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Abstract 

BACKGROUND: Over the years, evolutionary computation has come to be recognized as one of the leading 

algorithmic paradigms in the arena of global black-box optimization. The distinguishing facets of evolutionary 

methods, inspired by Darwin’s foundational principles of natural selection, stem mainly from their population-based 

search strategy – which gives rise to the phenomenon of implicit parallelism. Precisely, even as an evolutionary 

algorithm manipulates a population of a few candidate solutions (or: individuals), it is able to simultaneously sample, 

evaluate, and process a vast number of regions of the search space. This behavior is in effect analogous to our inherent 

cognitive ability of processing diverse information streams (such as sight and sound) with apparent simultaneity in 

different regions of our brain. 

METHODS: For this reason, evolutionary algorithms have emerged as the method of choice for those search and 

optimization problems where a collection of multiple target solutions (that may be scattered throughout the search 

space) are to be found in a single run. With the above in mind, in this paper we return to the roots of evolutionary 

computation, with the aim of shedding light on a variety of problem settings that are uniquely suited for exploiting the 

implicit parallelism of evolutionary algorithms. 

RESULTS: Our discussions cover established concepts of multi-objective and multi-modal optimization, as well as 

novel (schema) theories pertaining to emerging problem formulations that entail multiple searches to be carried out at 

once. We capture associated research activities under the umbrella term of multi-X evolutionary computation, where 

X, as of now, represents the following list: {‘objective’, ‘modal’, ‘task’, ‘level’, ‘hard’, ‘disciplinary’, ‘form’}.  

CONCLUSIONS: With this, we hope that the present position paper will serve as a catalyst for effecting further 

research efforts into such areas of optimization problem-solving that are well-aligned with the fundamentals of 

evolutionary computation; in turn prompting the steady update of the list X with new applications in the future. 
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1. Introduction 

Whenever we are faced with some hypothetical set of alternatives to choose from, finding the best option among them 

often involves an optimization problem to be solved. To make this statement more concrete, consider the formulation 

of a general numerical optimization problem that can be stated as follows: 

maximize𝒚∈𝑌 𝑓(𝒚).     (1) 

Here, f is an objective function considered for maximization, and Y is the search space of all possible choices that are 

available to us. Accordingly, y is a point (denoted as a vector of decision variables) in the space Y, representing a 

specific choice. In most real-world optimization examples there are often additional restrictions placed on how one 

can choose y. These constitute constraint functions that must be satisfied for a candidate solution to be considered 

feasible. The existence of such constraint functions has however been omitted from Eq. (1) for simplicity. 

The ubiquity of the type of problem expressed by Eq. (1) has led to immense interest among scientists and 

engineers for decades, resulting in the development of a plethora of computational techniques for tackling them. While 

there exists a sea of associated algorithms to choose from, the interest of the present paper lies in a family of nature-

inspired optimization methodologies that make up the field of evolutionary computation [1, 2]. As the name suggests, 

the algorithms belonging to this field – referred to as genetic algorithms or evolutionary algorithms (GAs / EAs for 

short) – draw inspiration from the foundational principles of evolutionary biology as laid out by Charles Darwin in 

his 1859 book “On the Origin of Species” [3]. The key distinguishing feature of EAs, relative to conventional (point-

based) methods, is that they are able to avoid local optima by concurrently processing multiple regions of the search 

space through a population-based search strategy. To be precise, EAs employ a set of candidate solutions (i.e., a 

population of individuals) that are stochastically updated (evolved) from iteration to iteration (generation to 

generation) following principles loosely inspired by processes of biological evolution – namely, crossover, mutation, 

and natural selection – with the goal of guiding the population towards regions of the search space characterized by 

high objective function (fitness) values. As EAs are largely agnostic to the mathematical properties of the objective 

(and constraint) functions at hand, they can generally be applied with ease across a wide variety of black-box search 

and optimization tasks – with the promise of returning near-optimal results. What is more, if prior information about 

a problem – in the form of analytical expressions for the objective and constraint functions, or heuristic information 



about the likely structure of optimal solutions [4, 5] – is available beforehand, then that can easily be incorporated 

within an EA to endow it with improved performance guarantees [6].  

The motivation behind emulating nature (particularly evolutionary processes) for solving optimization 

problems stems from the observation that populations of living organisms demonstrate consummate problem-solving 

ability. In fact, the simple mechanism of natural selection has the power to eliminate one of the greatest hurdles in 

software development – i.e., the need to painstakingly specify all the features of a problem and the actions a program 

must take to deal with them [7]. In light of the above, it is recognized that one of the keys to the success of 

computational analogues of evolution, namely EAs, is the emergent phenomenon of implicit parallelism [8] – which 

is obtained as a consequence of its population-based search strategy. Simply put, the implicit parallelism of EAs allows 

them to concurrently sample, evaluate, and process a vast number of regions of the overall search space while 

manipulating a relatively small number of individuals – with natural selection kicking-in such that the fraction of 

individuals in a region grows at a rate proportional to the statistical estimate of its fitness (as shall be substantiated 

in Section 2). Overall, EAs have the effect of simultaneously guiding multiple individuals through the search space, 

avoiding local optima to gradually converge towards those areas that tend to maximize the population’s expected 

objective function value. Under this setting, the modified optimization problem statement can be stated as [9, 10], 

maximize𝑝(𝒚) ∫ 𝑓(𝒚) ∙ 𝑝(𝒚) ∙ d𝒚
𝑌

.     (2) 

In the above, p(y) represents the underlying population distribution. It can be seen that while Eq. (1) presents a 

conventional point-based formulation of optimization problems, Eq. (2) generalizes the same to the context of 

population-based search distributions. 

Beyond standard problems of the type formulated in Eq. (1), the implicit parallelism of EAs is uniquely well-

suited for addressing a range of practical scenarios in which the search is no longer limited to finding a single solution 

that (approximately) maximizes a scalar-valued objective function. Indeed, the ability of EAs to simultaneously 

evaluate multiple regions of the search space implies (a) that they are less likely to get trapped at a poor local optimum 

in a complex (rugged) objective function landscape, and, perhaps more interestingly (b) that they can find multiple 

(possibly scattered) target solutions in a single run. The most commonly cited class of problems that heavily exploit 

the latter property of EAs is multi-objective optimization [11] – where the goal is to find multiple trade-off solutions 

that offer an optimal compromise between conflicting objectives of interest. Thus, it comes as little surprise that the 



subject of multi-objective optimization has long been a stronghold of evolutionary computation research [12]. Further 

to this, the class of multi-modal optimization problems – where multiple global and local optima of a function are 

sought – provides another setting where the mechanisms of EAs have been known to thrive [13]. Apart from the usual 

suspects, there are also a handful of recent works demonstrating the efficacy of population-based search across a series 

of new (relatively under-explored) domains. Among them, the most instructive examples include multi-task [14], 

multi-level [15, 16], multi-hard [17, 18], multi-disciplinary [19], and multi-form [20, 21] optimization problems. 

With the above in mind, the aim of this position paper is essentially to return to the roots of evolutionary 

computation – drawing the attention of upcoming researchers to the unique strengths of EAs, and population-based 

search in general, that makes them conceptually distinguished from other optimization procedures in the literature. To 

this end, we provide an overview of latest research activities in the field that can be encapsulated under the umbrella 

term of multi-X evolutionary computation, where X, as of now, represents the following list: {‘objective’, ‘modal’, 

‘task’, ‘level’, ‘hard’, ‘disciplinary’, ‘form’}. What is more, we present simple theoretical analyses that serve to 

substantiate that EAs are indeed compatible with problems of the multi-X type – which are characterized by multiple 

distinct searches to be progressed jointly / simultaneously.  It is our hope that this paper will catalyze further research 

efforts into such areas of optimization problem-solving that are aligned with the fundamentals of evolutionary 

computation; in turn prompting the steady expansion of the list X with new applications over time. 

