVS) approach (de Oliveira Castro et al. 2012) is no longer estimated by Kriging. The 
HVS first adopts the classification and regression trees (CART) partition algorithm 
(Steinberg and Colla 2009) and the analysis of variance (ANOVA) splitting algorithm 
(Atkinson and Therneau 2000) to divide the entire domain. Then it calculates a statistical 
correction which depends on the sample size to derive an upper bound of the true variance 
with a 1-α confidence. Finally, new points are selected by considering both the estimated 
variance upper bound and the region size. 

The second way, denoted as external variance based adaptive sampling, is to add an 
external bias term for adjusting the prediction variance. For instance, Lam (2008) modified 
the expected improvement (EI) criterion (Jones et al. 1998) for global fit. This approach 
considers the nearest response variation in order to sample informative regions. The 
expected improvement over the nearest observed point is 

 ( ) ( ) ( )( ) ( )
2

2
GF *

ˆ ˆEI f f σ= − +x x x x  (5) 

where the first term in the right-hand side, playing as local exploitation, tends to be large 
at a point where its response is much different from that of the nearest observed point x*; 
the second term, playing as global exploration, is large at a point where the metamodel has 
a large amount of uncertainty. Zhao et al. (2009) presented an insertion criterion (IC) as 

(1 )/2
ˆˆ2 ( ) / ( )Z fα σ+ x x  where (1 )/2Z α+  is the α-level quantile of standard normal distribution. 

By maximizing the IC criterion, it can find the “weakest point” as the new point at which 
we have the least confidence on the prediction. This criterion, however, cannot handle the 
case where ˆ ( )f x  = 0. Different from the continuous formulation in the above approaches, 
Busby et al. (2007) used the adaptive gridding algorithm to decompose the domain into 
disjoint cells, the edges of which are of the order of the correlation lengths of different 
variables. The approach then applies the cross-validation criterion and maximum entropy 
criterion (Morris et al. 1993) to decide “bad cells” with large prediction errors or of empty 
for further sampling. Moreover, Busby (2009) modified this approach by replacing the 
maximum entropy criterion with the maximin distance criterion (Johnson et al. 1990). 

It is worth noting that the above reviewed variance based adaptive sampling criteria have 
a complete form of local exploitation and global exploration conceptually described as 
 ( )new adjˆ ˆarg maxScore ( ), ( ) .

x D
σ σ

∈
=x x x   (6) 

The local exploitation is achieved by the variance term adjσ̂  adjusted by, e.g., the prediction 
errors from validation points, the cross-validation errors, the locations of local optima, and 



the nearest response variation; the global exploration is usually achieved using the original 
prediction variance σ̂  provided by Kriging. Last, it is observed that the model-dependent 
variance based adaptive sampling approaches heavily rely on the inner properties of the 
statistical metamodel. Thus, they are hard to extend to other metamodel types, e.g., RBF. 

4.2 Query-by-committee based adaptive sampling 
    The query-by-committee (QBC) strategy was first introduced in Refs. (Seung et al. 1992; 
Freund et al. 1993) for classification problems in the field of machine learning. For global 
metamodeling, this strategy first maintains a committee 1

ˆ={ }i i tf ≤ ≤C  of different 
metamodels representing competing hypotheses. Then each metamodel is required to 
predict the response at a candidate point x. The point at which the committee members 
have maximal disagreement is selected as the new point. The level of disagreement at point 
x is usually defined as the variance of the predictions of t committee members (Krogh and 
Vedelsby 1995). The simplest form is as 

 ( ) ( ) ( )( )2
2
QBC

1

1 ˆ ˆˆ
t

i
i

f f
t

σ
=

= −∑x x x   (7) 

where ( ) ( )
1

ˆ ˆ=
t

i
i

f f
=
∑x x  is the average value of t predictions at x. Note that the QBC 

variance in (7) is estimated using the predictions from different metamodels. Thus, QBC 
has the capacity to identify the regions with large prediction errors. For instance, we build 
four Kriging models with the Gaussian basis function, exponential basis function, spline 
basis function and cubic spline basis function, respectively, for a 1D example in Fig. 5. The 
shadow region represents the prediction response plus/minus twice the QBC variance. It is 
found that maximizing the QBC variance makes the new point fall into the region with 
large prediction errors. Besides, compared to the variance based sampling approaches 
reviewed before, the QBC adaptive sampling is more generic since it is model-independent, 
i.e., it does not impose on the type of metamodel that can be used. Last, it is worth noting 
that QBC maximizes Eq. (7) to collect new points for reducing the variance over not only 
the output predictions but also the model parameters (Settles 2010). 
 

 
Fig. 5 A 1D example to show the QBC variance 

  
Here, we use the ambiguity decomposition in the field of ensemble learning (Mendes-

Moreira et al. 2012) to explain why QBC is able to quickly reduce the generalization error 
of the committee metamodels. We have 



 ( ) ( )( ) ( ) ( )( ) ( ) ( )( )2 22

1 1

1 1ˆ ˆ ˆ ˆ
t t

i i
i i

f f f f f f
t t= =

− = − − −∑ ∑x x x x x x  (8) 

where the first term in the right-hand side is the difference between the single metamodel 
prediction and the actual response, which reveals the prediction quality of the committee 
metamodels; while the second term is the QBC variance ( )2

QBCσ̂ x  in Eq. (7). Once we 
choose the model types for the committee members, i.e., the first term of Eq. (8) is fixed, 
for reducing the generalization error the new points should be selected to maximize the 
QBC variance, which is what the QBC adaptive sampling attempts to do. It is found that 
the key in the QBC strategy is that there must be some disagreement among the committee 
models, called QBC diversity. In the context of QBC diversity, we classify current 
approaches into homogeneous QBC based adaptive sampling and heterogeneous QBC 
based adaptive sampling. 

“homogeneous” means that the committee models are built using the same model type. 
In this context, to achieve the QBC diversity, we can generate multiple different sample 
sets 1{ }i i t≤ ≤X  from the original sample set X. To this end, one way is to utilize the 
resampling methods, e.g., the bootstrap (Efron and Tibshirani 1994) that generates t sample 
sets by selecting randomly with replacement from the set X. For instance, RayChaudhuri 
and Hamey (1995) measured the disagreement among ten neural networks, each of which 
is built on random selection of half the sample set. The other way is to use the cross-
validation method to partition the sample set into t groups, with each of the committee 
models built on t-1 of the t groups. For example, Burbidge et al. (2007) used the cross-
validation strategy to investigate the performance of QBC for global metamodeling, and 
pointed that this strategy works when the committee member’s bias is small. Besides, 
Kleijnen and Van Beers (2004) proposed a jackknifing criterion based on the leave-one-
out cross-validation. In the jackknifing criterion, the committee models are trained using 
different subsamples. This kind of approach can also be found in Refs. (Eason and 
Cremaschi 2014; Golzari et al. 2015). Gazut et al. (2008) applied both the bootstrap and 
the cross-validation to a QBC type adaptive sampling approach. Finally, similar to the 
homogeneous QBC adaptive sampling but without the perturbation of sample set X, Ajdari 
and Mahlooji (2014) presented a quasi-QBC adaptive sampling approach. It first partitions 
the domain into a mesh of triangles, and then samples a new point in the triangle whose 
three vertices yield the function responses with maximal variation.  

