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From Multi-Task Gradient Descent to Gradient-Free
Evolutionary Multitasking: A Proof of Faster

Convergence
Lu Bai, Wu Lin, Abhishek Gupta, and Yew-Soon Ong, Fellow, IEEE

Abstract—Evolutionary multitasking which solves multiple
optimization tasks simultaneously has gained increasing research
attention in recent years. By utilizing the useful information
from related tasks while solving the tasks concurrently, improved
performance has been shown in various problems. Despite
the success enjoyed by the existing evolutionary multitasking
algorithms, there still is a lack of theoretical studies guaranteeing
faster convergence compared to the conventional single task case.
To analyze the effects of transferred information from related
tasks, in this paper, we first put forward a novel multi-task gra-
dient descent (MTGD) algorithm, which enhances the standard
gradient descent updates with a multi-task interaction term. The
convergence of the resultant MTGD is derived, furthermore, we
present the first proof of faster convergence of MTGD relative
to its single task counterpart. Utilizing MTGD, we formulate
a gradient-free evolutionary multitasking algorithm named as
multi-task evolution strategies (MTES). Importantly, the single
task evolution strategies (ES) we utilize is shown to asymptotically
approximate gradient descent, and hence the faster convergence
results derived for MTGD extend to the case of MTES as well.
Numerical experiments comparing MTES with single task ES on
synthetic benchmarks and practical optimization examples serve
to substantiate our theoretical claim.

Index Terms—Multi-Task Optimization, Gradient Descent,
Faster Convergence, Evolution Strategies

I. INTRODUCTION

Solving optimization problems is ubiquitous in various
areas, such as mechanics, economics, operation management,
and machine learning [1], [2], [3], [4]. Traditionally, opti-
mization problems are usually solved independently. However,
many real-world problems have similarities in nature, solving
one problem may provide useful information for other similar
problems [5], [6], [7]. Multi-task optimization allows us to
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leverage inter-task similarities to reproduce high-quality per-
formance across related tasks [8], similar to what humans are
inherently capable of.

To perform multi-task optimization, evolutionary multitask-
ing has been proposed to solve multiple different but related
optimization problems simultaneously in recent years. In [9],
a multifactorial evolutionary algorithm (MFEA) is proposed to
solve complementary tasks in a unified search space, where the
useful information is transferred among different tasks through
the chromosomal crossover during the evolution. To allay
the susceptibility to harmful interactions when the similarity
between the tasks is low, [10] proposes the MFEA-II where
the similarities are explored adaptively and locally for different
task pairs. Realizations of the evolutionary multitasking engine
within the domain of multi-objective optimization are given
in [11], [12]. Based on MFEA, two improvements include
detecting the occurrence of parting ways, at when the in-
formation sharing begins to fail, and reallocating resources
on fitness evaluations are made in [13] to improve solution
quality. [14] introduces MFEA with a representation scheme
based on the Cayley Code to utilize the strengths of MFEA
solving the clustered tree problems. To enable multiple biases
embedded in different evolutionary search operators, [15]
and [16] propose evolutionary multitasking paradigms with
multi-populations and explicit genetic transfer across tasks
to promote information transfer. From examples such as the
above, a common thread we find in the majority of existing
multitasking algorithms is that the search has so far been
limited to occur in a gradient-free manner.

The effectiveness of evolutionary multitasking has been
verified on a range of practical optimization problems. Such
as solving multiple permutation-based optimization problems
(e.g., travel salesman problem, job-shop scheduling problem,
and capacitated vehicle routing problem) [17], [18], gener-
alized vehicle routing problem with occasional drivers [19],
clustered shortest path tree problem decoupled as multiple
tasks [20], evolutionary neural networks for multi-step chaotic
time series problems [21], and complex simulation-based engi-
neering design [22]. Despite these promising empirical results,
there remains a gaping lack of theoretical analysis of how
the transferred information from related tasks enhances the
optimization process. Even though the recent MFEA-II paper
[10] presents a proof of convergence and analyzes the effects
of inter-task interactions, it does not offer proof of faster
convergence. To the best of our knowledge, no theoretical
guarantee of faster convergence via multitasking has been
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obtained.
For an optimization problem, one basic idea is to utilize the

gradient of a differentiable objective function as the searching
direction, which will lead to better solutions as long as the
update steps are sufficiently small. In virtue of the effective-
ness of gradient-based iteration, in this paper, we first propose
a novel multi-task gradient descent (MTGD) framework to
solve multiple minimization problems simultaneously. In the
MTGD, the decision variable of each problem is updated
based on the gradient descent and information transferred
from related tasks during the iteration. The transfer intensity
is determined adaptively through the transfer coefficients,
which are designed to satisfy certain conditions to maintain
convergence behavior. By adopting the properties of gradient
descent iteration, the convergence of MTGD is theoretically
analyzed. Furthermore, for problems that satisfy certain con-
ditions, faster convergence of MTGD over single task gradient
descent is proven for the first time.

Though gradient descent is effective in solving optimiza-
tion problems, in many practical problems, the precise an-
alytic form of the objective function is unknown or non-
differentiable, which leads to no gradient information, or the
gradient can not be computed directly or efficiently. Gradient-
free optimization shows its strength in solving this kind
of problems since it only relies on fitness evaluations at
certain sample points. The state-of-the-art OpenAI ES [23]
is a recently proposed algorithm that constitutes a more
principled approach to black-box optimization. By updating
the distribution from which the candidate solutions are drawn
using approximated gradients (with respect to the distribution
parameters), better solutions are more likely to be sampled
than typical randomized evolutionary operators. By combining
the gradient approximation in OpenAI ES with the proposed
MTGD, we develop a gradient-free multitasking algorithm
named as multi-task evolution strategies (MTES). In the
MTES, OpenAI ES is employed as the base solver for each
task. Importantly, the update in the OpenAI ES is shown
to asymptotically approximate gradient descent, and hence
the results derived for MTGD are in principle extendible to
the gradient-free MTES as well. In other words, a proof of
faster convergence for gradient-free multitasking is effectively
obtained in the limiting case. This theoretical claim will be
empirically verified in the paper via synthetic benchmarks and
reinforcement learning examples.

To summarize, in this paper, we first propose a novel
MTGD framework, and then develop an associated gradient-
free MTES, to solve multiple minimization problems simulta-
neously. In comparison to existing works, our main contribu-
tions are threefold:

1) We propose the MTGD framework and provide con-
ditions on the transfer coefficients for convergence.
It is worth noting that any transfer mechanisms that
satisfy the given conditions will not impede the overall
convergence behavior, which in turn offers the flexibility
in designing different transfer mechanisms for different
purposes.

2) The convergence of MTGD is theoretically analyzed,
and furthermore, for problems that satisfy certain con-

ditions, we present the first proof of faster convergence
of MTGD relative to its single task counterpart.

3) A novel MTES utilizing the OpenAI ES is developed
based on the MTGD, thus inheriting its convergence
results in the limiting case. Experiments using MTES for
solving synthetic multi-task benchmark functions, prac-
tical double-pole balancing problems, and parameterized
planar arm problems validate the proposed algorithm.