As an important aside, we venture that the implicit parallelism of EAs may in effect be analogous to our 

inherent cognitive ability of absorbing multiple distinct information streams with apparent simultaneity – which is 

achieved by distributing processes over different regions of the brain. For instance, while watching a video, we are 

able to process images (in the visual cortex of the brain) and sounds (in the auditory cortex of the brain) and 

synchronize them seamlessly with little effort. Thus, we conjecture that combining evolutionary concepts with 

cognitively-inspired algorithmic enhancements may have future implications for further realizing the potential of EAs. 

Some existing work in this direction can be found in [22-24]. In fact, it has been demonstrated that a cognitive 

multitasking interpretation of evolutionary computation – in the context of multi-task evolutionary optimization – 

greatly improves search efficiency when simultaneously dealing with multiple related optimization problems [25].  

With this, the remainder of the paper is organized as follows. Section 2 establishes the basics of implicit 

parallelism in canonical EAs via a brief introduction to Holland’s schema theorem [26] – which is widely regarded as 



the fundamental theorem of EAs. Section 3 presents an overview of multi-objective and multi-modal evolutionary 

optimization – which are among the earliest beneficiaries of the implicit parallelism of evolutionary methods. 

Thereafter, Section 4 is dedicated to a detailed summary on the cognitively rooted topic of multi-task evolutionary 

optimization – which serves as a key concept showcasing the modern utility of the implicit parallelism of a population. 

In particular, we theoretically study the efficacy of EAs with regard to simultaneously progressing multiple distinct 

searches – as arises in multitasking – via a generalization of the schema theorem to the case of multi-task optimization. 

Next, in Section 5, we position the spotlight on other emerging topics that further highlight the advantages of the 

distinctive facets of evolutionary computation. The paper is concluded in Section 6 with closing remarks and some 

preliminary thoughts on research directions for the future. 

2. Holland’s Schema Theorem: Implicit Parallelism in Canonical EAs 

In this section, we start with a simple generational model of a canonical EA, as shown in Algorithm 1. The model 

incorporates standard steps of offspring creating (through genetic operators like crossover and/or mutation) followed 

by a computational analogue of natural selection in order to gradually guide an evolving population towards favorable 

regions of the search space.  

Algorithm 1: Pseudocode of a canonical EA 

1. set t = 0 

2. initialize population P(t) 

3. evaluate individuals in P(t) 

4. while termination condition not satisfied do 

5. set t = t + 1 

6. select parent population 𝑃’(𝑡) from P(t - 1) 

7. apply genetic operators on 𝑃’(𝑡) to get offspring population P(t) 

8. evaluate individuals in P(t) 

9. end 

10. return best individual(s) found 

 

It is noteworthy that the simple steps outlined in Algorithm 1 give rise to the powerful phenomenon of implicit 

parallelism. To elaborate, even as an EA manipulates only a few individuals in its population, it manages to 

simultaneously sample, evaluate, and process a vast number of regions of the search space. This can be intuitively 



seen by considering a hypothetical individual in an EA population that is encoded as the bit string 10011011. Notably, 

this individual is simultaneously a member of the regions 10******, **011***, ******11, etc.; where the symbol * 

indicates that the bit is unspecified and can take any value. By convention, each of these regions is represented as a 

schema (or genetic building-block) [7], such that the schema 10****** describes the set of all possible candidate 

solutions with a 1 and a 0 in the first and second positions, respectively. The shorter the length of a schema (in turn 

representing the largest regions with many unspecified bits), the larger the fraction of the population that will contain 

it – at least during the initial stages of the search. 

In addition to sampling diverse regions of the search space, the selection mechanism of an EA (step 6 of 

Algorithm 1) has the effect of exploiting the evaluated results in a manner that leads to the growth of the number of 

individuals in a region at a rate proportional to the statistical estimate of its fitness. This claim follows directly from 

Holland’s schema theorem which is widely taken to be the basis of explanations of the efficacy of EAs [26]. For 

Algorithm 1, under assumptions of fitness proportionate selection, single-point crossover, and no mutation, the 

mathematical statement corresponding to the theorem may be written as [27], 

𝐸[𝑚(𝐻, 𝑡 + 1)]  ≥ 𝑚(𝐻, 𝑡)
𝑓(𝐻,𝑡)

𝑓̅(𝑡)
[1 − 𝑝𝑐

𝛿(𝐻)

𝑙−1
].    (3) 

Here, 𝐸[𝑚(𝐻, 𝑡 + 1)] is the expected number of individuals at generation t + 1 containing schema H; 𝑚(𝐻, 𝑡) is the 

existing number of individuals in the population that contain schema H; 𝑓(𝐻, 𝑡) is the average fitness of individuals 

containing schema H at generation t; 𝑓̅(𝑡) is the average fitness of the entire population at generation t; 𝑝𝑐 is the 

crossover probability; 𝛿(𝐻) is the length of schema H; l is the length of the entire string encoding candidate solutions. 

Note that we limit the fitness measure to be positive and strictly increasing with the objective function. 

Given the above, we may define the growth rate of schema H from generation t to generation t + 1 as,  

𝑔𝑟(𝐻, 𝑡) =
𝐸[𝑚(𝐻,𝑡+1)] 

𝑚(𝐻,𝑡)
.      (4) 

Thus, for the case of fitness proportionate selection, under the simplifying condition that all forms of schema disruption 

/ creation due to crossover can be ignored when 𝛿(𝐻) ≪ 𝑙 (which implies 𝑝𝑐
𝛿(𝐻)

𝑙−1
 is small), the growth rate becomes, 

𝑔𝑟(𝐻, 𝑡) =
𝑓(𝐻,𝑡)

𝑓̅(𝑡)
.      (5) 



It is clear from Eq. (5) that as long as 𝑓(𝐻, 𝑡) > 𝑓̅(𝑡), the frequency of the corresponding schema will continue to 

grow in the population as 𝑔𝑟(𝐻, 𝑡) > 1. Further, for any pair of distinct schemata Ha and Hb (representing arbitrary 

regions of the search space) having average fitness 𝑓(𝐻𝑎, 𝑡) and 𝑓(𝐻𝑏, 𝑡), respectively, with 𝑓(𝐻𝑎, 𝑡) > 𝑓(𝐻𝑏, 𝑡), the 

frequency of Ha tends to grow faster than that of Hb. Specifically, on discounting the possibility of Ha and Hb being 

created from scratch due to crossover, 𝑓(𝐻𝑎, 𝑡) > 𝑓(𝐻𝑏, 𝑡) ⇒ 𝑔𝑟(𝐻𝑎, 𝑡) > 𝑔𝑟(𝐻𝑏, 𝑡). In [28], these results were 

further generalized to any admissible EA that may incorporate other kinds of popularly used selection schemes (such 

as rank-based selection); thereby supporting the general convergence behavior of EAs. 

The key message to be drawn from the theoretical results above is the ability of EAs to simultaneously process 

multiple regions of the search space (with the number of regions being significantly greater than the number of 

individuals in its population), while gradually focusing the search on those areas that are characterized by high fitness 

values. It is this property that has been termed as implicit parallelism, and serves as the main distinguishing advantage 

of EAs over other optimization techniques. What is more, it is this property that has laid the foundation for multi-X 

evolutionary computation, as shall be discussed hereafter. 

3. An Overview of Early Members of the Multi-X Family 

In this section, we briefly describe problem settings that were among the earliest to fully exploit the implicit parallelism 

of population-based search. Precisely, multi-objective and multi-modal optimization problems are classical examples 

that illustrate the efficacy of simultaneously progressing multiple searches via EAs. We note that much research on 

these topics continues to the present-day due to their immense practical relevance. 