“heterogeneous” means that the committee models are built using different model types. 
In this context, the QBC diversity is achieved by the different model types built on the 
same sample set. For example, we can build the committee models by Kriging, RBF, SVR 
and so on; or simply, we build the committee models by Kriging but with different basis 
functions, see Fig. 5. Douak et al. (2012) used three different regression models to form 
the QBC committee, and found that this strategy outperforms the space-filling maximin 
criterion (Johnson et al. 1990) and the random (passive) sampling criterion. De Geest et al. 
(1999) suggested selecting a new point by maximizing a reflective function measured by 
the response difference between the best and second best metamodels. Furthermore, the 
sampling approach presented by Hendrickx and Dhaene (2005) constructs a committee 
containing three best metamodels, and simultaneously selects the new points at which two 
of the committee members have the maximal disagreement. Li et al. (2009) trained the 
multiple additive regression trees (MART) model on the sample set 20 times with different 



random seeds, and suggested using the coefficient of variance ˆ /σ µ  (where µ represents 
the mean) instead of the QBC variance to better rank the candidate points.  
    It is found that the QBC strategy plays the role of greedy local exploitation. With no 
constraints, the new points tend to cluster in regions with large prediction difference (Li et 
al. 2009). This can be confirmed in Fig. 5 that the new point is close to the observed point. 
For the improvement of global accuracy, a distance term d, which plays a role of global 
exploration, is often required to discard some points that are close to each other (Hendrickx 
and Dhaene 2005; Li et al. 2009; Eason and Cremaschi 2014). To summarize, the QBC 
based adaptive sampling process iteratively selects the new point as 
 ( )new QBCˆarg max Score ( ), ( )

x D
dσ

∈
=x x x   (9) 

where the local exploitation is achieved by the QBC prediction variance, while the global 
exploration is achieved via the distance term. 

4.3 Cross-validation based adaptive sampling 
It is known that the Kriging model offers the prediction variance and thus there emerges 

a series of variance based adaptive sampling approaches. But such model-dependent 
adaptive sampling approaches use specific model properties that exclude them from being 
used with other model types. This is an undesirable property and calls for more generic 
(model-independent) adaptive sampling approaches. Hence, in order to estimate the actual 
prediction error, the well-known cross-validation approach has attracted intensive attention 
in adaptive sampling, because it requires only the information at observed points. 

For the commonly used leave-one-out cross-validation approach, it selects xi as a 
validation point and uses the remaining m-1 points to fit a metamodel ˆ if −  for obtaining 
the cross-validation (CV) error as 
 ( ) ( ) ( )ˆˆ 1i

i i ie f f i m−= − ≤ ≤，x x x   (10) 

This procedure is repeated at m observed points to obtain the generalized mean square 

cross-validation error (GMSE), where ( )2
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e
m =

= ∑ x . An accurate metamodel 

prefers a small GMSE value. The GMSE usually overestimates the actual metamodel 
accuracy, and is able to successfully estimate the model accuracy given sufficient observed 
data (Viana et al. 2009; Liu et al. 2016b). Besides, the cross-validation approach is capable 
of estimating the optimal model parameters (Rippa 1999; Sundararajan and Keerthi 2001), 
selecting the model type (Meckesheimer et al. 2002; Acar and Rais-Rohani 2009), 
simultaneously estimating the model parameters and selecting the model type (Acar 2014; 
Liu et al. 2016b), and constructing conservative metamodels (Viana et al. 2010a). 

It is found that the CV errors are able to estimate the local prediction errors to some 
extent. A small e(xi) implies that the model accuracy is insensitive to the loss of xi, that is, 
the metamodel has been well fitted around xi; while on the contrary, a large e(xi) indicates 
that the region around xi does not contain enough points such that the model accuracy is 
significantly affected by the loss of xi. Note that Eq. (10) cannot be used to estimate the 
errors at unobserved points. To address this issue for better conducting local exploitation, 
Li et al. (2010) and Aute et al. (2013) fitted an error model ( )êf x  to the CV errors at 
observed points. Besides, Jin et al. (2002) presented a more general CV error formula as 
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= −∑x x x , which was also used by Kim et al. (2009). Moreover, 

Jiang et al. (2015) extended this formula to a weighted-sum cross-validation error where 
the weights reflect the influence of the observed points. According to the estimation of CV 
errors, we classify this type of sampling strategy into continuous CV based adaptive 
sampling and discrete CV based adaptive sampling. 
    In the context of continuous CV based adaptive sampling, the estimated CV errors help 
identify interesting regions for guiding local exploitation in adaptive sampling process (Li 
et al. 2010; Aute et al. 2013; Jiang et al. 2015). It has been widely pointed that the obtained 
new points, however, would cluster around some observed points if one directly maximizes 
the CV based criteria, i.e., the focus is on pure local exploitation (Jin et al. 2002; Li et al. 
2010; Aute et al. 2013). Hence, a distance based space-filling term d(x) in terms of global 
exploration is recommended to avoid the clustering phenomenon. A common way is to 
define a distance constraint to prevent the points from being too close to each other. The 
auxiliary optimization problem can be generally formulated as 

 ( ) ( ) ( )
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In practice, however, an appropriate threshold d value is hard to determine (Xu et al. 2014; 
Jiang et al. 2015). Too small d value cannot help avoid the clustering phenomenon, while 
too large d value forces the new points to spread over the entire domain evenly, which 
consequently makes the sampling approach incapable of exploiting the interesting regions. 
Li et al. (2010) suggested using the average of the minimal distance of each observed point 
as the threshold d value. While Aute et al. (2013) suggested the d value as the maximum 
of the minimal distance of each observed point, which leads to more emphasis on global 
exploration.  

In the context of discrete CV based adaptive sampling, a common way is to partition the 
design space in order to promise the cooperation with the discrete CV errors. An early work 
(Devabhaktuni and Zhang 2000) used a set of test points to discover the region with the 
largest prediction error and split it into 2n regions. Although the approach is simple and 
efficient, it can lead to over-sampling for high-dimensional problems; meanwhile, in 
practice the test points are usually unavailable. Similarly, Braconnier et al. (2011) 
partitioned the domain into a set of hypercubes and selected the one with the largest CV 
error, and subsequently used the quad-tree algorithm (Finkel and Bentley 1974) to divide 
the hypercube into 2n equal hypercubes. This approach still has the over-sampling problem 
in high dimensions. It is notable that the approach presented by Xu et al. (2014) is very 
simple and effective. This approach first uses the Voronoi diagram algorithm 
(Aurenhammer 1991) to partition the domain into Voronoi cells based on the observed 
points. Then it calculates the CV errors of the cells and selects the one with the largest error 
as the sensitive cell. Finally, it searches a space-filling new point in the sensitive cell to do 
local exploitation and meanwhile avoid the local clustering phenomenon. An adaptive 
sampling approach similar to (Xu et al. 2014) has also been presented for non-intrusive 
POD-based metamodels (Vasile et al. 2013). The difference is that this approach 
determines the new point by considering both the POD basis and the design space. Finally, 



it is worth noting that compared to the continuous CV based adaptive sampling approaches, 
these discrete CV based adaptive sampling approaches (1) discretize the auxiliary 
optimization problem via space partition such that the computational cost is relieved; and 
(2) keep an implicit global exploration via dynamic shift of the regions with the largest CV 
error (Xu et al. 2014). 
    To summarize, the general form of a CV based adaptive sampling process can be 
expressed as 
 ( )new ˆarg maxScore ( ), ( )

x D
e d

∈
=x x x   (12) 

where the local exploitation is achieved by the CV errors, while the global exploration is 
achieved via the distance constraints, the areas of partitioned polygons, or the implicit 
error-pursuing mechanism; D is a continuous or discrete design space. 