The rest of the paper is organized as follows. Section II
gives preliminaries including some basics of gradient descent
iteration and the OpenAI ES. Then, the proposed MTGD is
presented in Section III, where the convergence of MTGD is
analyzed and we prove that the convergence of MTGD is faster
than single task gradient descent under certain conditions. In
Section IV, the proposed MTES is detailed and one scheme for
calculating the transfer coefficients between different tasks is
presented. Experiments on the synthetic multi-task benchmark
functions, practical double-pole balancing problems, and pa-
rameterized planar arm problems are conducted in Section V
to evaluate the performance. Finally, Section VI gives the
conclusion.

II. PRELIMINARY

In this section, we introduce some basic results of the single
task gradient descent iteration and the OpenAI ES which is
used as the base solver in MTES.

A. Gradient Descent Iteration
Suppose the cost function f(θ) : Rd → R is strongly

convex, twice differentiable, and the gradient of f is Lipschitz
continuous with constant Lf , i.e.,

‖∇f(θ1)−∇f(θ2)‖ ≤ Lf‖θ1 − θ2‖, ∀θ1, θ2 ∈ Rd.

Since f is strongly convex and twice differentiable, there exists
positive constant ξ such that

∇2f(θ) ≥ ξId,
where Id is the identity matrix of dimension d. As a result,
we have the following relation,

ξId ≤ ∇2f(θ) ≤ LfId, ∀θ,
where ξ ≤ Lf .

The gradient descent updates θ as follows

θt+1 = θt − α∇f(θt), (1)

where α is the step size satisfying α ≤ 1
Lf

. By using the
gradient descent iteration, θ asymptotically converges to the
optimal solution at which f takes the minimum.

B. Evolution Strategies
In the OpenAI ES, the candidate solution is drawn from

an isotropic multivariate Gaussian distribution N (θ, σ2Id),
where θ is the d-dimensional mean vector and σ2Id is the
covariance. The mean vector θ of the population is updated
and the standard deviation σ is fixed during the evolution.
Denote the objective function as F : Rd → R. The aim is to
find the minimum of F . The procedure of the OpenAI ES is
summarized in Algorithm 1 [23]. In the rest of this paper, ES
refers to Algorithm 1.
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Algorithm 1 OpenAI Evolution Strategies [23]
Input: Objective function F , standard deviation σ, initial
parameter θ0, learning rate α

1: Set t = 0
2: while stopping criterion is not met do
3: for k = 1, ..., n do
4: Draw sample εk ∼ N (0, Id)
5: Calculate fitness Fk = F (θt + σεk)
6: end for
7: θt+1 = θt − α 1

nσ

∑n
k=1 Fkεk

8: t = t+ 1
9: end while

III. GRADIENT-BASED MULTI-TASK ITERATION

In this section, we derive and present the multi-task gradi-
ent descent (MTGD) algorithm, which solves multiple mini-
mization tasks simultaneously based on gradient descent and
information from other tasks. In particular, we first present
the overall expression of the MTGD and conditions on the
transfer coefficients. Followed is the stability analysis of the
MTGD, which shows that while incorporating information
from other tasks, the iteration still converges to its original
optimal solution under the given transfer coefficients. Then,
the comparison of the convergence rate between MTGD and
the usual single task gradient descent is made, where we show
that under certain conditions, the convergence of MTGD is
faster than the single task gradient descent.

A. Notations

Throughout this paper, In denotes identity matrix of size
n × n, ⊗ denotes the Kronecker product. [xi]vec denotes a
column vector formed by stacking xi on top of each other,
i.e., [xi]vec = [x′1, ..., x

′
T ]′, and diag{xi} denotes a diagonal

matrix with the i-th diagonal element being xi. The norm ‖ ·‖
without specifying the subscript represents the Euclidean norm
by default.

Suppose we have T tasks to be solved. Each task i ∈
{1, ..., T} aims to solve the following optimization problem,

min
θi

fi(θi), (2)

where θi ∈ Rd is the decision variable of task i, which is
of dimension d. To solve the optimization problem, gradient
of the objective function, which is ∇fi, is utilized as the
searching direction. Furthermore, to utilize information from
similar tasks, we use transfer coefficient mij to determine the
information flow from task j to task i. The notations used in
the forthcoming proposed MTGD is summarized in TABLE I.

B. Multi-Task Gradient Descent

Based on the assumption that there are similarities among
the tasks, it is believed that the solution of one task may
facilitate the search for the solution of another task. To utilize
the similarities among the tasks, the values of the decision
variables during the iteration process are transferred between

TABLE I: Notation used by MTGD

Notation Meaning

T Number of tasks
θi Decision variable of task i
fi Objective function of task i
∇fi Gradient of fi
α Step size
mij Transfer coefficient describes the informa-

tion flow from task j to task i

the tasks. Following this intuition, we propose the MTGD
iteration as follows,

θt+1
i =

T∑
j=1

mt
ijθ

t
j − α∇fi(θti), (3)

where mt
ij is the transfer coefficient at iteration t. If there

is information transfer from task j to task i at iteration t,
mt
ij > 0, otherwise, mt

ij = 0. The transfer coefficient mt
ij is

required to satisfy the following conditions,

mt
ij ≥ 0, (4a)
T∑
j=1

mt
ij = 1, (4b)

mt
ij = 0, for t > T0 and j 6= i, (4c)

where T0 is a nonnegative integer. (4a) implies that inter-
task interactions are non-repulsive, (4b) imposes a sum-to-one
normalization on the transfer coefficient, which is used to limit
the transfer power to prevent divergence, and (4c) implies no
transfer occurs after time T0.

C. Convergence Analysis
In this section, we give the convergence property of the

proposed MTGD. As can be seen from (4c), MTGD will
degrade into single task gradient descent after T0. Although
the convergence can be ensured by the single task gradient
descent, the incorporation of information from other tasks
before T0 may make the iteration diverge without proper
transfer mechanism, which will make the single task gradient
descent after T0 take a much longer time to converge. The
result in this section ensures that the proposed MTGD can
obtain a bounded value at T0, which serves as the basis of
obtaining a faster convergence compared to the single task
gradient descent.

From (4b), we have mt
ii = 1−

∑
j 6=im

t
ij . Rewrite iteration

(3) as follows

θt+1
i =mt

iiθ
t
i +

∑
j 6=i

mt
ijθ

t
j − α∇fi(θti)

=(1−
∑
j 6=i

mt
ij)θ

t
i +

∑
j 6=i

mt
ijθ

t
j − α∇fi(θti). (5)

Rescale mt
ij as

m̄t
ij =

{
1
ασm

t
ij , j 6= i,

1− 1
ασ

∑
j 6=im

t
ij , j = i,
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where σ is a positive constant and satisfies the condition

1− 1

ασ

∑
j 6=i

mt
ij > 0.