3.1. Multi-Objective Evolutionary Optimization 

Over recent decades, the subject of multi-objective optimization problems (MOPs) has drawn considerable attention 

in the field of evolutionary computation. As a result, EAs have come to be deployed as practically useful tools in a 

number of real-world applications involving multiple objectives of interest [29-32]. In fact, such has been the success 

of evolutionary methods towards tackling MOPs that researchers have even considered multi-objectivizing standard 

single-objective problems, and then applying EAs for solving them [33]. The basic mathematical formulation of such 

MOPs can be stated as follows [34, 35], 

maximize𝒚∈𝑌 𝒇(𝒚) = [𝑓1(𝒚), 𝑓2(𝒚), … , 𝑓𝐾(𝒚)].    (6) 



Here, K is the total number of objective functions, and we consider maximization without loss of generality. Further, 

we recognize the likely existence of additional constraint functions that have been suppressed in Eq. (6). 

One of the main reasons for the popularity of EAs in dealing with problems of the type expressed in Eq. (6) is 

that they offer an excellent platform for the power of implicit parallelism to come to the fore. This is because MOPs 

are generally characterized by multiple optimum solutions, each offering a distinct compromise between possibly 

conflicting objectives. As has previously been established, the population-based search strategy of EAs is naturally 

adept at simultaneously sampling, evaluating, and processing multiple regions of the search space. Thus, they are 

intrinsically well equipped for addressing MOPs [34].  

In order to illustrate the existence of multiple optimum solutions in MOPs, we first clarify what it means for a 

solution to be considered optimum in the multi-objective sense. To this end, consider any pair of solutions 𝒚, 𝒚′ ∈ Y. 

We say that 𝒚 dominates 𝒚′, denoted as 𝒚 ≻ 𝒚′, iff ∀𝑖 ∈  {1, 2, … , 𝐾}: 𝑓𝑖(𝒚) ≥ 𝑓𝑖(𝒚′), and ∃𝑗 ∈ {1, 2, … , 𝐾}: 𝑓𝑗(𝒚) >

𝑓𝑗(𝒚′). Accordingly, we label a solution 𝒚∗ as being optimal (or more precisely: Pareto optimal) for an MOP if ∄𝒚 ∈

𝑌 such that 𝒚 ≻ 𝒚∗ [36]. From this description it is clear that in any MOP with conflicting objectives, there will exist 

at least K Pareto optimal solutions corresponding to the maximum of each of the K objective functions. In addition, 

there will usually exist several other Pareto optimal solutions that offer a trade-off between the objectives. Given the 

set of all Pareto optimal solutions (or Pareto set for short), their mapping into the objective space constitutes what is 

known as the Pareto front [37]. 

3.1.1. Outline of Methodologies 

A variety of multi-objective evolutionary algorithms (MOEAs) have been proposed in the literature. Broadly, these 

can be classified into three categories [11], viz., (a) dominance-based MOEAs, (b) indicator-based MOEAs, and (c) 

decomposition-based MOEAs. 

Dominance-based MOEAs are among the most widely used in practice, with a popular example of this category 

being the classic NSGA-II algorithm [38]. The core mechanism of the procedure is to employ a rank-based selection 

scheme that gradually biases the population towards the Pareto set. To elaborate, at every generation t of NSGA-II, 

the current population P(t) is first divided into non-dominated fronts NF1, NF2, …, NFn such that: (a) ∪𝑖=1:𝑛 𝑁𝐹𝑖 =

𝑃(𝑡) and 𝑁𝐹𝑖 ∩ 𝑁𝐹𝑗 = 𝜙 ∀𝑖, 𝑗, given 𝑖 ≠ 𝑗; (b) if 𝒚 ∈ NFj, then 𝒚 is not dominated by any solution in ∪𝑖=𝑗:𝑛 𝑁𝐹𝑖, and 



there exists at least one solution in 𝑁𝐹𝑗−1 that dominates it. Thereafter, the non-dominated front values serve as 

rankings (NF1 being the best and NFn being the worst) that are used for selection. By ensuring that there is sufficient 

population diversity within each non-dominated front (i.e., different regions of the objective space are covered), 

NSGA-II is capable of simultaneously converging to a good representation of the entire Pareto set.  

An alternative to the above is for MOEAs to evaluate the contribution of a candidate solution in a population 

based on some quality indicator – such as the hypervolume measure [39] – instead of its dominance level. The 

advantage of this approach is that for a fixed number of solutions, maximization of the hypervolume not only yields 

a subset of the Pareto front, but also one that is well-distributed [40, 41] – thereby bypassing the need to account for 

population diversity in any ad-hoc manner. Indeed, indicators that are different from the hypervolume measure have 

also been successfully used in the past [42]. 

 

Figure 1. An illustrative bi-objective convex MOP that has been decomposed into six subproblems – indicating the 

mapping of six different search directions into the objective space. 

Aside from dominance- and indicator-based MOEAs, it is contended that the class of decomposition-based 

methods offer a clear visualization of the multiple searches that take place in MOEAs. It can be shown that every 

Pareto optimal solution of an MOP is in fact the optimal solution of a scalar-valued optimization problem in which 

the objective function is some aggregation of all the 𝑓𝑖’s [43-46]. We think of each scalar optimization problem as a 

sub-problem of the MOP, such that solving a large number of them leads to a good representation of the entire Pareto 

set. An illustration of the idea is provided in Figure 1, where each arrow corresponds to a different sub-problem. In 



the special case of convex Pareto fronts, each sub-problem may be associated with a weight vector [𝑤1, 𝑤2, … , 𝑤𝐾], 

leading to the following linear scalarization: ∑ 𝑤𝑖 ∙ 𝑓𝑖𝑖=1:𝐾 . Thus, given multiple well-distributed sub-problems (i.e., 

weight vectors), a decomposition-based MOEA is able to unleash the inherent parallelism of its evolving population 

to address them simultaneously [43]. 

3.2. Multi-Modal Evolutionary Optimization 

Single-objective optimization algorithms, including many EAs, are usually designed with the primary goal of finding 

a single optimal solution, despite the possible existence of several (local) optima in the search space – as depicted in 

Figure 2. An algorithm is often preferred over others for its ability to escape locally optimal solutions and converge 

towards the true global optimum. However, there may be practical scenarios in which finding and maintaining a record 

of multiple optimum solutions is beneficial. For example, imagine a situation in which a solution that is considered to 

be favorable at one point in time (due to the ready availability of necessary resources) suddenly becomes infeasible 

(due to the unforeseen dearth / exhaustion of some resource). This gives rise to the need for alternative solutions to be 

deployed within fast timescales that may be too short for a re-optimization process to be carried out. In such situations, 

maintaining multiple optimum solutions serves as a boon, as it becomes possible for a user to simply switch to a 

different solution whenever needed [47]. Hereafter, we present a brief overview of evolutionary methods that explicitly 

incorporate the afore-stated feature characterizing the family of multi-modal optimization problems. 

 

Figure 2. An illustrative objective function landscape with multiple peaks of interest in multi-modal optimization. 