4.4 Gradient based adaptive sampling 
Geometrically, the function responses in regions with large gradients have dramatic 

changes. As a result, the metamodel is hard to fit well and is easy to produce high prediction 
errors in these regions. Thus, the gradient information can help us discover the interesting 
regions for adaptive sampling. For conventional metamodels, e.g., the RBF model with 
smooth kernel functions, the gradient information at any point can be cheaply derived.  

Rumpfkeil et al. (2011) assumed that the gradient information at observed points are 
available, and presented an adaptive sampling approach for refining the gradient-enhanced 
Kriging model. At each candidate point, this approach builds a local metamodel via Dutch 
Intrapolation and measures the discrepancy between the global Kriging model and local 
model. The new point is the one with the largest discrepancy. This approach, however, has 
a substantial restriction because of the requirement of available derivatives.  

A practical way is to use the gradient information provided by the metamodel itself. Yao 
et al. (2009) used the first-order gradient information ˆ /f∂ ∂x  of the RBFNN model to 
exploit the interesting regions. Meanwhile, to maintain the global model, they employed 
the optimal LHD approach (Kenny et al. 2000; Xiong et al. 2009) to add space-filling points 
if no accuracy improvement can be achieved using local exploitation. Moreover, since the 
curvature is a measure of how “curved” a curve is (Wei et al. 2012), and usually provides 
more information than the first-order gradients, some studies (Mackman and Allen 2010a, 
b; Wei et al. 2012; Mackman et al. 2013) used the curvature of the RBF model, i.e., the 
Hessian matrix ( ) 2 2ˆ /H f= ∂ ∂x x , to guide the local exploitation. In these sampling 
approaches, global exploration is often achieved by a distance term. The gradient based 
adaptive sampling has also been applied to other model types. For adaptively refining 
NURBs-based metamodels (Turner et al. 2007; Pickett and Turner 2011), locally, a slope 
criterion is presented to choose a new point at which the model yields the most dramatic 
changes; globally, a proximity criterion is adopted to compute a parabolic span between 
adjacent control points. Then, the next point is selected as the one with the maximum 
parabola depth. Shahsavani and Grimvall (2009) proposed a simple adaptive sampling 
approach. It begins with a cuboid-shaped domain, and then identifies the cuboid containing 
the maximal roughness (nonlinearity), which is measured by the coefficients of a local 
second-order polynomial model, and finally splits the cuboid into two halves along the 
direction with the maximal curvature. 



Yao et al. (2009) thought that though a metamodel built with a limited sample set is just 
a rough approximation of the target function, it describes the trend of f to some extent, and 
thus can guide the sampling procedure effectively. But Deschrijver et al. (2011) argued 
that the above reviewed gradient based adaptive sampling approaches highly rely on the 
quality of the metamodel. The model type and model parameters may affect the estimation 
of the gradient information, which influences the selection of new points. Therefore, more 
generic (model-independent) gradient based adaptive sampling approaches are needed. 

To this end, a model-independent gradient based adaptive sampling approach, called 
LOLA-Voronoi (Crombecq et al. 2011a), and a variant (Deschrijver et al. 2011) and a faster 
version based on fuzzy logic (van der Herten et al. 2015) have been continuously proposed, 
with the new point selected as 
 ( ) ( )new arg max

D
G V

∈
= +

x
x x x  (13) 

In Eq. (13), the gradient term G(x), measured by a local linear approximation built using a 
set of nearby points, is used to do local exploitation; while the sampling density V(x), 
measured by the areas of the partitioned Voronoi cells, is used to do global exploration. 
This approach has been involved in a MATLAB toolbox SUrrogate MOdeling (SUMO) 
(Gorissen et al. 2010) for adaptively refining metamodels. More simply, Lovison and 
Rigoni (2011) used the adjacent points to estimate the local Lipschitz constant at x to 
represent the local nonlinearity of the target function. 

Except the gradient information, other geometric features have also been considered in 
adaptive sampling. For instance, Pan et al. (2014b) used the locations of the local optima 
on the metamodel to guide local exploitation. The RBF model with multi-quadric basis 
function is selected in this sampling approach since it is twice differentiable and can easily 
obtain the first- and second-order gradients, which is beneficial for the search of local 
optima. The approach also uses a density function (Kitayama et al. 2011) constructed by 
the RBF network for global exploration. dos Santos and dos Santos (2008) employed the 
delaunay triangulation algorithm to mesh the domain according to the observed points, and 
selected the new point as the middle of the longest side of the largest triangle.  

To summarize, the general form of the gradient based adaptive sampling can be 
described as 
 ( )new ˆarg maxScore ( ), ( )

x D
g d

∈
=x x x   (14) 

where the local exploitation term ĝ  represents the estimated first-/second-order gradients 
based on some specific models, or it represents some other geometric features; while the 
global exploration is achieved by some distance based criteria. 

5 Design considerations of single-response adaptive sampling 

    This section provides a review on the design considerations in single-response adaptive 
sampling for global metamodeling. In particular, the design of initial points and stopping 
criteria, the trade-off between local exploitation and global exploration, and the selection 
of new points, which should be considered for completing the sampling process in Fig. 3 
and more importantly, for improving the sampling performance, are analyzed and 
discussed in what follows. 



5.1 Initial data and stopping criteria 
An adaptive sampling approach generally begins with the generation of some initial 

points that are recommended to fill the entire domain evenly. A space-filling initial set 
ensures that everywhere in the domain has equal chance to be detected. Consequently, the 
metamodel can better represent the underlying function and guide the subsequent adaptive 
sampling process to quickly find the interesting regions. Many of the one-shot sampling 
approaches and space-filling sequential sampling approaches reviewed in Sec. 2 can be 
used here.  

The above discussions, however, have an implicit assumption that we can confidently 
determine how to generate initial points. Practical problems, however, often have scenarios 
where there already exists a set of initial points that may not be space-filling. An extreme 
case is that all the initial points gather together in a local region. To handle such scenarios, 
the adaptive sampling is required to possess an effective trade-off strategy between local 
exploitation and global exploration, which will be discussed in details later. For instance, 
in the extreme case, an effective trade-off strategy is able to identify the bad representation 
of current metamodel, and then the sampling approach turns to focus on global exploration.  