The rescaling keeps
∑T
j=1 m̄

t
ij = 1 and the parameter ασ

rescales the relative importance of own information and infor-
mation from related tasks. With the rescaling, the iteration (5)
can be expressed as

θt+1
i =(1− ασ

∑
j 6=i

m̄t
ij)θ

t
i + ασ

∑
j 6=i

m̄t
ijθ

t
j − α∇fi(θti)

=θti − ασ(1− m̄t
ii)θ

t
i + ασ

∑
j 6=i

m̄t
ijθ

t
j − α∇fi(θti)

=(1− ασ)θti + ασ

T∑
j=1

m̄t
ijθ

t
j − α∇fi(θti). (6)

Let the i, j-th element of M̄ t ∈ RT×T at iteration time t being
m̄t
ij , denote M̄t = M̄ t ⊗ Id ∈ RdT×dT , Θ = [θ

′

1, ..., θ
′

T ]′ ∈
RdT , and ∇f(Θt) = [∇f1(θt1)′, ...,∇fT (θtT )′]′ ∈ RdT . Write
(6) into a concatenated form gives

Θt+1 = (1− ασ)Θt + ασM̄tΘt − α∇f(Θt). (7)

Denote θ̃i
t

= θti − θ∗i , where θ∗i is the optimal solution
for task i, Θ̃t = [θ̃t

′

1 , ..., θ̃
t′

T ]′, Θ∗ = [θ∗
′

1 , ..., θ
∗′
T ]′, L̄fi =

maxi{Lfi}, ξi = mini{ξi}, and ‖ · ‖ denotes the Euclidean
norm. In the following theorem, we show that for a small step-
size α, the error vector θ̃ti converges to zero as t→∞ under
the MTGD (7). We use the block maximum norm defined
in [24] to show the convergence of the above iteration. ‖ · ‖
represents the Euclidean norm. The block maximum norm of
a vector x = [xi]vec ∈ RdT with xi ∈ Rd is defined as [24]

‖x‖b,∞ = max
i
‖xi‖.

The induced matrix block maximum norm for a matrix A ∈
Rn×d is therefore defined as [24]

‖A‖b,∞ = max
x 6=0

‖Ax‖b,∞
‖x‖b,∞

.

Theorem 1. Under the MTGD (7) with the transfer coefficient
m̄t
ij satisfies

T∑
j=1

m̄t
ij = 1,

m̄t
ij ≥ 0,

m̄t
ij = 0, for t > T0 and j 6= i,

and the step size α satisfies

0 < α <
2

2σ + L̄fi
, (8)

we have

‖Θ̃T0‖b,∞ ≤βT0
1 ‖Θ̃0‖b,∞ + ασb0

1− βT0
1

1 + β1
,

‖Θ̃t‖b,∞ ≤βt−T0
2 ‖Θ̃T0‖b,∞, t > T0,

where β1 = maxi{|1 − ασ − αξi|, |1 − ασ − αLfi |} + ασ,
β2 = maxi{|1−αξi|, |1−αLfi |}, and b0 = maxi,j ‖θ∗i −θ∗j ‖.

Proof. Subtracting Θ∗ from both sides of (7) gives

Θ̃t+1 =((1− ασ)IdT + ασM̄t)Θt −Θ∗ − α∇f(Θt)

=((1− ασ)IdT + ασM̄t − αHt)Θ̃t

+ ασ(M̄t − IdT )Θ∗, (9)

where Ht =
∫ 1

0
∇2f(Θ∗+µ(Θt−Θ∗))dµ ∈ RdT×dT . It can

be verified that Ht is a block diagonal matrix and the block
diagonal elements Ht

i =
∫ 1

0
∇2fi(θ

∗
i +µ(θti −θ∗i ))dµ ∈ Rd×d

for i = 1, ..., T are Hermitian. From the iteration in (9) we
have

‖Θ̃t+1‖b,∞ ≤ ‖((1− ασ)IdT + ασM̄t − αHt)Θ̃t‖b,∞
+ ασ‖(M̄t − IdT )Θ∗‖b,∞

≤‖(1− ασ)IdT + ασM̄t − αHt‖b,∞‖Θ̃t‖b,∞
+ ασ‖(M̄t − IdT )Θ∗‖b,∞

≤(‖(1− ασ)IdT − αHt‖b,∞ + ασ‖M̄t‖b,∞)‖Θ̃t‖b,∞
+ ασ‖(M̄t − IdT )Θ∗‖b,∞.

From Lemma D.3 in [24], we have

‖M̄t‖b,∞ = ‖M̄ t‖∞ = 1,

where the last equality comes from the fact that m̄t
ij ≥ 0 and

the row summation of M̄ t is one. Since ξiId ≤ ∇2fi(θi) ≤
LfiId, ξiId ≤

∫ 1

0
∇2fi(θ

∗
i +µ(θi−θ∗i )dµ ≤ LfiId. Thus, ‖(1−

ασ)Id−αHt
i ‖ ≤ γi where γi = max{|1−ασ−αξi|, |1−ασ−

αLfi |}. By the definition of induced matrix block maximum
norm, we have

‖(1− ασ)IdT − αHt‖b,∞

= max
x6=0

‖((1− ασ)IdT − αHt)x‖b,∞
‖x‖b,∞

= max
x 6=0

maxi ‖((1− ασ)Id − αHt
i )xi‖

‖x‖b,∞

≤max
x 6=0

maxi ‖(1− ασ)Id − αHt
i ‖‖x‖b,∞

‖x‖b,∞
= max

i
‖(1− ασ)Id − αHt

i ‖

≤γ̄,

where γ̄ = max{γi}. Thus,

‖Θ̃t+1‖b,∞ ≤(γ̄ + ασ)‖Θ̃t‖b,∞ + ασ‖(M̄t − IdT )Θ∗‖b,∞.
(10)

By choosing the step size α to satisfy γ̄+ασ < 1, the iteration
asymptotically converges. To ensure γ̄+ασ < 1, it is sufficient
to ensure

|1− ασ − αξi|+ ασ < 1 and |1− ασ − αLfi |+ ασ < 1, ∀i,

which leads to

0 < α <
2

2σ + L̄fi
.

Before T0, since M̄ t is row-sum-to-one and the elements
of M̄ t are all non-negative, M̄tΘ∗ is a convex combination
of θ∗i , i ∈ {1, ..., T}. Thus, ‖(M̄t − IdT )Θ∗‖b,∞ is upper
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bounded by maxi,j ‖θ∗i − θ∗j ‖. Denote b0 = maxi,j ‖θ∗i − θ∗j ‖
and β1 = γ̄ + ασ < 1. From the iteration in (10), we have

‖Θ̃T0‖b,∞ ≤β1‖Θ̃T0−1‖b,∞ + ασb0

≤ · · ·

≤βT0
1 ‖Θ̃0‖b,∞ + ασb0

T0−1∑
k=0

βk1

=βT0
1 ‖Θ̃0‖b,∞ + ασb0

1− βT0
1

1 + β1
(11)

After T0, since M̄ t = IT , the iteration (9) becomes

Θ̃t+1 = (IdT − αHt)Θ̃t.

Denote β2 = maxi{|1−αξi|, |1−αLfi |}. Under the condition
(8), β2 < 1. Then, we have for t > T0

‖Θ̃t‖b,∞ ≤β2‖Θ̃t−1‖b,∞
≤βt−T0

2 ‖Θ̃T0‖b,∞.

Substituting (11) into the above inequality gives

‖Θ̃t‖b,∞ ≤ βt−T0
2 βT0

1 ‖Θ̃0‖b,∞ + ασb0
(1− βT0

1 )βt−T0
2

1 + β1
.

As a result, we have

lim
t→∞

‖Θ̃t‖b,∞ → 0.

From the definition of block maximum norm, limt→∞ ‖θ̃ti‖ =
0 is obtained.