3.2.1. Outline of Methodologies 

Even if the objective function of interest can be treated mathematically, for a conventional method to find multiple 

optimum solutions implies that it must be run several times – with each restart executed with the aim of increasing 

chances of finding a different locally optimum solution. On the other hand, EAs are naturally at an advantage while 

dealing with multi-modal optimization problems as the implicit parallelism offered by an evolving population is 

inherently well-suited for simultaneously exploring different regions of the search space. Nevertheless, explicit 

mechanisms need to be put in place in order to ensure that, over time, the population of an EA does not gradually 

collapse to only a single optimum. To this end, the majority of existing evolutionary methods use some kind of 

additional niching operation for maintaining a diverse population encompassing multiple optima [13, 48]. For 

example, the concept of crowding achieves the desired outcome by restricting the evolutionary selection (competition) 

to only apply between individuals belonging to the same neighborhood [49, 50] – drawing inspiration from the analogy 

that dissimilar individuals residing in different niches tend not to compete with each other.  Another scheme that is 

based on a similar idea is that of restricted tournament selection [51]. From a different point of view, there exist 

methodologies that maintain population diversity by way of penalizing (reducing the fitness value) of individuals in 

crowded neighborhoods – as realized by the sharing function approach [52]. 

In addition to the above, there are a number of recent attempts at addressing multi-modal optimization problems 

by leveraging the ability of MOEAs to naturally maintain a diverse population (as discussed in the previous 

subsection). Most of these methods apply some kind of transformation that recasts the multi-modal problem into an 

MOP that can then be handled by suitably modified MOEAs. Some examples of this are found in [53, 54]. 

4. Multi-Task Evolutionary Optimization: An Emerging Paradigm 

Multi-task evolutionary optimization, alternatively labelled as evolutionary multitasking or even multi-factorial 

evolution, puts forth the novel concept of simultaneously solving multiple self-contained optimization problems / tasks 

with the added scope of computationally encoded knowledge transfer between them [14]. If the problems happen to 

bear some commonality and/or complementarity in terms of their optimal solution(s) and/or function landscapes then 

the scope for knowledge transfer often leads to significant performance improvements relative to solving each problem 

in isolation [55, 56]. One of the key inspirations behind the idea is drawn from the observation that real-world 



problems seldom exist in isolation. As such, humans possess the innate cognitive ability of recognizing and reusing 

recurring patterns from their problem-solving experiences to solve related new tasks more efficiently. Along similar 

lines, artificial intelligence systems of practical relevance (particularly those in industrial settings) are also expected 

to be faced with multiple related problems over their lifetime – with multitasking offering the algorithmic platform for 

the reuse of knowledge to take place autonomously without the need for any human intervention. 

Prior to the proposal in [14], it is observed that despite possessing a population of evolving individuals at its 

disposal, the design of EAs had primarily been focused on solving only a single task at a time. In contrast, the notion 

of multitasking pushes the envelope of existing EAs, unleashing the power of implicit parallelism in order to 

simultaneously search for multiple optimal solutions corresponding to multiple self-contained optimization tasks at 

once – with each task serving as a distinct factor influencing the evolution of the population. In this regard, it is worth 

mentioning that in order to facilitate the joint evolution of multiple tasks, we make the explicit assumption that the 

search spaces of all tasks can be projected (encoded) into some common (unified) space – from which task-specific 

solutions can thereafter be efficiently decoded. Thus, the evolutionary processes are carried out in the unified space, 

mapping solutions back to the original (task-specific) space at the time of evaluation [14]. 

With the above in mind, and given a series of K distinct tasks 𝑇1, 𝑇2, …, 𝑇𝐾 with objective functions 𝑓1, 𝑓2, …, 

𝑓𝐾, respectively, we can generalize Eq. (2) to get a mathematical formulation of multi-task optimization in terms of 

the population distributions of constitutive tasks, as follows, 

maximize
{𝑤𝑗𝑘,𝑝𝑗(𝒛) ∀𝑗,𝑘}

∑ ∫ 𝑓𝑘(𝒛) ∙ [∑ 𝑤𝑗𝑘 ∙ 𝑝𝑗(𝒛)𝐾
𝑗=1 ] ∙ d𝒛

𝑍

𝐾

𝑘=1
, 

such that, ∑ 𝑤𝑗𝑘
𝐾
𝑗=1 = 1, ∀k, and 𝑤𝑗𝑘 ≥ 0, ∀j, k.   (7) 

Here, 𝒛 indicates a point in the unified space Z, and, to avoid abuse of notation, objective functions 𝑓1, 𝑓2, …, 𝑓𝐾 are 

also considered to be defined in that space. Further, 𝑝𝑗(𝒛) is the population distribution corresponding to the jth task, 

and the 𝑤𝑗𝑘’s are scalar weights of a mixture distribution.  

It can be seen that optimally solving Eq. (7) will cause a multitasking population to simultaneously converge 

to the global optimums of all K tasks. What is more, during the course of solving Eq. (7), the term [∑ 𝑤𝑗𝑘 ∙ 𝑝𝑗(𝒛)𝐾
𝑗=1 ] 

– indicating a mixture of population distributions – provides a bridge for knowledge to be transferred across them. To 



elaborate, if candidate solutions for the jth task (encoded in the unified space) turn out to be useful for the kth task as 

well, then it becomes possible for them to be copied across as a consequence of the mixture term – with the extent of 

transfer being adapted by the mixture weight 𝑤𝑗𝑘. As a way to reduce the number of variables to be optimized in Eq. 

(7), we may further consider the weights to be tied by imposing a symmetry condition on them, i.e., 𝑤𝑗𝑘 = 𝑤𝑘𝑗  ∀𝑗, 𝑘. 

Doing so reflects the practical intuition that if the solutions evolved for 𝑇𝑗 are useful for 𝑇𝑘, then the reverse is also 

likely to be true. Notably, if any pair of tasks do not complement each other, then setting the mutual mixture weight 

to zero can mitigate the threat of harmful (negative) transfer between them [57-59].  

4.1. Generalizing Holland’s Schema Theorem to Evolutionary Multitasking 

In Algorithm 2 we provide an abstract workflow for a multitasking EA. The model is fundamentally similar to that of 

a canonical EA (as was presented in Algorithm 1) except for the added scope of knowledge transfer achieved by 

selecting parent individuals from a distribution over all tasks. Note that the distribution corresponds to the mixture 

weights in Eq. (7), which must either be carefully pre-specified (through manual tuning), or be adaptively learned 

online based on the data collected for each of the tasks during the course of optimization [20, 57]. In the latter case, 

there is an additional learning step required that is not included in the algorithm pseudocode. 

Algorithm 2: Pseudocode of an abstract multitasking EA applied to K tasks 

1. set 𝑡 =  0 

2. initialize population 𝑃(𝑡) of 𝑁 individuals in Z 

3. Assign each task 𝑁/𝐾 individuals uniformly at random, forming subpopulations 𝑃1(𝑡), 𝑃2(𝑡), …, 𝑃𝐾(𝑡) 

4. evaluate individuals in 𝑃𝑘(𝑡) with respect to 𝑓𝑘, ∀𝑘 ∈ {1,2, … , 𝐾} 

5. while termination condition not satisfied do 

6. set 𝑡 =  𝑡 +  1 

7. for 𝑘 =  1: 𝐾 

8. 𝑃𝑘
′ (𝑡) = ⋃ [𝑠𝑒𝑙𝑒𝑙𝑐𝑡 

𝑤𝑗𝑘 ∙ 𝑁
𝐾

⁄  𝑖𝑛𝑑𝑖𝑣𝑖𝑑𝑢𝑎𝑙𝑠 𝑓𝑟𝑜𝑚 𝑃𝑗(𝑡 − 1)]
𝐾

𝑗=1
 

9. apply genetic operators on parent population 𝑃𝑘
′ (𝑡) to get offspring population 𝑃𝑘(𝑡) 

10. evaluate individuals in 𝑃𝑘(𝑡) with respect to 𝑓𝑘 

11. end for  

12. end while 

13. return best individual(s) found for each task 

 



In the theoretical analyses below, we use the same symbols as in Section 2. In cases where we need to clearly 

distinguish between multi-task and standard single-task optimization, we use superscripts MT and ST, respectively. 