Another important factor affecting the performance of an adaptive sampling approach is 
the number of initial points, N. It has been pointed out that if the sampling approach starts 
with an initial size that is too small, poor metamodel predictions can lead the sampling 
process to focus at inappropriate locations (Kim et al. 2009; Ghoreyshi et al. 2009). On the 
contrary, if the sampling approach starts with an initial size that is too large, most of the 
computational budget can be wasted on space-filling points, which could have been spent 
more effectively on other adaptive sample points (Crombecq et al. 2011a). The proper 
initial sample size, however, depends on the dimensionality and complexity of the target 
function, the computational budget, and even the characteristics of the metamodeling 
techniques. Some metamodeling literatures suggested several empirical formulas to 
determine the proper initial size through extensive numerical experiments, as summarized 
in Table 3, where n represents the number of inputs and Nmax denotes the maximal number 
of function evaluations. It is worth noting that when using a GP model for approximation, 
Loeppky et al. (2009) showed that the appropriate initial sample size should be ten times 
the dimensionality of the target function.  
 
Table 3. Empirical formulas to determine the initial sample size 

Initial sample size Property 
N = 10n (Jones et al. 1998; Loeppky et al. 2009) 

Depend on dimensionality N = 5n (Xu et al. 2014; Liu et al. 2016a) 
N = 2n (Gutmann 2001) 

N = 2(n+1) (Regis and Shoemaker 2007) 
Depend on metamodeling property N = max[2(n+1), 0.1Nmax] (Razavi et al. 2012a) 

N = (n+2)(n+1)/2+10 (Busby 2009) 
N = 0.35Nmax (Sóbester et al. 2005) Depend on computing budget N = 0.5Nmax (Aute et al. 2013) 

 
    In simulation-based engineering design problems, the limited computational budget, i.e., 
the maximal number of function evaluations, is commonly used as a stopping criterion for 
adaptive sampling. Another common stopping criterion is the successive relative 
improvement (SRI) measured by the difference of some error criteria, e.g., the cross-



validation error, the jackknifing variance (Kleijnen and Van Beers 2004), or the relative 
absolute error (Kim et al. 2009), in the last several iterations. The adaptive sampling 
process terminates as soon as there is no positive gain in the SRI.  

5.2 Trade-off between local exploitation and global exploration 
Recall that an adaptive sampling approach usually consists of two conflicting parts: local 

exploitation in interesting regions and global exploration over the entire domain. For 
improving the sampling performance, these two parts should be organized in a balanced 
manner, which is conceptually expressed as: 
 local globalScore w local w global= × + ×   (15) 
where wlocal and wglobal, which are assumed to satisfy wlocal+wglobal = 1, are the weights for 
local exploitation and global exploitation, respectively.  
    Liu et al. (2016a) showed that a valid trade-off not only conducts adequate local 
exploitation in identified interesting regions, but also duly offers global exploration to 
avoid missing some undetected interesting regions. Many of current adaptive sampling 
approaches, however, use a fixed rule to balance local exploitation and global exploration. 
For instance, the SEED approach (Lin et al. 2004) adopts a balance factor λ but fixes it at 
2; the LOLA-Voronoi approach (Crombecq et al. 2011a) assigns the same weight for local 
exploitation and global exploration. 
 

 
Fig. 6 Conceptual illustration of three balance strategies between local exploitation and 

global exploration 
 

Some researchers attempt to balance the two conflicting parts in a flexible way. In our 
view, the balance strategies between local exploitation and global exploration can be 
classified into three categories, as shown in Fig. 6. The first decreasing strategy (Kim et al. 
2009; Singh et al. 2013; Turner et al. 2007) in Fig. 6(a) starts with a wglobal value close to 
one to fully explore the entire domain in order to discover the interesting regions. Then 
with the sampling process progresses, wglobal decreases iteratively, and the process 
converges with a wlocal value close to one, which implies a complete local exploitation in 
identified interesting regions. For instance, by comparing the relative absolute errors of the 
metamodels in successive iterations, Kim et al. (2009) presented a decreasing law of the 
weights according to several error thresholds. It is noteworthy that instead of using a single 
global-local criterion, Turner et al. (2007) proposed using two pure global criteria and two 
pure local criteria to formulate a cooling schedule. This schedule uses Bernstein basis 
functions to decide the dominant criterion in different sampling stages. However, a main 
problem of the decreasing strategy is that in the final sampling stage, it almost ignores the 
global exploration. But since in practice many target functions are black-box, it is hard to 
ensure that the main function characteristics have been fully explored so that we can 
absolutely drop off the global exploration. 



To address this issue, the second switch strategy (Sasena et al. 2002; Sasena 2002) or 
the greedy strategy (Singh et al. 2013) is proposed, as shown in Fig. 6(b). Singh et al. (2013) 
suggested a simple greedy strategy by using a threshold value ε. If a random value r < ε, 
the sampling process switches to pure global exploration; otherwise, it switches to pure 
local exploitation. The greedy strategy uses a fixed threshold value to choose global 
exploration and local exploitation, which sometimes is unreasonable. Hence, Sasena et al. 
(2002) and Sasena (2002) proposed a switch strategy that is similar to a cooling schedule 
used in the stochastic simulated annealing algorithm (Černý 1985). Initially, this switch 
strategy drives the global exploration to reduce the uncertainty of the entire domain. Then 
it switches to pure local exploitation in interesting regions for improving the model 
accuracy efficiently. If the predictions in current interesting regions are relatively accurate, 
it switches to pure global exploration to identify undetected interesting regions. Iteratively, 
the strategy switches back and forth between global exploration and local exploitation in 
order to improve the metamodel with as few points as possible. 

The third adaptive strategy (Singh et al. 2013), as shown in Fig. 6(c), is a generalized 
version of the switch strategy. In successive sampling iterations, the local and global 
weights are adaptively changed in a dynamic way through comparing the information 
among successive iterations, e.g., the deviation between the model errors. Preliminary 
numerical experiments by Singh et al. (2013) revealed that the adaptive strategy 
outperforms the greedy and decreasing strategies. In a spirit similar to the adaptive strategy, 
Liu et al. (2016a) employed a novel balance strategy to perform adaptive sampling by 
circularly looping through a search pattern that contains several weights from global to 
local. 

Except using an explicit way like (15) to balance local exploitation and global 
exploration, there exist some adaptive sampling approaches (Kleijnen and Van Beers 2004; 
Xu et al. 2014; Lin et al. 2004; Lam 2008) in which the trade-off is buried deep. Similar to 
the third strategy, the trade-off here usually changes in a dynamic way when the adaptive 
sampling progresses continuously.  

It is worth noting that the trade-off between local exploitation and global exploration 
should gain sufficient attention, since it greatly influences the performance of adaptive 
sampling. In particular, the promising adaptive balance strategy needs more research 
efforts. 