D. Faster Convergence under Symmetric Transfer Matrix

In this section, with additional assumption that the transfer
coefficient satisfies mt

ij = mt
ji, we compare the convergence

rate of the MTGD (3) and the single task gradient descent (1),
and give a sufficient condition that the convergence rate of (3)
is faster than (1).

A graph Gt = {V, Et} is used to describing the information
transfer at iteration t, where V = {1, ..., T} is the task set
and Et ⊆ V × V is the edge set. An edge (i, j) ∈ Et means
there is information transfer between task i and task j. Under
the assumption that mt

ij = mt
ji, the graph Gt is undirected.

A graph Gt corresponds to a matrix M t. When the graph
is connected, M t has one eigenvalue 1 with corresponding
eigenvector 1T , where 1T represents a T dimensional column
vector with each element being 1. When there are p isolated
subgraphs with each subgraph connected, there are p eigenval-
ues 1. When there are p isolated subgraphs, it means that there
are p groups of related tasks. Under this condition, each group
of related tasks can be handled separately. Thus, without loss
of generality, we assume that the graph Gt is connected.

Suppose M t is chosen from a finite set M = {M1, ...,Mm}.
Denote η1 = max(ρ(Mt − αHt)) and η2 = max(ρ(IdT −
αHt)), where ρ(·) represents the spectral radius of a matrix.
We state in the following theorem that under certain condi-
tions, MTGD is faster than single task gradient descent.

Theorem 2. Suppose there exist i and j such that Ht
i 6= Ht

j

and the transfer coefficient mt
ij satisfies

mt
ij ≥ 0,

mt
ii ≥ 0.5,

mt
ij = mt

ji,

T∑
j=1

mt
ij = 1,

mt
ij = 0 for t > T0 and j 6= i,

where T0 is a nonnegative integer satisfying

ηT0
1

‖∇f(Θ0)‖
L̄fi

+
1− ηT0

1

1 + η1
b0 < ηT0

2

‖∇f(Θ0)‖
L̄fi

, (12)

then, under the MTGD (3), ‖Θ̃t‖ converges to zero faster when
T0 > 0 than under the single task gradient descent (1) if the
step size α satisfies

0 < α <
1

2L̄fi
. (13)

Proof. Write (3) into a concatenated form gives

Θt+1 =MtΘt − α∇f(Θt).

Subtracting Θ∗ from both sides of the above equation, we have

Θ̃t+1 =MtΘ̃t + (Mt − IdT )Θ∗ − α(∇f(Θt)−∇f(Θ∗))

=(Mt − αHt)Θ̃t + (Mt − IdT )Θ∗

=AtmΘ̃t + (Mt − IdT )Θ∗,

where Atm = Mt − αHt. Due to the assumption that M t is
symmetric, Atm is symmetric. Thus,

‖Θ̃t+1‖ ≤‖AtmΘ̃t‖+ ‖(Mt − IdT )Θ∗‖
≤ρ(Atm)‖Θ̃t‖+ ‖(Mt − IdT )Θ∗‖

≤
t∏

s=0

ρ(Asm)‖Θ̃0‖+ ‖(Mt − IdT )Θ∗‖

+

t−1∑
s=0

t∏
r=s+1

ρ(Arm)‖(Ms − IdT )Θ∗‖. (14)

Under single task gradient descent (1), the iteration of Θs

is

Θ̃t+1
s =Θt

s −Θ∗ − α∇f(Θt
s)

=(IdT − αHt)Θ̃t
s.

Thus,

‖Θ̃t+1
s ‖ ≤

t∏
s=0

ρ(Ass)‖Θ̃0‖, (15)

where Ats = IdT − αHt.
Let ∆t = IdT −Mt, it is obvious that

Ats = Atm + ∆t. (16)

Let λm(B) being the decreasing ordered eigenvalues of matrix
B ∈ RdT×dT , i.e., λ1(B) ≥ λ2(B) ≥ · · · ≥ λdT (B). Let ri
be the right eigenvector of Mt corresponding to eigenvalue
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λi(Mt), i.e., Mtri = λi(Mt)ri. Then, ri is also a right
eigenvector of ∆t corresponding to eigenvalue 1 − λi(Mt),
which can be obtained by the following relationship,

∆tri = (IdT −Mt)ri = ri − λi(Mt)ri = (1− λi(Mt))ri.

Thus, the eigenvalues of matrix ∆t is λ1(∆t) = 1−λdT (Mt)
and λdT (∆t) = 1− λ1(Mt) = 0. As a result, ∆t is positive
semidefinite. Since Ats, A

t
m,∆

t are all Hermitian matrix and
∆t ≥ 0, from Weyl’s theorem [25], we have

λi(A
t
m) ≤ λi(Ats), i = 1, ..., dT.

The equality holds if and only if there is a nonzero vector x
such that Atmx = λi(A

t
m)x, ∆tx = 0, and Atsx = λi(A

t
s)x.

For ∆tx = 0, we have x = Mtx, which indicates that x is
in the space spanned by the columns of 1T ⊗Id for M t 6= IT .
Atsx = λ1(Ats)x indicates x−αHtx = λ1(Ats)x, which gives
αHtx = (1−λ1(Ats))x. Since there exist i, j such that Ht

i 6=
Ht
j , such x does not exist. As a result, λ1(Atm) < λ1(Ats).
From the relation Atm =Mt−αHt and the Weyl’s theorem,

we have

λi(Mt) + λdT (−αHt) ≤ λi(Atm) ≤ λi(Mt) + λ1(−αHt).

Since ξiId ≤ ∇2fi(θi) ≤ LfiId, ξi ≤ λi(H
t) ≤ L̄fi . From

the stochastic property of M t, λ1(Mt) = λ1(M t) = 1 and
λdT (Mt) = λT (M t) ≥ −1. Thus

1− αL̄fi ≤λ1(Atm) ≤ 1− αξi,
λT (M t)− αL̄fi ≤λdT (Atm) ≤ λT (M t)− αξi.

Under the following conditions

α <
1

2L̄fi
,

mt
ii ≥ 0.5,

we have 2αL̄fi − 1 < 0 and λT (M t) ≥ 0. Thus,

|λT (M t)− αL̄fi | < 1− αL̄fi .

As a result, ρ(Atm) = max{|λ1(Atm)|, |λdT (Atm)|} =
λ1(Atm). Together with the result that λ1(Atm) < λ1(Ats),
we can conclude that ρ(Atm) < ρ(Ats) for M t 6= IT .

Since η1 = max(ρ(Atm)) and η2 = max(ρ(Ats)), we have
η1 < η2. From iteration (14), we have

‖Θ̃T0‖ ≤ ηT0
1 ‖Θ̃0‖+

1− ηT0
1

1 + η1
b0,

where b0 = maxi,j ‖θ∗i − θ∗j ‖. From (15), we have

‖Θ̃T0
s ‖ ≤ η

T0
2 ‖Θ̃0‖.

From the Lipschitz continuous assumption on ∇fi, we have
‖Θ̃‖ ≥ ‖∇f(Θ)‖/L̄fi . Thus

ηT0
1 +

(1− ηT0
1 )b0

(1 + η1)‖Θ̃0‖
≤ ηT0

1 +
(1− ηT0

1 )b0L̄fi
(1 + η1)‖∇f(Θ0)‖

.