Theorem 1. Under fitness proportionate selection, single-point crossover, and no mutation (in Algorithm 2), the 

expected number of individuals in population 𝑃 (=  ⋃ 𝑃𝑖
𝐾
𝑖=1 ) containing schema H at generation 𝑡 +  1 is, 

𝐸[𝑚(𝐻, 𝑡 + 1)] ≥ [1 − 𝑝𝑐
𝛿(𝐻)

𝑙−1
] ∑ ∑ 𝑤𝑗𝑘 ∙ 𝑚𝑗(𝐻, 𝑡) ∙

𝑓𝑗(𝐻,𝑡)

𝑓�̅�(𝑡)

𝐾
𝑗=1

𝐾

𝑘=1

,   (8) 

where 𝑚𝑗(𝐻, 𝑡) is the number of individuals in 𝑃𝑗(𝑡) – i.e., at generation t – containing schema H, 𝑓𝑗(𝐻, 𝑡) is the 

average fitness (with respect to 𝑓𝑗) of individuals containing schema H in 𝑃𝑗(𝑡), and 𝑓�̅�(𝑡) is the average fitness of the 

entire subpopulation 𝑃𝑗(𝑡) with respect to 𝑓𝑗. 

Proof. Let 𝑁𝑗𝑘
′  be the expected number of individuals containing schema H that are selected from 𝑃𝑗(𝑡) while 

constructing 𝑃𝑘
′ (𝑡 + 1) in step 8 of Algorithm 2. Following the mathematical statement of the basic schema theorem, 

as in Eq. (3), the effect of fitness proportionate selection (prior to any schema disruption due to crossover) implies, 

𝑁𝑗𝑘
′ = 𝑤𝑗𝑘 ∙ 𝑚𝑗(𝐻, 𝑡) ∙

𝑓𝑗(𝐻,𝑡)

𝑓�̅�(𝑡)
.     (9) 

Thus, the total expected number of individuals containing schema H in 𝑃𝑘
′ (𝑡 + 1) is, 

𝐸[𝑚𝑘
′ (𝐻, 𝑡 + 1)] = ∑ 𝑁𝑗𝑘

′𝐾
𝑗=1 = ∑ 𝑤𝑗𝑘 ∙ 𝑚𝑗(𝐻, 𝑡) ∙

𝑓𝑗(𝐻,𝑡)

𝑓�̅�(𝑡)

𝐾
𝑗=1 .   (10) 

Next, accounting for the probability of crossover and resultant schema disruptions in step 9 of Algorithm 2, the total 

expected number of individuals containing schema H in subpopulation 𝑃𝑘(𝑡 + 1) becomes, 

𝐸[𝑚𝑘(𝐻, 𝑡 + 1)] ≥ [1 − 𝑝𝑐
𝛿(𝐻)

𝑙−1
] ∙ ∑ 𝑤𝑗𝑘 ∙ 𝑚𝑗(𝐻, 𝑡) ∙

𝑓𝑗(𝐻,𝑡)

𝑓�̅�(𝑡)

𝐾
𝑗=1 .   (11) 

Since 𝐸[𝑚(𝐻, 𝑡 + 1)] = ∑ 𝐸[𝑚𝑘(𝐻, 𝑡 + 1)]𝐾
𝑘=1 , summing Eq. (11) across all 𝐾 subpopulations leads immediately to 

the statement of the theorem.                            ■ 

Corollary 1. Under the symmetry condition of the mixture weights, for any schema H (that may represent any region 

of the unified search space) satisfying the assumption 𝛿(𝐻) ≪ 𝑙, if 𝑓𝑗(𝐻, 𝑡) ≥  𝑓�̅�(𝑡) ∀𝑗 and ∃𝑘 s.t. 𝑓𝑘(𝐻, 𝑡) >  𝑓�̅�(𝑡), 

then the frequency of H is guaranteed to grow in the population of the multitasking EA. 



Proof. Note that 𝑚(𝐻, 𝑡) = ∑ 𝑚𝑗(𝐻, 𝑡)𝐾
𝑗=1 . Further, using the commutativity property of double finite sums, we can 

rewrite Eq. (8) as below. Herein, the assumption 𝛿(𝐻) ≪ 𝑙 allows schema disruptions to be ignored. 

 𝐸[𝑚(𝐻, 𝑡 + 1)] = ∑ 𝑚𝑗(𝐻, 𝑡) ∙
𝑓𝑗(𝐻,𝑡)

𝑓�̅�(𝑡)
∙ ∑ 𝑤𝑗𝑘

𝐾
𝑘=1

𝐾

𝑗=1

.    (12) 

Given 𝑤𝑗𝑘 = 𝑤𝑘𝑗  ∀𝑗, 𝑘, we have, ∑ 𝑤𝑗𝑘
𝐾
𝑗=1 = 1 ∀𝑘 ⟹ ∑ 𝑤𝑗𝑘

𝐾
𝑘=1 = 1 ∀𝑗. Thus, the right hand side of Eq. (12) reduces 

to ∑ [𝑚𝑗(𝐻, 𝑡) ∙
𝑓𝑗(𝐻,𝑡)

𝑓�̅�(𝑡)
]𝐾

𝑗=1  . Since 
𝑓𝑗(𝐻,𝑡)

𝑓�̅�(𝑡)
≥ 1 ∀𝑗 with at least one strict inequality, it follows that,  

∑ [𝑚𝑗(𝐻, 𝑡) ∙
𝑓𝑗(𝐻,𝑡)

𝑓�̅�(𝑡)
]𝐾

𝑗=1 > 𝑚(𝐻, 𝑡) ⟹ 𝑔𝑟(𝐻, 𝑡) =
𝐸[𝑚(𝐻,𝑡+1)]

𝑚(𝐻,𝑡)
> 1.   (13) 

In other words, the frequency of any such schema continues to grow in the population; highlighting the parallelism of 

EAs even in the case of simultaneously progressing multiple distinct searches.               ■ 

Corollary 2. Within any subpopulation 𝑃𝑘 solving task 𝑇𝑘, and for any favorable (short) schema H satisfying 𝛿(𝐻) ≪

𝑙 and 𝑓𝑘(𝐻, 𝑡) > 𝑓�̅�(𝑡), with an optimal combination of mixture weights we can guarantee 𝑔𝑟𝑘
𝑀𝑇(𝐻, 𝑡) ≥ 𝑔𝑟𝑘

𝑆𝑇(𝐻, 𝑡). 

Further, for any pair of short schemata Ha and Hb, if 𝑓𝑘(𝐻𝑎, 𝑡) >  𝑓𝑘(𝐻𝑏, 𝑡), then ∃𝒘𝑘 = [𝑤1𝑘, 𝑤2𝑘, … , 𝑤𝐾𝑘] such that 

𝑔𝑟𝑘
𝑀𝑇(𝐻𝑎, 𝑡) >  𝑔𝑟𝑘

𝑀𝑇(𝐻𝑏, 𝑡). 

Proof. We ignore the possibility of schema disruption / creation due to crossover since 𝛿(𝐻) ≪ 𝑙. Setting 𝑤𝑗𝑘 =

0 ∀𝑗 ≠ 𝑘 in Eq. (11) (which induces zero knowledge transfer across tasks), and comparing with Eq. (5), we have, 

[
𝐸[𝑚𝑘(𝐻,𝑡+1)]

𝑚𝑘(𝐻,𝑡)
]

𝑤𝑗𝑘=0 ∀𝑗≠𝑘
=

𝑓𝑘(𝐻,𝑡)

𝑓�̅�(𝑡)
= 𝑔𝑟𝑘

𝑆𝑇(𝐻, 𝑡).    (14) 

However, clearly max𝑤𝑗𝑘,∀𝑗
𝐸[𝑚𝑘(𝐻,𝑡+1)]

𝑚𝑘(𝐻,𝑡)
≥

𝑓𝑘(𝐻,𝑡)

𝑓�̅�(𝑡)
; implying that for an optimal configuration of mixture weights it is 

guaranteed that 𝑔𝑟𝑘
𝑀𝑇(𝐻, 𝑡) = max𝑤𝑗𝑘,∀𝑗

𝐸[𝑚𝑘(𝐻,𝑡+1)]

𝑚𝑘(𝐻,𝑡)
≥ 𝑔𝑟𝑘

𝑆𝑇(𝐻, 𝑡). 