5.3 Single selection or batch selection 
During the adaptive sampling process, if only a new point is selected in each iteration, 

we denote it as single selection; on the other hand, it is denoted as batch selection if more 
than one new point is added in each iteration. Most of current adaptive sampling 
approaches adopt single selection, because they usually use an adaptive sampling criterion 
to select the new point that is the global optimum of an auxiliary optimization problem.  

It is found that the batch sampling process can be easily deployed in a parallel fashion 
to improve computational efficiency, which is meaningful for expensive simulation-based 
problems. To achieve batch selection, a naive strategy is to use a sampling criterion to rank 
the candidate points, and select the q best points. This simple “q-best” strategy, however, 
is usually inappropriate because it does not consider the information overlapping of the q 
new points, and may lead to the clumping of batch points. The q new points in batch 
selection should be both informative and diverse to make the best use of computational 
resources. “informative” means that the new points should be sampled in the interesting 



regions; while “diverse” on the contrary requires that the q new points should be far away 
from themselves and the observed points in order to gather more information about the 
target function. 

For space-filling batch sampling, the informative requirement and the diverse 
requirement can be merged, since this type of sampling advocates that the informative 
points should be space-filling. Recently, Loeppky et al. (2010) investigated different space-
filling sampling criteria with single selection and batch selection, respectively. Thereafter, 
several works (Williams et al. 2011; Atamturktur et al. 2013) also paid attention on batch 
selection with different space-filling sampling criteria. It is notable that in batch sampling, 
because of selecting q points jointly, the dimensionality of the auxiliary optimization 
problem has greatly increased. To improve optimization efficiency, we often employ the 
modified exchange algorithm (Fedorov 1972) that replaces a point by the one that improves 
the sampling criterion at each iteration. 

For adaptive batch sampling, the informative requirement and the diverse requirement 
should be considered jointly. For some partition based adaptive sampling approaches 
(Devabhaktuni and Zhang 2000; Shahsavani and Grimvall 2009; Braconnier et al. 2011), 
they usually run with batch selection: it partitions the domain into hypercubes and samples 
a few new points along different directions in the identified hypercube. But this type of 
batch selection considers only the informative requirement, since it is conducted in a single 
hypercube, leading to the clumping of new points. Instead, Gramacy and Lee (2009) used 
a treed maximum entropy sampling approach that spaces the q new points apart from the 
observed points and themselves. Huang et al. (2015) modified the well-known DIRECT 
optimization criterion (Jones et al. 1993) for building an accurate SVM based high 
dimensional model representation (HDMR) model. The employed DIRECT idea can select 
a batch of new points from a set of potential hypercubes via the identified potential 
Lipschitz constants that consider both local exploitation and global exploration. Note that 
for the purpose of global metamodeling, now the objective for DIRECT is not the function 
values but the prediction errors at observed points. The DIRECT-type sampling is 
inherently parallelizable, but the number of new points in each iteration may be different 
and thus uncontrollable. Quan (2014) explored several approaches combining the EI idea 
(Jones et al. 1998) and some space-filling criteria for adaptive batch sampling. Numerical 
results revealed that there is no evidence that the usage of batch selection provides potential 
performance improvements, but it is meaningful for improving computational efficiency 
by taking advantage of parallelization.  

In short, for practical implementation, the single selection is usually more informative 
than the batch selection, since it will update the information after involving a new point. 
However, if the simulation process is significantly time-consuming, batch selection is a 
meaningful way to take advantage of parallelization to save computational cost. Besides, 
it is worth noting that mostly the choice of batch size q is determined by the available 
computer resource (e.g., the number of processors) rather than the sampling criterion. 

6 Multi-response adaptive sampling for global metamodeling 

Most of current adaptive sampling approaches are designed for single-response 
problems. But in practice, a multi-response system { }1, , kf f= F  containing k 
uncorrelated/correlated output responses is frequently encountered. Some traditional 



space-filling sampling approaches, e.g., LHD and maximin, can be naturally extended to 
handle the multi-response system, since they determine the sample distributions without 
considering the characteristics of the output responses. For adaptive sampling approaches, 
however, due to the adaption to the characteristics of a specific output response, they 
cannot directly handle multi-response systems. Fig. 7 illustrates two two-response cases 
where the two functions are uncorrelated and have multimodal behaviors in different 
regions in Fig. 7(a), while the two functions are highly correlated with the main 
characteristics located in the same region in Fig. 7(b). In the following, we review the 
existing multi-response adaptive sampling approaches in three scenarios. 
 

 
Fig. 7 (a) Uncorrelated and (b) correlated two-response cases 

6.1 General multi-response adaptive sampling 
    For the general multi-response adaptive sampling, it usually does not assume that the 
multiple responses are correlated. That is, it considers all the k output responses jointly, but 
ignores their correlations. In this case, we usually model the responses individually. 

If we already know the degree of importance of the k responses, it is then nature to assign 
different weights to them, which turns the multi-response adaptive sampling into single-
response sampling (Lin 2004). However, the importance information in practice is usually 
unavailable. Hence, we need more general multi-response sampling framework. To this 
end, Reichart et al. (2008) investigated two sampling strategies for two-response problems. 
The first strategy, called alternating selection, is an intuitive idea that handles the two 
responses successively: in the ith iteration, it samples a new point for the first response via 
a sampling criterion; then in the (i+1)th iteration, it samples a new point for the second 
response. The second strategy, called rank combination, evaluates the scores of a candidate 
point for all the responses, and then sums the scores as the final score of this candidate 
point. Finally, the candidate point with the highest score is selected as the new point.  

The rank combination strategy is commonly used in the general multi-response sampling 
framework, and can be classified into three types. Type 1 sums or multiplies the scores of 
all the k responses at a candidate point (Rosenbaum 2013). In contrast, type 2 takes the 
maximum/minimum of the scores for the k responses at a candidate point (Crombecq 2011; 
Lovison and Rigoni 2011). This type is found to perform well for cases with many 
responses. For example, suppose that among the many responses, there is a response that 
has nonlinear behavior everywhere while the remaining responses have linear behavior. 
When taking the sum/multiple type 1, every region will almost have the same score, while 
type 2 can identify the most nonlinear response. Finally, the recently developed type 3 
attempts to combine type 1 and type 2 with the fusion by a weighted-sum term and a 
maximum term (Liu et al. 2016c). It has been shown that this hybrid type makes the general 
multi-response adaptive sampling perform well in different scenarios. 

Besides, Aute (2009) turned the multi-response sampling process into a multi-objective 
optimization problem, and proposed several ways to choose new points from the Pareto set. 



For example, it can choose all the Pareto points as new points; or it can choose the Pareto 
points that have the highest scores for each of the responses. 

It is found that the general multi-response adaptive sampling criteria are usually not the 
best choice for each response alone but provide a compromise for all the responses. The 
advantage of the general multi-response adaptive sampling is that they have no assumption 
about the multi-response problem and thus gain wide applicability. The disadvantages, 
however, are apparent: (1) the metamodels are built individually for the responses. Hence, 
the recently developed multi-response modeling approaches cannot be integrated to utilize 
the response correlations; and (2) furthermore, because of the ignorance of response 
correlations, the obtained new points need to be simulated for all the responses, which 
might waste computing resources. 