By setting T0 to satisfy

ηT0
1 +

(1− ηT0
1 )b0L̄fi

(1 + η1)‖∇f(Θ0)‖
≤ ηT0

2 ,

we have

ηT0
1 ‖Θ̃0‖+

1− ηT0
1

1 + η1
b0 < ηT0

2 ‖Θ̃0‖,

which indicates ‖Θ̃T0‖ < ‖Θ̃T0
s ‖. After T0, MTGD and single

task gradient descent have same iterations. Since ‖Θ̃T0‖ <
‖Θ̃T0

s ‖, under same iterations, MTGD converges faster to the
optimal solution than the single task gradient descent.

Remark 1. To set T0 satisfy condition (12), the values of
η1 and η2 are required. However, the exact expression of
Ht is usually hard to be known. Denote ξ = diag{ξi}.
Since λi(Mt − αHt) ≤ λi(Mt − αξ ⊗ Id) and λi(IdT −
αHt) ≤ λi(IdT − αξ ⊗ Id), we can estimate η1 and η2 as
η1 = max{λi(M t − αξ)} and η2 = max{λi(IT − αξ)}.

IV. GRADIENT-FREE MULTITASKING EVOLUTIONARY
ALGORITHM

A. OpenAI ES as Approximated Gradient Descent Iteration

The key point in Algorithm 1 is the update of the mean
vector θ,

θt+1 = θt − α 1

nσ

n∑
k=1

Fkεk,

where εk ∼ N (0, Id) and Fk = F (θt + σεk). The term
1
nσ

∑n
k=1 Fkεk is in fact the estimated gradient of the expecta-

tion of F over ε. To show this under the isotropic multivariate
Gaussian distribution with fixed covariance, note that

Eε∼N (0,Id)F (θ + σε) = Ez∼N (θ,σ2Id)F (z).

According to [26], using the “log-likelihood trick”, we have

∇θEε∼N (0,Id)F (θ + σε)

=∇θEz∼N (θ,σ2Id)F (z)

=∇θ
∫
F (z)g(z|θ, σ)dz

=

∫
F (z)∇θg(z|θ, σ)dz

=

∫
F (z)∇θ log g(z|θ, σ)g(z|θ, σ)dz

=Ez∼N (θ,σ2Id)[F (z)∇θ log g(z|θ, σ)]

=Ez∼N (θ,σ2Id)[F (z)
z − θ
σ2

]

=
1

σ
Eε∼N (0,Id)[F (θ + σε)ε], (17)

where g(z|θ, σ) = 1√
(2π)dσ

e−
(z−θ)T (z−θ)

2σ2 . Since we sample

n individuals in each generation, the expectation can be
approximated as

Eε∼N (0,Id)[F (θt + σε)ε] ≈ 1

n

n∑
k=1

Fkεk. (18)

From Eq. (17) and Eq. (18), we have

lim
n→∞

1

nσ

n∑
k=1

Fkεk = ∇θEε∼N (0,Id)F (θt + σε). (19)
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Precisely, the term 1
nσ

∑n
k=1 Fkεk is asymptotically equivalent

to the gradient of the expectation of F at θt as n → ∞.
Although F is usually assumed non-differentiable in evolu-
tionary searches, Eε∼N (0,Id)F (θ + σε) is twice differentiable
with respect to θ.

B. Multi-Task Evolution Strategies

Based on the MTGD and the asymptotic equivalence of
OpenAI ES to gradient descent, a multi-task evolution strate-
gies (MTES) inheriting the derived faster convergence results
is proposed in Algorithm 2. In MTES, as shown in step 9,
the update of the mean vector θi not only depends on its
own information but also depends on information from related
tasks, quantified by the transfer coefficient mij .

Algorithm 2 Pseudocode of MTES for Task i
Input: Objective function Fi, standard deviation σ, initial
parameter θ0i and m0

ij = 0 for j 6= i, learning rate
α.

1: Set t = 0
2: while stopping criterion is not met do
3: for k = 1, ..., n do
4: Draw sample εk ∼ N (0, I)
5: Calculate fitness Fik = Fi(θ

t
i + σεk)

6: end for
7: Normalize fitness Nik = Fik−mean(Fi)

std(Fi)
8: Calculate transfer coefficient mt

ij , j ∈ Ni
9: θt+1

i =
∑T
j=1m

t
ijθ

t
j − α 1

nσ

∑n
k=1Nikεk

10: t = t+ 1
11: end while

The paradigm of MTES considering two tasks i and j is
shown in Fig. 1. As can be seen, two tasks are optimized simul-
taneously through two evolution strategies with independent
populations. The distribution parameters of the populations
are interacted through the transfer parameters mij and mji

in the updates of the mean vectors of the populations, i.e.,
θi and θj . As depicted in Fig. 1, the stopping criterion can
be determined by both tasks, i.e., stop after all the tasks are
solved. However, if we care more about one task than others,
the stopping criterion can be solely determined by the more
focused task.

C. Calculating the Transfer Coefficient

The transfer coefficient mij determines the transfer strength
of the information from task j to task i. If mt

ij = 0, j 6= i,
then there is no information transferred from task j to task i
at iteration t. If mt

ij = mt
ji ≡ 0 and the stopping criterion

is determined solely by each task, MTES separates into two
base ESs. Since the update of θ is analogous to gradient
descent, we give one simple but efficient scheme which uses
the trajectory of θ to quantify the transfer coefficients. The
pseudo code of calculating mt

ij is outlined in Algorithm 3.
The idea of Algorithm 3 is that if the mean of two populations
are approaching, better solutions are believed to be located
between the two populations. As a result, the mean vector of

Start

Initialize θ0i , θ0j , and m0
ij = I

Generate population
θi + σεk, k = 1, ..., n

Generate population
θj + σεk, k = 1, ..., n

Evaluate Fik,
k = 1, ..., n

Evaluate Fjk,
k = 1, ..., n

Stopping criterion
satisfied?

Calculate mij and mji

Update θi
using θi, θj ,
mij , Nikεk

Update θj
using θj , θi,
mji, Njkεk

End

Yes

No

Fig. 1: MTES paradigm of two tasks.

Algorithm 3 Calculating Transfer Coefficient mt
ij

Input: θt−1i , θti , θ
t−1
j , θtj

Output: mt
ij

1: Calculate the Euclidean Distance between θi and θj at iter-
ation t, i.e., Dt

ij = ‖θti−θtj‖. Set D0 =
∑
j∈Ni D

0
ij/|Ni|.

2: Calculate the distance change ∆t
ij = Dt−1

ij −Dt
ij

3: if ∆t
ij ≤ 0 then

4: mt
ij = 0

5: else
6: mt

ij = ∆t
ij

7: end if
8: Normalize mt

ij →
mtij∑

j∈Ni
mtij+D

0 , j ∈ Ni
9: Calculate mt

ii = 1−
∑
j∈Ni m

t
ij

the other task will be utilized in the updating of the mean
vector in the original task. In Algorithm 3, larger distance
change results in larger transfer coefficients. Step 8 and Step
9 aim to normalize mij to satisfy condition (4). D0 is the
mean value of the initial distance between the mean vectors.
It is used to adjust the relative importance of related tasks and
the original task. It is worth noting that other sophisticated
designs of the transfer coefficient can also be applied. As long
as condition (4) is satisfied, the convergence property will not
be violated.
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TABLE II: Properties of single-objective continuous bench-
mark problem pairs.