Similarly, note that [
𝐸[𝑚𝑘(𝐻𝑎,𝑡+1)]

𝑚𝑘(𝐻𝑎,𝑡)
]

𝑤𝑗𝑘=0 ∀𝑗≠𝑘
− [

𝐸[𝑚𝑘(𝐻𝑏,𝑡+1)]

𝑚𝑘(𝐻𝑏,𝑡)
]

𝑤𝑗𝑘=0 ∀𝑗≠𝑘
=

𝑓𝑘(𝐻𝑎,𝑡)

𝑓�̅�(𝑡)
−

𝑓𝑘(𝐻𝑏,𝑡)

𝑓�̅�(𝑡)
> 0. Therefore, 

max𝑤𝑗𝑘,∀𝑗
𝐸[𝑚𝑘(𝐻𝑎,𝑡+1)]

𝑚𝑘(𝐻𝑎,𝑡)
−

𝐸[𝑚𝑘(𝐻𝑏,𝑡+1)]

𝑚𝑘(𝐻𝑏,𝑡)
> 0, which trivially ensures 𝑔𝑟𝑘

𝑀𝑇(𝐻𝑎, 𝑡) >  𝑔𝑟𝑘
𝑀𝑇(𝐻𝑏, 𝑡) for some 𝒘𝑘.       ■                       

The first part of Corollary 2 sheds light on the potential for a multitasking EA to utilize knowledge transferred 

from other tasks in the multitasking environment to accelerate convergence towards high quality schema. However, 



for this outcome to be achieved consistently, the mixture weights must either be carefully tuned, or optimally learned 

online during the course of the multitasking search. As a counter to Corollary 2, it can also be shown that under a poor 

configuration of the mixture weights, the search towards favourable schema may in fact slow down compared to 

standard single-tasking; thereby highlighting the need to account for the threat of negative transfers in multitasking. 

4.2. Algorithmic Advances in Evolutionary Multitasking 

A general schematic of evolutionary multitasking is depicted in Figure 3. The knowledge base shown therein may 

either comprise of raw population datasets pertaining to each of the tasks (as in Algorithm 2), or learned models that 

capture recurring patterns from the data and can subsequently be transferred across tasks. For instance, probabilistic 

models that actualize the population distribution terms in Eq. (7) may be contained in the knowledge base. 

 

Figure 3. A simplified illustration of the cognitively inspired evolutionary multitasking paradigm catering to multiple 

optimization tasks with the scope of computationally encoded knowledge transfer between them. 

Although the notion of evolutionary multitasking has been proposed relatively recently, there are a reasonable 

number of algorithmic advances that have already been reported. Nevertheless, we acknowledge that there is still 

much scope for future research in this topic. Among existing methods, perhaps the most common form of 

communication between tasks is through so-called implicit genetic transfer [14, 60, 61]. In this setting, the knowledge 

base (as shown in Figure 3) consists of population datasets associated with each task in the multitasking EA; similar 



to Algorithm 2. However, differently from Algorithm 2 (where solutions are transferred through explicit sampling), 

knowledge exchange in implicit genetic transfer occurs when individuals belonging to different tasks crossover (mix 

/ recombine) with one another. After crossover, the genetic material from one task can get copied into an offspring 

individual associated with a different task. The basic principle behind the approach is that if the transferred genetic 

material is beneficial, then the offspring survives in the population; else, if the transfer is harmful, then the 

corresponding offspring is gradually ejected by the selection mechanism. 

As an alternative to the direct transfer of genetic material, the algorithms developed in [62, 63] propose to 

explicitly learn a mapping (𝑀) between solution datasets of task pairs so as to induce high ordinal correlation between 

their respective objective functions. Specifically, given any task pair 𝑇𝑗, 𝑇𝑘, the mapping is learned with the goal of 

satisfying: 𝑓𝑗(𝒛1) < 𝑓𝑗(𝒛2) ⇒ 𝑓𝑘(𝑀(𝒛1)) < 𝑓𝑘(𝑀(𝒛2)). The rationale behind incorporating such a mapping into a 

multitasking EA can be seen through the following simple result. 

Proposition 1. Assuming the learned mapping 𝑀 is a bijection (one-to-one and onto) that satisfies condition 𝑓𝑗(𝒛1) <

𝑓𝑗(𝒛2) ⇒ 𝑓𝑘(𝑀(𝒛1)) < 𝑓𝑘(𝑀(𝒛2)) for task pair 𝑇𝑗, 𝑇𝑘, then [𝒛∗ = argmax 𝑓𝑗(𝒛)] ⟹ [𝑀(𝒛∗) =  argmax 𝑓𝑘(𝒛)]. 

Thus, instead of directly copying genetic material from one task to another, it is first transformed using the learned 

mapping – as a way of reducing the threat of negative transfers in those cases where the objective functions of distinct 

tasks exhibit negative ordinal correlation. It is worth highlighting that the additional cost of learning a mapping has 

the potential advantage of uncovering latent relationships between tasks, which might not be immediately achievable 

via simple genetic transfer. 

Finally, we note that a task in a multitasking environment need not be restricted to having a scalar-valued 

objective function. Indeed, given a series of K tasks, some (or even all) of them may be MOPs. Algorithms capable of 

effective multitasking in such situations, employing either an implicit or an explicit mode of knowledge transfer, have 

been reported in [64-66]. 

5. Other Recent Additions to the Multi-X Family 

In this section, we cover problem formulations that, at least within the field of evolutionary computation, have only 

recently begun to draw research attention. In much of what follows, the theories and algorithms presented in Section 



4, catering to the case of simultaneously progressing multiple searches in multi-task evolutionary optimization, will 

be found to have widespread utility. 

5.1. Multi-Level Evolutionary Optimization 

Multi-level programming is a generalization of mathematical programming in which the constraint region is implicitly 

determined by a series of optimization problems which must be solved in a predetermined sequence [67]. For ease of 

exposition, in this paper we limit our discussion to the special case where there are two hierarchical levels, which is 

generally referred to simply as bi-level optimization [15, 16]. The formulation of a standard bi-level problem comprises 

of a lower level optimization task (also known as the follower’s problem) that is nested within an upper level 

optimization task (also known as the leader’s problem). The two levels jointly contribute a pair of objective functions, 

with the interaction between them captured according to Eq. (15) below – where we suppress the possible existence 

of additional constraint functions for simplicity; 

maximize𝒚𝑢∈𝑌𝑢
𝑓𝑢(𝒚𝑢, 𝒚𝑙

∗), 

such that, 𝒚𝑙
∗ = argmax𝒚𝑙∈𝑌𝑙

𝑓𝑙(𝒚𝑢, 𝒚𝑙).   (15) 

In the above, 𝑓𝑢 is the objective function of the leader, and 𝑓𝑙 is the objective function of the follower. The problem 

statement specifies that the leader makes the first choice by selecting a candidate solution 𝒚𝑢 from the upper level 

search space 𝑌𝑢. Thereafter, the follower selects 𝒚𝑙
∗ from the lower level search space 𝑌𝑙, such that the selected solution 

optimizes the lower level objective function 𝑓𝑙 conditioned on the leader’s preceding choice. In other words, the lower 

level task in Eq. (15) is parametrized by 𝒚𝑢, and a solution 𝒚𝑙
∗ is considered feasible for the upper level problem only 

if it is optimal for the lower level. 