6.2 Symmetric multi-response adaptive sampling 
    Different from the general multi-response adaptive sampling, symmetric multi-response 
adaptive sampling considers the response correlations, and treats the k responses equally. 
This kind of correlated multi-response case is frequently encountered in practice, e.g., the 
drag response and the lift response simulated simultaneously from an airfoil design 
problem (Liu et al. 2014). In what follows, we first review current symmetric multi-
response modeling approaches, and then discuss the adaptive sampling approaches under 
such modeling framework. 
    By utilizing the response correlations, we can model the k responses jointly, with the 
aim of improving over modeling them individually. Some commonly used symmetric 
multi-response modeling approaches include, for example, the artificial neural networks 
(ANNs) that are extended to support multi-response by defining how inputs are shared 
across responses (Caruana 1995; Collobert and Weston 2008), the multi-response Gaussian 
process framework that captures the response correlations through cross-covariance 
functions built using linear model of coregionalization or convolved process (Bonilla et al. 
2007; Alvarez and Lawrence 2009; Alvarez et al. 2012), and the general stacked single-
target framework and ensemble of regressor chains (Spyromitros-Xioufis et al. 2016). 
Among them, the multi-response Gaussian process, also called multi-task Gaussian process 
(MTGP), has been widely used because it provides not only prediction mean but also 
prediction variance under the Bayesian framework. 
    Contrary to the continuous emergence of symmetric multi-response modeling 
approaches, the development of the associated sampling approaches, especially the 
adaptive sampling approaches, is lagging behind. To the best of our knowledge, only a few 
works have focused on the topic of symmetric multi-response adaptive sampling, most of 
which are studied in the MTGP framework. For a valid symmetric multi-response adaptive 
sampling approach, it should address two issues: (1) how to query the most informative 
point under the symmetric multi-response modeling framework; and (2) which responses 
should be used to evaluate the obtained new point. 
    To address the first issue, a common way is to extend current sampling approaches, 
especially the variance based sampling approaches, under the symmetric multi-response 
modeling framework. For example, Li et al. (2006) extended the maximum entropy 
criterion by using the stacking strategy, i.e., treating the output responses as extra inputs. 
Romero et al. (2006) and Romero et al. (2012) systematically investigated the extensions 
of current single-response sampling approaches, including maximin-LHD, maximum 
entropy sampling and maximum cross-validation variance, for multi-response cases. It is 



found that, however, the above sampling approaches simulate the obtained new points for 
all the responses, which is not an efficient manner.  
    To address the second issue, the simplest way is to simulate the new point for the 
response that assigns the highest score. Along this line, Osborne et al. (2012) extended the 
maximum mean square error sampling approach for multi-response cases. It is found that 
compared to the single-response sampling, the multi-response sampling requires less points 
to achieve the same model accuracy by using the correlations captured through the MTGP 
framework. Taking the two functions in Fig. 7(b) for example, suppose that we sample a 
new point in the shadow region and only simulate it by the blue function. After involving 
the new point, the symmetric multi-response modeling approach, e.g., MTGP, can jointly 
improve the models for the two functions because they are highly correlated. As a result, 
the computational budget (number of simulations) has been reduced. Recently, Zhang et 
al. (2015) presented an entropy based adaptive sampling approach under the sparse 
convolved MTGP framework (Alvarez and Lawrence 2009), which is developed for 
handling large datasets. Given the sparse model structure, the proposed adaptive sampling 
criterion introduces an exploitation-exploration trade-off expression to query the most 
informative point, and selects the proper response to evaluate it. Numerical experiments 
revealed that this approach performs well in different scenarios. 

6.3 Asymmetric multi-response adaptive sampling 
    “Asymmetric” here means among the k responses there is a primary response. The goal 
of asymmetric multi-response adaptive sampling is to enhance the modeling performance 
for the primary response given the other secondary responses. The asymmetric multi-
response problem is usually referred as transfer learning (Pan and Yang 2010) in the 
machine learning community, while it is restricted to multi-fidelity modeling (MFM), 
variable-fidelity modeling (VFM), or data fusion in the engineering community 
(Fernández-Godino et al. 2016; Peherstorfer et al. 2016). Here we focus on multi-fidelity 
cases where the basic assumption is that for a target function there exist correlated 
simulation codes with different levels of fidelity. For the widely studied two-level fidelity 
cases, the high-fidelity simulation provides accurate predictions but requires huge 
computational budget, while the low-fidelity simulation is cheap to run but provides coarse 
predictions. In this context, the goal of MFM is to have computational gains by transferring 
knowledge from the low-fidelity simulation to enhance the modeling results of high-
fidelity simulation. The MFM frameworks, e.g., scaling function based modeling (Han et 
al. 2013; Zhou et al. 2017) and Bayesian multi-fidelity modeling (also called Co-Kriging) 
(Kennedy and O'Hagan 2000, 2001; Forrester et al. 2007; Qian and Wu 2008), have gained 
popularity in multidisciplinary design, optimization and uncertainty quantification. Some 
reviews and comparison studies regarding MFM can be found in (Toal 2015; Fernández-
Godino et al. 2016; Peherstorfer et al. 2016; Park et al. 2017). 

Similar to the symmetric multi-response case, the MFM approaches have been 
extensively studied while the associated sampling approaches, especially the adaptive 
sampling, have rarely been studied. For constructing accurate global multi-fidelity models, 
a sampling approach should also answer the “how” and “which” questions. Here, the 
“which” question is significantly important because the high-fidelity simulation is more 
time-consuming than the low-fidelity simulation. 

Most of current MFM processes employ the space-filling sampling approaches, e.g., 
optimal LHD (Jin et al. 2005), to generate high/low-fidelity points. Particularly, in the Co-



Kriging modeling process, it requires that the high-fidelity points should be a subset of the 
low-fidelity points. This requirement allows to estimate the high/low-fidelity model 
hyperparameters individually (Kennedy and O'Hagan 2000). Hence, the nested sampling 
(Qian 2009; Haaland and Qian 2010; Rennen et al. 2010) reviewed in Sec. 2 and the nearest 
neighbor sampling (Le Gratiet and Garnier 2014) have been widely used. But these space-
filling sampling approaches usually run in a one-shot fashion. Besides, it is worth noting 
that if we estimate the hyperparameters jointly in Co-Kriging like (Han et al. 2010b), the 
nesting requirement can be relaxed, thus allowing easier and more widespread 
implementation of current sampling approaches. 

Furthermore, several studies investigated the adaptive sampling under the MFM 
framework. Qian et al. (2014) proposed an asymmetric nested lattice sampling approach. 
This approach attempts to refine the samples along some inputs that have more significant 
effects on the responses. But it does not consider the information of low/high-fidelity 
responses. Han et al. (2010a) presented an adaptive sampling strategy based on the 
assumption that with the adding of new high-fidelity points, the multi-fidelity model and 
the high-fidelity model will converge to the same results. Hence, the point at which the two 
models yield the maximum discrepancy is selected as the new high-fidelity point. This pure 
error based sampling strategy, however, may lead to excessive local exploitation. Instead, 
except minimizing the GMSE value of the multi-fidelity model, Zhou et al. (2016) 
employed an extra distance penalty term to drive the new high-fidelity point far away from 
the existing points. The adaptive sampling approach developed in (Benamara et al. 2016) 
also relies on an error measurement derived under the Gappy-POD based MFM. Note that 
this approach evaluates the new point through both the low- and high-fidelity simulations. 