Index Category Task D Search Space

1 CI+HS Griewank (T1) 50 [−100, 100]
Rastrigin (T2) 50 [−50, 50]

2 CI+MS Ackley (T1) 50 [−50, 50]
Rastrigin (T2) 50 [−50, 50]

3 CI+LS Ackley (T1) 50 [−50, 50]
Schwefel (T2) 50 [−500, 500]

4 PI+HS Rastrigin (T1) 50 [−500, 500]
Sphere (T2) 50 [−50, 50]

5 PI+MS Ackley (T1) 50 [−50, 50]
Rosenbrock (T2) 50 [−50, 50]

6 PI+LS Ackley (T1) 50 [−50, 50]
Weierstrass (T2) 25 [−0.5, 0.5]

7 NI+HS Rosenbrock (T1) 50 [−50, 50]
Rastrigin (T2) 50 [−50, 50]

8 NI+MS Griewank (T1) 50 [−100, 100]
Weierstrass (T2) 50 [−0.5, 0.5]

9 NI+LS Rastrigin (T1) 50 [−50, 50]
Schwefel (T2) 50 [−500, 500]

V. EXPERIMENTAL RESULTS

In this section, experimental results on synthetic benchmark
problems [27], the practical double-pole balancing controller
design task with increasing challenging variants, and the
parameterized planar arm problems are presented to show the
efficacy of the proposed MTES. Since the evolution strategies
provides candidate solutions, we treat θ as a candidate solution
and draw n−1 εk in each generation to form the population of
size n. The stopping criterion is set as all the tasks are either
solved or terminated.

A. Synthetic Single-Objective Benchmark Functions

According to [27], nine single-objective continuous bench-
mark problems are used to test the proposed MTES against ES
(Algorithm 1). TABLE II gives a summary of the properties of
the nine problem pairs. The problem pairs are built by pairing
classical single-objective functions considering the degree of
intersection of the optima and inter-task similarity determined
by Spearman’s rank correlation. The degree of intersection can
be classified into complete intersection (CI), partial intersec-
tion (PI), and no intersection (NI). The inter-task similarity
can be classified into high similarity (HS), medium similarity
(MS), and low similarity (LS). The dimensions of the tasks
represented by D and the search space of each task are listed
in TABLE II.

The settings in MTES and ES are the same. Specifically,
the population size n is configured as 25 for each task and
the maximum function evaluations is 250000 per task. The
learning rate α and standard deviation σ are adjusted based
on the value of θ. The initial values of α and σ are set as
0.1 for both tasks. For every 1000 generations, suppose the
variation of θ is ∆θ = θt−θt−1 and the median value of |∆θ|
is s, then σ is updated to be one times the order of magnitude
of s if s < 1 and 1 otherwise. The step size α is updated as
σ2. The adapted σ and α make the perturbation scaled with
the variation of θ and serve the same purpose as local search.

TABLE III gives the averaged objective function value
obtained by the proposed MTES and ES over 30 independent

TABLE III: Objective function value of the continuous single-
objective benchmark problem sets under MTES and ES. The
results are averaged over 30 runs. The smaller the function
values the better.

Index ES MTES

T1 T2 T1 T2

1 1.20E-3 3.37E+1 1.20E-3 3.08E+1
2 6.65E+0 5.06E+1 3.27E-1 4.80E+1
3 2.00E+1 8.54E+3 2.00E+1 9.49E+3
4 3.18E+1 0.00E+0 3.06E+1 0.00E+0
5 7.32E+0 1.44E+2 5.76E-2 5.04E+1
6 1.03E+1 1.01E+1 2.81E+0 6.63E+0
7 7.78E+1 3.24E+1 4.25E+1 3.07E+1
8 0.00E+0 1.80E+1 9.76E-2 5.78E+0
9 3.06E+1 8.90E+3 4.85E+3 1.33E+4

runs. As can be seen from the results, MTES improves the
results in most cases, which showcase the efficacy of MTES.
The convergence behavior of MTES against ES is shown in
Fig. 2 for five cases: 2, 5, 6, and 7. As is clear from Fig. 2,
MTES converges faster than ES.

B. Double-Pole Balancing Problem

The pole balancing problem is a benchmark for artificial
learning where neuroevolution-based approaches are used [10],
[28], [29], [30]. The neuroevolution problems usually tend to
be high-dimensional, multi-modal, but with highly redundant
global optima, which are well-suited for ES to solve. The
basic pole balancing system consists of a pole hinged to a
cart moving on a finite track. To make the problem more
challenging for neuroevolution-based approach, a variety of
extensions to the basic pole balancing task have been made
to produce variants with different difficulties, including add a
second pole next to the other and restrict the amount of state
information available to the controller. In this experiment, we
use MTES to solve the double-pole balancing controller design
task, with the complete state information (Markovian case)
and incomplete state information where velocity information
is absent (non-Markovian case).

The double-pole balancing problem involves balancing two
different sized poles hinged on a cart that moves on a finite
track by applying a continuous force to the cart, such that
the poles do not fall beyond a predefined vertical angle. The
relative lengths of the two poles determines the difficulty of
the task. Generally, the length of the longer pole is fixed while
the length of the shorter pole ls is varied. The system becomes
harder to control as ls approaches to the length of the longer
pole [28]. Considering multiple double-pole balancing tasks
with different short pole lengths, since the tasks only differ
in the short pole lengths, solving one task can provide useful
information for other tasks, either from easier task to harder
task, or vice versa. Thus, by combining the tasks with different
short pole lengths together, MTES is used to solve multiple
tasks simultaneously.

The equations of motion of the system and parameters are
based on [28]. Forth-order Runge-Kuta integration with a step
size of 0.01 second is used to implement the dynamics. A
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Fig. 2: Convergence of the benchmark problems under MTES
and ES. The value of the best performance in each generation
is averaged over 30 runs.

neural network controller is used to output the force applied
to the cart with the input being the state variables of the
system. The optimization problem is to tune the weights of the
neural network controller such that the outputted force solves
the double-pole balancing task. The neural network controller
receives the state variables scaled to [−1.0, 1.0] and outputs
a force between [−10, 10]N every 0.02 seconds. Fitness is
determined by the number of time steps a network could keep
both poles within a predefined angle and the cart between the
ends of the track. A task is considered to be solved if the
fitness is over 105 time steps. The track is set to 4.8m long
and the predefined vertical angle within which the two poles
are kept is set to [−36◦, 36◦]. The length of the longer pole
is fixed to 1.00m. The initial position of the longer pole is set
to be 1◦ from vertical direction and the shorter pole is set to
be vertical.

1) Markovian Double-Pole Balancing: In the Markovian
case, the state variables including the cart position, the cart
velocity, the angles of the two poles, and the angular velocities
of the two poles are available as the input of the neural
network controller. A simple feedforward neural network with
ten hidden neurons is used as the controller. As a result, there
are 70 weights need to be optimized. The population size is
set to 20 and the maximum evaluation times is set to 10000
for each task. The step size α and the standard deviation σ
are both set to 0.5 via an empirical investigation.