An illustration of bi-level optimization is provided in Figure 4. Generally speaking, the main purpose behind 

solving this problem is to ascertain the optimum solution / decision for the leader, given the hard constraint of 

optimally solving the follower’s problem. It is worth mentioning that a variety of real-world scenarios of interest can 

be modelled as above, with some prominent examples occurring in the toll-setting of highways [68], economic game 

theory (particularly the Stackelberg duopoly) [69], agricultural and environmental policy making [70], homeland 

security [71], cybersecurity [72], engineering design [73], etc. 

 



 

Figure 4. In bi-level optimization, a solution 𝒚𝑙
∗, given 𝒚𝑢, is considered feasible for the upper level problem only if 

it is optimal for the corresponding lower level problem. 

5.1.1. Outline of Methodologies 

It has been shown that the hierarchical structure of bi-level optimization problems leads to difficulties, such as non-

convexity, disconnectedness, etc., that are difficult to handle using purely mathematical procedures [15]; thereby 

making evolutionary methods a natural choice due to their general-purpose global optimization capability. In this 

regard, a common approach is to use nested algorithms, wherein the lower level problem is solved to optimality for 

every candidate upper level solution [74-76]. To elaborate, if we assume that the upper level problem is tackled via 

an EA, then, for evaluating the fitness of any individual at that level, the corresponding lower level optimal response 

must be deduced – possibly using an EA as well. 

While naïve nested algorithms employing EAs at both levels can often be effective, they are generally not very 

scalable. This is because with increasing dimensionality of the upper level search space 𝑌𝑢, the number of lower level 

optimization tasks to be solved grows exponentially. What is more, if the lower level tasks are difficult, then solving 

them one by one becomes highly computationally intensive. As an alternative, in [77], the authors proposed to tackle 

multiple lower level optimization tasks simultaneously by extending the idea of evolutionary multitasking. The 

implicit parallelism of a population facilitates the joint evolution of multiple lower level tasks, with the continuous 

transfer of computationally encoded knowledge between them contributing towards significantly faster convergence 

(with more than 50% speedup reported in [77] relative to the naïve nested algorithm). In particular, assuming we have 



a total of K lower level tasks corresponding to a set of upper level candidate solutions {𝒚𝑢,1, 𝒚𝑢,2, …, 𝒚𝑢,𝐾}, the multi-

task problem formulation can be expressed as,  

maximize
{𝑤𝑗𝑘,𝑝𝑗(𝒚𝑙) ∀𝑗,𝑘}

∑ ∫ 𝑓𝑙(𝒚𝑢,𝑘, 𝒚𝑙) ∙ [∑ 𝑤𝑗𝑘 ∙ 𝑝𝑗(𝒚𝑙)
𝐾
𝑗=1 ] ∙ d𝒚𝑙𝑌𝑙

𝐾

𝑘=1
, 

such that, ∑ 𝑤𝑗𝑘
𝐾
𝑗=1 = 1, ∀k, and 𝑤𝑗𝑘 ≥ 0, ∀j, k.   (16) 

Eq. (16) closely resembles Eq. (7), except that in the bi-level case: (a) we know that the K tasks are likely to be related 

as they are all associated with the same objective function 𝑓𝑙 – implying that the threat of negative transfers is minimal, 

and (b) there is no separate unified search space as all lower level tasks are already defined in a common space 𝑌𝑙. 

Different from the above, there have been other attempts to speed up bi-level evolutionary optimization by 

training models to directly approximate lower level responses, instead of conducting full optimization runs [78, 79]. 

However, we do not examine these methods further herein as they place the onus more on the learning and exploitation 

of accurate approximation models [80], instead of harnessing the salient features of evolutionary search. 

Finally, we note that the objective function at the lower (and even the upper) level of a bi-level optimization 

problem need not be scalar-valued. In such cases, corresponding to every upper level candidate solution 𝒚𝑢, a lower 

level MOP must be solved to obtain a set of Pareto optimal trade-off solutions. Various perspectives have recently 

been put forward on how the multiple solutions returned by the lower level are to be handled at the upper level. This 

includes a so-called optimistic formulation in [81, 82], as well as a pessimistic / adversarial / worst-case formulation 

in [83, 84]. In either case, the overall multi-objective bi-level optimization problem is shown to offer an ideal setting 

for the implicit parallelism of EAs to be harnessed. 

5.2. Multi-Hard and Multi-Disciplinary Evolutionary Optimization 

Herein, we merge our discussions on multi-hard and multi-disciplinary evolutionary optimization as both these 

paradigms share a similar motivation of solving problems comprised of a non-trivial combination of multiple complex 

sub-problems; with the sub-problems / components interacting with each other in a manner such that solving them 

independently may either be infeasible or lead to subpar solutions to the overall problem [85]. In order to distinguish 

from multi-task optimization, we highlight that the components of a multi-hard or multi-disciplinary problem are 



closely interacting; whereas the constituents of multi-task optimization are distinct and self-contained (which may or 

may not have known commonalities). 

The term “multi-hard” has recently been coined for practical optimization problems with multiple interacting 

single-hard sub-problems, commonly occurring in the operations research domain. Here, the term single-hard refers 

to a designed combinatorial optimization task of high computation complexity (that is NP-hard) [17]. As an illustrative 

example of the routine occurrence of multi-hard problems in the real-world, one may consider the need to address 

intricate interactions across various echelons and silos while optimizing global supply chains [86]. As a specific case 

study, it has been shown that optimizing the supply chain operations of a mining company involves simultaneously 

dealing with mine planning and scheduling, stockpile management and blending, train scheduling, port operations, 

etc., with the overall objective of satisfying customer demands [17]. 

 

Figure 5. A simplified two-disciplinary system. 

Similar to the above, the term “multi-disciplinary optimization” – commonly used in the engineering design 

community – refers to the accurate modeling of interactions between sub-systems that form part of a larger engineering 

system [87]. For example, consider the fact that the functionality of a generic turbofan engine that is used by most 

commercial airliners depends on a host of interdependent sub-systems, such as compressors, turbine, combustion 

chamber, etc. [88]. An abstract illustration of the coupling for a simplified case comprising only two sub-systems is 

depicted in Figure 5. Therein, 𝒚1 and 𝒚2 represent the variable vectors corresponding to sub-system 1 and sub-system 

2, respectively, while 𝒚𝑐 stands for a common variable vector shared by both sub-systems. Further, 𝒈12 and 𝒈21 are 

referred to as coupling variables, which represent outputs of one sub-system that are required as input in the other sub-

system. Note that in the mathematical formulation of an arbitrary K-sub-system multi-disciplinary optimization 



problem (as provided below) we ignore the coupling variables since they can frequently be subsumed into the common 

variable vector 𝒚𝑐. The resultant quasi-separable multi-disciplinary optimization problem takes the form of the 

following MOP [89], 

maximize{𝒚1,𝒚2,…,𝒚𝐾,𝒚𝑐} 𝑓𝑠𝑦𝑠𝑡𝑒𝑚 = [𝑓1(𝒚1, 𝒚𝑐), 𝑓2(𝒚2, 𝒚𝑐), … , 𝑓𝐾(𝒚𝐾 , 𝒚𝑐) ].  (17) 

Alternatively, a scalar-valued variant of Eq. (17) can be written as [19], 

maximize{𝒚1,𝒚2,…,𝒚𝐾,𝒚𝑐} 𝑓𝑠𝑦𝑠𝑡𝑒𝑚 = ∑ 𝑓𝑖(𝒚𝑖 , 𝒚𝑐)𝐾
𝑖=1 .    (18) 

The discussions and formulations above demonstrate that large-scale multi-hard and multi-disciplinary 

optimizations give rise to settings wherein multiple searches corresponding to multiple interacting sub-problems / 

components / sub-systems are to be carried out simultaneously in order to achieve a satisfactory solution to the overall 

problem. Further, the interactions between components often lead to complexities that may be difficult to handle using 

exact mathematical procedures. Thus, following the general premise of the paper, we find that problems of this kind 

fall into a category (namely, multi-X) that lend well to the unique characteristics of EAs. 