It is found that most of current asymmetric multi-response adaptive sampling approaches 
obtain the new point as high-fidelity point, because they follow an underlying assumption 
that the low fidelity model has been well fitted. In practice, however, (1) the assumption 
may not be satisfied, especially in high dimensions; and (2) in terms of saving computing 
cost, we are interested in the case that adding a cheap low-fidelity point can also improve 
the multi-fidelity model. Along this line, Le Gratiet and Cannamela (2015) proposed an 
adaptive sampling approach for Co-Kriging. To address the “how” issue, this new approach 
utilizes the leave-one-out cross-validation error to adjust the original prediction variance 
so that it can sample more points in interesting regions. To address the “which” issue, the 
Co-Kriging process is organized in a recursive formulation (Le Gratiet and Garnier 2014) 
which offers the contribution of each level of simulation to the final model. As a result, the 
adaptive sampling criterion can take into account the computing ratios between different 
levels of simulation. 
    So far, we have provided a review of the state-of-the-art multi-response adaptive 
sampling approaches in three scenarios. In practical implementation, for uncorrelated 
multiple responses like Fig. 7(a), the general multi-response adaptive sampling is 
recommended; for correlated responses, or furthermore, for responses with obvious 
hierarchy of dependence, the symmetric and asymmetric multi-response adaptive sampling 
approaches become a good choice. Defining adaptive sampling strategies in multi-response 
modeling framework is of interest and is still an open problem that needs more research 
efforts. 



7 Brief remarks on adaptive sampling for other purposes 

As has been depicted in Fig. 1, adaptive sampling can be further applied to other 
applications, e.g., metamodel-based global optimization and sensitivity analysis. To 
showcase the potential of adaptive sampling, this section gives some remarks on adaptive 
sampling for metamodel-based global optimization and sensitivity analysis. 

Metamodel-based global optimization (MBGO) uses metamodels to facilitate the 
optimization, especially for simulation-based problems. Fig. 8 illustrates two commonly 
used MBGO strategies from (Wang and Shan 2007): sequential strategy and adaptive 
strategy. For the sequential strategy, in order to sequentially refine the metamodels for 
optimization, the space-filling and the adaptive sampling approaches reviewed before can 
be used to gather informative points in the design space. Then the new points together with 
the optimal points are used to improve the metamodels. This strategy is simple but not 
efficient since the new points are generated for improving global metamodeling instead of 
optimization.  
 

 
Fig. 8 (a) Sequential and (b) adaptive MBGO strategies  

 
The adaptive strategy now is widely used for MBGO. In this strategy, the DoE 

techniques are used to build initial metamodels. The metamodels then are used to guild the 
optimization sampling process towards global optimum. In some literatures, such 
metamodel-based optimization sampling process is also denoted as adaptive sampling. 
This type of adaptive sampling for global optimization also contains local exploitation and 
global exploration. But different from the adaptive sampling for global metamodeling, here 
the local exploitation attempts to sample more points in regions that may contain global 
optimum, while the global exploration attempts to find undetected interesting regions. 

Table 4 provides a partial list of the basic adaptive sampling ideas for MBGO, and 
classifies them into five categories and describes their properties. All these criteria consist 
of local exploitation, global exploration and trade-off between them. Besides, it is found 
that the variance based criteria are model-dependent since they utilize the inner properties 
of a statistical model; the local model based criteria employ local metamodels to facilitate 
the local exploitation. 
 
Table 4. A partial list of the basic adaptive sampling ideas for MBGO 

Type Criterion Property 

Variance based 

Expected improvement (Jones et al. 1998) 
Upper confidence bound (Srinivas et al. 
2009) 
Entropy search (Villemonteix et al. 2009) 
Predictive entropy search (Hernández-Lobato 
et al. 2014) 

Model-dependent; global model; minimize prediction 
response to do local exploitation while maximize prediction 
variance to do global exploration; trade-off between global & 
local is automatically determined 

Lipschitz based Extended DIRECT (Liu et al. 2015b; Liu et 
al. 2017b) 

Model-independent; global model; identify a set of potential 
Lipschitz constants with small values corresponding to local 



exploitation while large values corresponding to global 
exploration; trade-off between global & local is 
automatically determined 

Distance based 

Constrained optimization using response 
surfaces (Regis and Shoemaker 2005) 
RBF for global optimization (Gutmann 2001) 
Stochastic response surface (Regis and 
Shoemaker 2007) 

Model-independent; global model; minimize prediction 
response to do local exploitation while maximize a distance 
criterion to do global exploration; trade-off between  global 
& local is achieved through a balance pattern 

Probability based Mode-pursuing sampling (Wang et al. 2004) 
Model-independent; global model; use a probability function 
to take into account local exploitation and global exploration; 
trade-off between global & local is randomly determined 

Local model based 
Trust-region (Alexandrov et al. 1998) 
Space exploration and unimodal region 
elimination (Younis and Dong 2010) 

Model-independent; local model; visit local region to do 
local exploration while move or expand local region to do 
global exploration 

 
These basic adaptive sampling strategies in Table 4 can be further extended to handle 

various types of optimization problems, e.g., constrained optimization, parallel 
optimization, multi-objective optimization, multi-disciplinary optimization, and robust 
optimization. An exhaustive review of metamodel-based optimization is beyond the scope 
of this article. For more information one can refer to recent review studies (Queipo et al. 
2005; Forrester and Keane 2009; Shan and Wang 2010b; Parr et al. 2010; Jin 2011; Martins 
and Lambe 2013; Haftka et al. 2016) and the references therein. 

Sensitivity analysis (SA) measures the contribution of an individual input to the total 
uncertainty of the output response. The SA is a very broad topic and has been widely 
reviewed in different fields, see (Kleijnen 2005; Saltelli et al. 2008; Tian 2013; Janouchová 
and Kučerová 2013; Iooss and Lemaître 2015; Borgonovo and Plischke 2016). Considering 
the studied expensive simulation-based scenarios where the sample size in reasonable time 
is rather limited, we focus on sampling-based global sensitivity analysis (GSA) 
(Janouchová and Kučerová 2013) and metamodel-based global sensitivity analysis (Tian 
2013). For these two types of GSA, the role of sampling remains the same as that for global 
metamodeling, i.e., aiming to gather informative points over the domain in order to build 
accurate global metamodels (if required) for the subsequent GSA process.  