To test MTES in solving multiple tasks simultaneously,
three tasks of different short pole lengths are considered and
different task pairs as in [10] are used. The percentage of suc-
cess runs over 30 independent runs is used as a performance
measure. To showcase the facet of multitasking, the results
obtained by ES which solves one task in a single run are
listed as a comparison. In addition, the results published in
[10] are listed in TABLE IV for comparison.

From the results, we can see that MTES performs best
among the three algorithms. Specifically, comparing the results
obtained by MTES in task pair (T2, T3) and ES for tasks T2
and T3 separately, it can be seen that by tackling the tasks in
a multitasking environment, not only the success rate for the
harder task T3 improves from 70.0% to 93.3%, the success rate
of the easier task T2 also improves from 96.7% to 100%. This
showcases the distinction between multitasking and sequential
transfer learning where only the targeted task is beneficial.
The result for the three tasks together (T1, T2, T3) also shows
that both the harder and the easier tasks are beneficial from
the multitasking environment, where useful information from
similar tasks helps boosting the performance.

We extend the experiment to solving six different tasks
simultaneously as in [10], where the short pole lengths ranging
from 0.45m to 0.70m. The percentage of success times out of
30 runs is summarized in TABLE V. The result of MFEA-
II is obtained from [10]. Overall, the results reveal that
MTES outperforms other methods in comparison. With the
transfer incorporated into the single ES, the improved results
of MTES over ES confirmed the effectiveness of conducting
multitasking. As the length of the short pole ls increases, the
task becomes harder to solve. While MFEA-II and MTES
have shown similar performance on the first three tasks, MTES
gradually outperforms MFEA-II on harder tasks T4 to T6.

2) Non-Markovian Double-Pole Balancing: In this section,
we solve the double-pole balancing problem without velocity
information, i.e., only the position of the cart and the angle of
the two poles are feed into the neural network.

This problem is much harder to solve since without the
velocity information, the network needs to be recurrent so
that the velocities can be computed internally using feedback
connections. To prevent the system from solving the task
simply by moving the cart back and forth quickly without
calculating the velocities, the fitness which penalizes oscilla-
tions introduced by [31] is used, which is the weighted sum of
two fitness component functions taken over 1000 time steps:
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TABLE IV: Success rate of three different tasks and task pairs of the Markovian double-pole balancing problem. The best
results are highlighted in bold. The dash symbol implies the absence of a task in the multitasking algorithms.

Task ls ES (T1, T2) (T1, T3) (T2, T3) (T1, T2, T3)

MTES MFEA-II MTES MFEA-II MTES MFEA-II MTES MFEA-II

T1 0.60m 100% 100% 30% 100% 30% - - 100% 47%
T2 0.65m 96.7% 100% 27% - - 100% 27% 100% 37%
T3 0.70m 70.0% - - 86.7% 7% 93.3% 27% 90.0% 17%

TABLE V: Success rate of six different tasks of the Markovian
double-pole balancing problem. The six tasks are solved
simultaneously by multitasking algorithms MTES and MFEA-
II.

Task ls ES MTES MFEA-II

T1 0.45m 100% 100% 100%
T2 0.50m 100% 100% 100%
T3 0.55m 100% 100% 97%
T4 0.60m 100% 100% 83%
T5 0.65m 96.7% 100% 63%
T6 0.70m 70.0% 96.7% 37%

F = 0.1f1 + 0.9f2,

f1 = t/1000,

f2 =

{
0 if x < 0

0.75∑t
i=t−100(|xi|+|ẋi|+|θipl|+|θ̇

i
pl|)

otherwise,

where t is the number of time steps the poles remain balanced
during the 1000 time steps, x is the cart position, ẋ is the
velocity of the cart, θpl is the angle of the longer pole, and θ̇pl
is the angular velocity of the longer pole. Following [31], the
generalization test is conducted for the sake of robustness. In
addition to balancing the poles for 1000 time steps, a controller
is tested to balance the poles from 625 different initial states,
each for 1000 time steps. If the network can generalize to at
least 200 of the 625 initial states, the network is counted as a
solution. The start values of the state variables including the
cart position, the cart velocity, the longer pole angle, and the
longer pole angular velocity are varied systematically within
the following values (-1.944, -1.08, 0.0, 1.08, 1.944)m, (-
1.215, -0.675, 0.0, 0.675, 1.215)m/s, (-0.056548, -0.031416,
0.0, 0.031416, 0.056548)rad, and (-0.135088, -0.075049, 0.0,
0.075049, 0.135088)rad/s, respectively. The initial states of the
short pole angle and angular velocity are set to zero.

A recurrent neural network with three hidden neurons is
used as the controller. The population size and the maximum
evaluation times are set the same as the Markovian case, which
are 20 and 10000 for each task, respectively. The step size α
is set to 0.1 and the standard deviation σ is set to 0.2.

Ten tasks that the short pole lengths vary from 0.10m to
0.55m are considered. The consecutive two tasks are paired
together to be solved by MTES and MFEA-II, and each task
is solved independently by ES for comparison. For the state-
of-the-art multitasking algorithm MFEA-II, the same recurrent
neural network with three hidden neurons is used. Using the
default setting from the authors, which has the same evaluation
times with MTES, the results obtained by MFEA-II show

that MFEA-II is not effective in solving the non-Markovian
double-pole balancing problem, which shows the difficulty
of this problem. TABLE VI shows the success rates over 10
independent runs of ES and MTES.

TABLE VI: Success rate of non-Markovian double-pole bal-
ancing tasks with increasing short pole lengths. Consecutive
two tasks are paired together to test the MTES.

Task Pairs Task ls(m) ES MTES

(T1, T2)
T1 0.10 100% 100%
T2 0.15 100% 100%

(T3, T4)
T3 0.20 90% 100%
T4 0.25 100% 100%

(T5, T6)
T5 0.30 100% 100%
T6 0.35 90% 100%

(T7, T8)
T7 0.40 90% 100%
T8 0.45 80% 100%

(T9, T10)
T9 0.50 60% 100%
T10 0.55 20% 90%

According to TABLE VI, it can be seen that by solving
different tasks simultaneously using MTES, the performance
is equal to or better than tackling the tasks separately using
ES. Specifically, the success rates for both tasks are improved
for task pairs (T7, T8) and (T9, T10) compared to solving
the four tasks separately. For more challenging tasks T9 and
T10, significant improvements can be observed where the
success rates improved from 60% and 20% to 100% and
90%, respectively. Then, we added two more challenging
tasks T11 and T12 with short pole lengths being 0.60m and
0.65m, respectively. The success rates of ES solving T11 and
T12 individually and MTES solving (T11, T12) as a pair are
all zero. We test the case that 6 harder tasks T7 − T12 are
solved simultaneously using MTES. The results are listed in
TABLE VII. As can be seen from the results, when solving
the six tasks together, the success rate for task T11 in MTES
improves from 0% to 20%, while the success rate for task T10
decreases from 90% to 80%, compared to solving (T9, T10)
together. This phenomenon verifies that knowledge in simpler
tasks can help to find solutions for the harder task, while the
mutual transfer may bring negative transfer for the simpler
task.