5.2.1. Outline of Methodologies 

EAs of the co-operative co-evolutionary type are among the most promising for multi-hard and multi-disciplinary 

optimization [90, 91]. In particular, co-operative co-evolution solves the different sub-problems using separate co-

evolving sub-populations; where each sub-population optimizes the variables associated with a particular component. 

In the process of doing so, the interaction between a particular sub-problem and the others is established through a 

collaboration step occurring in evaluation. Precisely, while evaluating an individual in a sub-population, we first select 

representative collaborators from the other sub-populations (such as the individuals with the best fitness values), 

which are subsequently concatenated to form a complete solution to the overall problem [92].  

In addition to co-operative co-evolution, methods for multi-level optimization have also been applied to multi-

disciplinary problems by imposing a hierarchical relationship on their components. For example, in [89], the authors 

proposed a nested decomposition of Eq. (17) into two levels, as follows, 

maximize𝒚𝑐∈𝑌𝑐
𝑓𝑠𝑦𝑠𝑡𝑒𝑚(𝒚1

∗ , 𝒚2
∗ , … , 𝒚𝐾

∗ , 𝒚𝑐), 

such that, 𝒚1
∗ = argmax𝒚1∈𝑌1

𝑓1(𝒚1, 𝒚𝑐), 𝒚2
∗ = argmax𝒚2∈𝑌2

𝑓2(𝒚2, 𝒚𝑐), … , 𝒚𝐾
∗ = argmax𝒚𝐾∈𝑌𝐾

𝑓𝐾(𝒚𝐾, 𝒚𝑐). (19) 



The leader’s problem, which in this case is also referred to as the supervisor level, is to optimize the common variable 

vector 𝒚c. Given a particular choice of the common variable vector, the lower level then consists of K sub-systems 

that are treated as K distinct self-contained optimization tasks 𝑇1, 𝑇2, …, 𝑇𝐾. Notably, if the sub-systems share some 

commonality, then the entire lower level may ideally be tackled via evolutionary multitasking (see Section 4). 

Similar to the above, a bi-level perspective on multi-hard combinatorial optimization was recently outlined in 

[93]. In particular, the approach proposed to decompose the so-called profitable tour problem – which combines the 

classical knapsack problem at the strategic level with a vehicle routing problem at the operational level – into its 

constituent parts by imposing a hierarchical relationship between them. In this example, the knapsack problem served 

as the upper level, the routing problem served as the corresponding lower level, and an efficient knowledge transfer-

enhanced EA was designed for solving them simultaneously. 

5.3. Multi-Form Evolutionary Optimization 

An illustration of the key idea behind multi-form optimization is presented in Figure 6. It can be seen that at its core, 

the multi-form optimization paradigm utilizes a multitasking EA. However, while the notion of multitasking focuses 

on multiple self-contained tasks, multi-form optimization distinguishes itself in the sense that it proposes to reconcile 

multiple alternate formulations of a single target task of interest [20]. 

 

Figure 6. Multi-form optimization is a novel paradigm that attempts to reconcile alternate formulations of a single 

optimization task through a multitasking approach. 



In many real-world scenarios, it may not be clear how best to formulate the optimization problem at hand. 

Alternate formulations induce different search behaviors, some of which may be more effective than others for a 

particular problem instance. For example, recent work in generating a low-dimensional formulation (via random 

embedding) of an otherwise high-dimensional optimization task can be found in [94]. In this case, it is practically 

impossible to know beforehand whether a particular random embedding is relevant or not; leading to the need to 

consider multiple (sequential) random embeddings [95].  Further examples appear in constrained optimization, where 

the best way to incorporate a penalty function, that converts a constrained problem into an unconstrained one, is not 

obvious [96]. Likewise, while multi-objectivizing standard single-objective problems has been proposed in the 

literature [33, 97], it is not necessary that the MOP formulation is always easier to solve [98]. In all such cases, 

assigning the various possible formulations to be simultaneously tackled in a multitasking EA relieves the user of the 

pains of ascertaining the most appropriate one. What is more, each formulation may serve as a related helper task [99, 

100], enabling their unique advantages to be harnessed through continuous knowledge transfer. 

In addition to the examples above, where the best formulation of an optimization problem is hard to determine 

a priori, there are cases where although certain formulations are known to be less precise, they may be computationally 

much cheaper to handle. Such multi-fidelity problems provide another setting for multitasking EAs to transfer 

knowledge from low- to high-fidelity formulations with the goal of efficiently solving the target expensive task [61]. 

5.3.1. Outline of Methodologies 

As of now, there is a lack of comprehensive realizations of the multi-form evolutionary optimization paradigm. One 

early example can however be found in [21], where single and multi-objectivized formulations of the travelling 

salesman problem were treated jointly via an implicit genetic transfer-based multitasking EA. The results showed that 

the outcome of the multi-form optimization approach was either competitive with, or significantly better than, the 

most effective formulation considered in isolation. 

6. Conclusions 

In this paper, we have attempted to return to the roots of evolutionary computation – drawing the attention of upcoming 

researchers to the fundamentals of EAs, and population-based search in general, that sets them apart from other 

optimization procedures in the literature. We identified a series of optimization problem settings that are deemed to 



be uniquely suited for exploiting the implicit parallelism inherent to EAs. We capture associated research activities 

under the umbrella term of multi-X evolutionary computation, where X, as of now, represents the following list: 

{‘objective’, ‘modal’, ‘task’, ‘level’, ‘hard’, ‘disciplinary’, ‘form’}. The main purpose of this position paper is to place 

the spotlight on those areas of optimization problem-solving that are well-aligned with the fundamentals of 

evolutionary computation. In turn, we hope to catalyze further research efforts in these directions, encouraging the 

steady expansion of the list X with new applications in the near future. 

It is noted that the subject of multi-objective and multi-modal optimization have long been strongholds of 

evolutionary computation research. In contrast however, multi-task, multi-level, multi-hard, multi-disciplinary, and 

multi-form optimization are newly emerging concepts (at least within the evolutionary computation research 

community) that offer tremendous scope for future research. For instance, we have only recently begun to unveil the 

potential of evolutionary multitasking, with much left to be done for the paradigm to consistently guarantee 

performance superiority over existing techniques. Likewise, while preliminary success has indeed been achieved in 

the application of EAs to multi-hard and multi-disciplinary optimization problems, major challenges remain in scaling 

the methods to complex real-world settings involving increasing number of interacting components.  

A recurring facet of the problems we have examined herein is that they involve multiple searches to be carried 

out at the same time; such as, finding multiple solutions to a single optimization task (as is the case in multi-objective 

and multi-modal optimization), jointly solving distinct tasks (in multi-task optimization), etc. In all cases, the 

seemingly cognitive ability of EAs to simultaneously sample, evaluate, and process a vast number of regions of the 

search space, while evolving a relatively small number of candidate individuals, is deemed to offer distinctive 

advantages for problems of the multi-X type. The theoretical underpinnings behind our claims are also set forth in the 

paper by generalizing Holland’s schema theorem (the fundamental theorem of EAs) to the case of distinct searches 

occurring in multitasking. 
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