The sampling-based GSA first samples a set of points in the domain and then calculates 
the sensitivity indicators based on the sample set. One of the key issues in sampling-based 
GSA is to gather informative points in the design space, which is the topic of this article, 
for the subsequent calculation of sensitivity indicators, e.g., Spearman’s rank correlation 
coefficient (SRCC) and Sobol’s indices (Sobol 1993). Again note that here we focus on 
the sampling approaches rather than the sensitivity indicators for the sampling-based and 
metamodel-based GSA. Since the sampling-based GSA does not utilize the information 
from metamodels, the conventional space-filling sampling approaches are suitable here. 
The LHD gains popularity for GSA because it provides a possibility to represent prescribed 
probabilistic distribution of particular variables (Helton et al. 2006). Helton et al. (2005) 
compared the random sampling and LHD sampling for the SA on results from a model of 
two-phase fluid flow, and showed a preference for LHD. Furthermore, Janouchová and 
Kučerová (2013) applied optimal LHDs under eight criteria to GSA, and pointed that the 
modified L2-discrepancy criterion provides the best results in sensitivity predictions. 

Compared to the sampling-based GSA, the recently developed metamodel-based GSA 
has an intermediate step wherein a metamodel is built using the sample set. Then the 
subsequent calculation of sensitivity indicators can be massively conducted on the 
metamodel for saving computational cost. Hence, both the conventional space-filling and 
the adaptive sampling approaches can be employed here. Currently, the LHD approach 



(Kleijnen 2005) and the MMSE sampling approach (if the metamodel is selected as a 
statistical model, e.g., GP) (Le Gratiet et al. 2016) are widely used. The only work using 
adaptive sampling for metamodel-based GSA is presented in (Guenther et al. 2015). This 
work extended the MMSE sampling approach under the treed GP modeling framework 
(Gramacy and Lee 2008) for adaptively selecting a batch of q points. For a set of candidate 
points, it first selects the one with the largest MSE, then it selects a subset of candidate 
points by a modified distance criterion that considers the total sensitivity information. 
Finally, the remaining q-1 points are randomly selected from the subset via their MSE 
values. The adaptive sampling approaches reviewed in this article, however, have not yet 
been applied to metamodel-based GSA. It is meaningful to investigate the performance of 
adaptive sampling for metamodel-based GSA.  

8 Challenges and future researches 

Though many efficient adaptive sampling approaches and successful real-world 
applications are constantly emerging to date, from the present review, several notable 
challenges still remain. 

8.1 High-dimensional adaptive sampling 
It is found that for global metamodeling, the design space, the computational demand, 

and the required number of points grow exponentially with dimensions, known as the 
“curse of dimensionality”. In practice, the high-dimensional problems are frequently 
encountered, and thus there have some high-dimensional modeling works (Shan and Wang 
2010a, b, 2011; Li et al. 2012; Cai et al. 2016; Liu et al. 2017a). However, there is little 
work in literature regarding the topic of high-dimensional adaptive sampling. Kupresanin 
and Johannesson (2011) studied and compared several sequential sampling approaches for 
the GP model up to thirty-two dimensions. The results showed that there is no clear winner 
among those sampling approaches for global metamodeling. For the data from a stationary 
Gaussian process, the MMSE approach (Jin et al. 2002) seems to yield more accurate 
predictions, while for the data from a non-stationary Gaussian process, the EI based 
adaptive sampling approach (Lam 2008) stands out. 

Conducting adaptive sampling in high dimensions is actually an intractable task: 

• Most of current adaptive sampling approaches use an adaptive sampling criterion 
to obtain the new points by solving an auxiliary optimization problem with a 
sophisticated surface. Due to the “curse of dimensionality”, solving such a high-
dimensional optimization problem becomes very difficult and computationally 
expensive; and 

• Also due to the “curse of dimensionality”, the number of points required for 
constructing a reliable metamodel becomes massive. The sample size, however, is 
usually limited for practical simulation-based engineering problems. Consequently, 
poor metamodels built with limited sample data in high dimensions may 
erroneously guide the adaptive sampling for global metamodeling. 

     To mitigate the effects of “curse of dimensionality”, one may use some efficient high-
dimensional optimization algorithms (Gao and Wang 2007; Yang et al. 2007; Wang et al. 
2011) to accelerate the adaptive sampling process. Besides, some effective strategies 
tackling high-dimensionality, for example, decomposing the design problems into sub-



problems, identifying important variables, mapping, and reducing design space that have 
been extensively review in (Shan and Wang 2010b), can be adopted to ease the challenges 
of high-dimensional adaptive sampling. 

8.2 Incorporating more information 
The reviewed adaptive sampling approaches typically identify new points and obtain 

their responses via a mathematical model, e.g., FEA and CFD. That is, they consider only 
a single data source from computer simulations. Intuitively, more information brings about 
a more informed selection of the new points, and thereafter more accurate metamodels. 
The multi-response adaptive sampling reviewed in Sec. 6 can be regarded as a case of 
incorporating more information from correlated responses. More broadly, in practice for a 
specific problem, there are multiple data sources with varying fidelity and property, e.g., 
the physical experiment results, low-/high-fidelity simulation results, and even user’s a 
priori knowledge. Completely and effectively utilizing these different kinds of data is 
expected to improve the sampling performance.  

The first attempt to integrate different information together into sequential sampling is 
made by the Q2S2 sampling approach (Rai and Campbell 2008). This approach divides the 
data into quantitative (QT) information like the physical results and simulation results, and 
qualitative (QL) information like user guesses and sensitivity information. Then a 
confidence function is used to merge the QT and QL information together into the 
sequential sampling process. Three examples have showed that Q2S2 performs well and 
may have distinct advantages in high dimensions. Recently, Huang et al. (2016) proposed 
an optimal clustered-sliced LHD sampling approach for problems with both QT and QL 
variables. This approach is designed under a GP modeling framework modified for both 
QT and QL variables (Qian et al. 2008).  

To the best of our knowledge, we have not found any work incorporating QT and QL 
information in the context of adaptive sampling. In order to enlarge the application area, 
more research efforts are needed for adaptive sampling that considers multiple information 
sources. 

9 Conclusions 

To mitigate the issue of high computing requirements, there have been increasing 
research interests and studies on adaptive sampling approaches for building accurate yet 
efficient global metamodels, which is particularly prominent in the field of simulation-
based complex engineering design. To the best of our knowledge, however, there has been 
a lack of reviews on adaptive sampling for global metamodeling to date. This article has 
thus attempted to categorize, review and analyze the current research and development in 
adaptive sampling so as to offer a comprehensive review and also a reference for 
practitioners working in the field. 

The reviews and discussions in this article do not attempt to give definite answers to 
what the best adaptive sampling strategy is for global metamodeling. This is because all 
the reviewed adaptive sampling strategies represent the possible ways to select points that 
provide the information about the target function as much as possible, and no strategy 
always outperforms the others. But from our numerical experience, some recommendations 
can be given: if a specific metamodel type is used, e.g. the GP model, the variance based 



adaptive sampling will be a good choice; otherwise, the model-independent adaptive 
sampling is preferred. 

By conducting a comprehensive review of the diverse single-/multi-response adaptive 
sampling approaches, we hope that this review has highlighted the need for research efforts 
on adaptive sampling, and identified new important research directions such as how to 
address the increasing complexity of simulation-based engineering design which involves 
growing ‘Big’ dimensionality and information. 
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