To show the efficiency of the proposed MTES, the eval-
uations used to find the solution and the generalization per-
formance are compared to existing systems which have been
demonstrated able to solve the non-Markovian double-pole
balancing task: NeuroEvolution of Augmenting Topologies
(NEAT) [29], Cellular Encoding (CE) [32], and Enforced
Subpopulation (ESP) [33]. The compared results in TA-
BLE VIII are published in [29] for the task with the short
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TABLE VII: Success rate of six harder tasks T7 − T12 of
the non-Markovian double-pole balancing problem. The six
tasks are solved simultaneously by multitasking algorithm
MTES. N.A. implies no solution obtained within the maximum
evaluation times.

Task ls(m) ES MTES

T7 0.40 90% 100%
T8 0.45 80% 100%
T9 0.50 60% 100%
T10 0.55 20% 80%
T11 0.60 N.A. 20%
T12 0.65 N.A. N.A.

TABLE VIII: Efficiency for non-Markovian double-pole bal-
ancing task with ls = 0.1m. The results are averaged over 20
runs. The generalization results are out of 625 cases in each
simulation.

Method Evaluations Generalization

CE 840,000 300.0
ESP 169,466 289.0

NEAT 33,184 286.0
MTES 1,754 278.2

pole length being 0.1m. In MTES, we solve the task pair
(T1, T2) and show the respective results for T1. TABLE VIII
shows that MTES is the fastest method on this challenging
task. It requires minimum number of evaluations, while the
generalization performance of MTES is comparable to the
comparing algorithms. The evaluations and generalization are
also compared between MTES and ES for the ten tasks
T1 − T10. Since in the multi-task environment, the variables
of the tasks are updated until all the tasks are being solved or
terminated, the evaluation times of the two tasks in the same
pair in MTES are the same. The results in TABLE IX show
that MTES requires fewer evaluations in most tasks except T1
and T9. Actually, the evaluations used for finding a solution
for T9 are 6, 940, the extra evaluations are used to facilitate
the solving of T10. Nevertheless, compare the total evaluations
used by T1 and T2 in MTES and ES, MTES still requires
fewer evaluations, which is also the case for tasks T9 and T10.
Furthermore, MTES has better generalization performance in
most tasks except T1 and T2, which show the strength of
MTES in solving harder tasks.

C. Parameterized Planar Arm

In this section, we test the MTES on the parameterized
planar kinematic arm problem adopted from [34]. A planar
kinematic arm is an arm consist of d joints and d + 1 links
that moves in a plane. The objective of the task is to find the
angle of each joint such that the tip of the arm is as close as
possible to a predefined target in the plane. By parameterizing
the arm with the length of the links, L, and the maximum angle
for each joint, αmax (all the links and joints have the same
length and angle limits), we can produce different tasks. To be
precise, a task is defined by a particular combination of L and
αmax, a candidate solution θ ∈ Rd is a d-dimensional vector
composed of the angle of each joint. The fitness function f

TABLE IX: Efficiency for non-Markovian double-pole balanc-
ing task with increasing ls. The results are averaged over 10
runs.

Task Evaluations Generalization

ES MTES ES MTES

T1 1,660 1,754 279.0 278.2
T2 2,270 1,754 304.9 280.2
T3 3,804 1,982 247.7 299.4
T4 2,528 1,982 286.2 296.6
T5 3,144 2,944 267.4 279.4
T6 4,650 2,944 222.9 249.8
T7 5,358 4,828 222.2 246.2
T8 5,702 4,828 197.0 234.6
T9 7,256 8,460 144.2 225.6
T10 9,694 8,460 41.0 200.1

TABLE X: Success rate of planar arm tasks with different
link lengths and angle limits. Two sets of six tasks are joined
together to test the MTES.

Task Groups Task L(m) αmax(rad) ES MTES

T1 − T6

T1 0.10 0.80 100.00% 100.00%
T2 0.10 0.75 90.00% 100.00%
T3 0.10 0.70 70.00% 100.00%
T4 0.10 0.65 76.67% 100.00%
T5 0.10 0.60 53.33% 100.00%
T6 0.10 0.55 23.33% 73.33%

T7 − T12

T7 0.08 0.40 96.67% 100.00%
T8 0.08 0.35 56.67% 100.00%
T9 0.07 0.40 96.67% 100.00%
T10 0.07 0.35 93.33% 100.00%
T11 0.06 0.40 96.67% 100.00%
T12 0.06 0.35 50.00% 93.33%

is the Euclidean distance from the tip position to the target
position. More details of the kinematics of the arm can refer
to [34].

In this experiment, we set the dimensionality d as 10 and
the target position as (0.5,0.5). By varying the link length L
and the angle limits αmax, we define 12 tasks, where T1 −
T6 have the same total link length of 1m and varying angle
limits ranging from 0.80rad to 0.55rad. T7−T12 have varying
link lengths for different task pairs, and the angle limits for
different task pairs are kept the same. The details of the tasks
can be seen in TABLE X. We set the total evaluation times as
10000 for each task. To use MTES, first, we solve tasks T1−T6
together, and then solve T7 − T12 together. As a comparison,
T1−T12 are solved individually using ES. A task is regarded
as success if the value of fitness function is below 0.2. We
show the success rate obtained by MTES and ES over 30 runs
in TABLE X.

As can be seen from TABLE X, solving a group of tasks
simultaneously using MTES achieves better performance than
solving the tasks individually using ES. For tasks T1 to T6,
where the link lengths L are the same, the smaller the angle
limit αmax, the lower the success rate achieved by ES, while
the success rate achieved by MTES remains relatively high
compared to ES, which shows the capability of MTES in
solving harder tasks. The tasks T7 − T12 in the second group
have varying lengths and fixed angle limits for different task
pairs, and different angle limits for the tasks within each task
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pair. As can be seen, both the link length and the angle limit
affect the success rate. The influence of the link length may
depend on the target position, the smaller the angle limit, the
harder the task, and the angle limit has a larger influence than
the link length. When the angle limits change from 0.4 to 0.35,
the performance of ES drops a lot, while MTES maintains high
success rates. The convergence of ES and MTES for the 12
tasks is plotted in Fig. 3. It can be seen that MTES converges
faster in most cases and achieves a better result in all the tasks
within a limited generation.

VI. CONCLUSION

In this paper, we proposed a novel multi-task gradient
descent (MTGD) algorithm and extended it to a novel gradient-
free evolutionary multitasking algorithm, multi-task evolution
strategies (MTES), capable of solving multiple tasks simul-
taneously while benefiting from related tasks. In contrast to
existing evolutionary multitasking algorithms, the influence of
incorporating information from other tasks has been theoreti-
cally analyzed based on the gradient descent iteration analysis.
We found out that the convergence of single task gradient
descent will not be impeded with transferring information
from other tasks as long as the transfer coefficients satisfying
certain conditions. This allows a flexible design of transferring
mechanisms. Furthermore, for symmetric transferring between
two tasks, we have proven that the convergence rate of
MTGD is faster than single task gradient descent under certain
conditions. To experimentally validate this result and to test
its implications for the case of gradient-free evolutionary
multitasking, MTES has been used to solve the synthetic multi-
task benchmark functions, the practical double-pole balancing
problems (both the Markovian and non-Markovian cases), and
the parameterized planar arm problems under a multi-task
environment. The results obtained have been compared to the
corresponding single task ES, which confirmed the efficacy
of the proposed MTES. The comparison between MTES
and other algorithms that are used to solve the double-pole
balancing problem also show the efficiency of the proposed
algorithm in solving practical optimization tasks.
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