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Abstract

Multi-output regression problems have extensively arisen in modern engineering
community. This article investigates the state-of-the-art multi-output Gaussian
processes (MOGPs) that can transfer the knowledge across related outputs in
order to improve prediction quality. We classify existing MOGPs into two main
categories as (1) symmetric MOGPs that improve the predictions for all the
outputs, and (2) asymmetric MOGPs, particularly the multi-fidelity MOGPs,
that focus on the improvement of high fidelity output via the useful informa-
tion transferred from related low fidelity outputs. We review existing symmet-
ric/asymmetric MOGPs and analyze their characteristics, e.g., the covariance
functions (separable or non-separable), the modeling process (integrated or de-
composed), the information transfer (bidirectional or unidirectional), and the
hyperparameter inference (joint or separate). Besides, we assess the perfor-
mance of ten representative MOGPs thoroughly on eight examples in symmet-
ric/asymmetric scenarios by considering, e.g., different training data (hetero-
topic or isotopic), different training sizes (small, moderate and large), different
output correlations (low or high), and different output sizes (up to four outputs).
Based on the qualitative and quantitative analysis, we give some recommenda-
tions regarding the usage of MOGPs and highlight potential research directions.

Keywords: multi-output Gaussian process, symmetric/asymmetric MOGP,
multi-fidelity, output correlation, knowledge transfer

1. Introduction

Computer simulators, e.g., computational fluid dynamics (CFD) and finite
element analysis (FEA), have gained popularity in many scientific fields to sim-
ulate various physical problems. For computationally expensive simulators, we
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usually employ surrogates to approximate the input-output relationship in order
to relieve computational budget [1, 2, 3]. As a statistical surrogate model that
provides not only the predictions but also the relevant uncertainty, Gaussian
process (GP) has been gaining widespread applications, e.g., small- or large-
scale regression [4, 5, 6], dimensionality reduction [7], Bayesian optimization
[8], uncertainty quantification [9] and time-series analysis [10].

Typical GPs are usually designed for single-output scenarios wherein the
output is a scalar. However, the multi-output problems have arisen in var-
ious fields, e.g., environmental sensor networks [11], robot inverse dynamics
[12], multivariate physiological time-series analysis [13], structural design [14],
and aircraft design [15]. Suppose that we attempt to approximate T outputs
{ft}1≤t≤T , one intuitive idea is to use the single-output GP (SOGP) to ap-
proximate them individually using the associated training data Dt = {Xt,yt},
see Fig. 1(a). Considering that the outputs are correlated in some way, mod-
eling them individually may result in the loss of valuable information. Hence,
an increasing diversity of engineering applications are embarking on the use
of multi-output GP (MOGP), which is conceptually depicted in Fig. 1(b), for
surrogate modeling.

Figure 1: Illustration of (a) the SOGP and (b) the MOGP.

The study of MOGP has a long history and is known as multivariate Kriging
or Co-Kriging [16, 17, 18, 19] in the geostatistic community; it also overlaps with
the broad field of multi-task learning [20, 21] and transfer learning [22, 23] of
the machine learning community. The MOGP handles problems with the basic
assumption that the outputs are correlated in some way. Hence, a key issue in
MOGP is to exploit the output correlations such that the outputs can leverage
information from one another in order to provide more accurate predictions in
comparison to modeling them individually.

Existing MOGPs can in general be classified into two categories: (1) symmet-
ric MOGPs and (2) asymmetric MOGPs. Symmetric MOGPs use a symmetric
dependency structure to capture the output correlations and approximate the
T outputs simultaneously. Therefore, these MOGPs usually have an integrated
modeling process, i.e., fusing all the information in an entire covariance matrix,
which leads to bidirectional information transfer between the outputs. Typ-
ically, the symmetric MOGPs attempt to improve the predictions of all the
outputs in symmetric scenarios, where the outputs are of equal importance and
have roughly equivalent training information.

On the contrary, asymmetric MOGPs, which have an asymmetric depen-
dency structure specifically designed for asymmetric scenarios, target to enhance
the primary output predictions by transferring useful knowledge from other re-
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lated secondary outputs 1. The basic assumption is that the primary output
has a few training points, but the secondary outputs, also denoted as source
domains in transfer learning [24, 25, 26], usually have sufficient training points.
Here, we particularly restrict ourselves to a hierarchical asymmetric scenario
where the simulator for the physics-based problem of interests has multiple lev-
els of fidelity. Regarding them as different outputs, the version with the highest
fidelity is the primary output, which has been deem to give the most accurate
predictions but is most time-consuming; whereas the simple and fast versions
with declining fidelities provide coarse predictions, which however include the
main features of the engineering problem and thus are useful for preliminary
exploration. This kind of asymmetric multi-output modeling is often referred
to as multi-fidelity modeling or variable fidelity modeling [27, 28, 29].

This article intends to (1) review and analyze the characteristics and dif-
ferences of the state-of-the-art symmetric/asymmetric MOGPs, (2) investigate
the potential of MOGPs over the typical SOGP on symmetric/asymmetric ex-
amples, and (3) give some recommendations regarding the usage of MOGPs.

The remainder of this article is organized as follows. Section 2 introduces the
general single-/multi-output GP modeling framework. Thereafter, the existing
symmetric and asymmetric MOGPs are reviewed and analyzed in Section 3 and
Section 4, respectively. Section 5 further discusses the inference methods as
well as the computational considerations to implement these MOGPs in prac-
tice. Subsequently, Section 6 investigates the performance and characteristics
of symmetric MOGPs on four symmetric examples. Moreover, Section 7 studies
the asymmetric/symmetric MOGPs on four asymmetric examples. Last, some
concluding remarks are provided in Section 8.

2. Single-/Multi-output Gaussian process modeling framework

In the multi-output scenario, assume that X = {xt,i|t = 1, · · · , T ; i =
1, · · · , nt} and y = {yt,i = yt(xt,i)|t = 1, · · · , T ; i = 1, · · · , nt} are the col-
lection of training points and associated observations for T outputs {ft}1≤t≤T .

Suppose that N =
∑T
t=1 nt, the matrix X ∈ RN×d has T blocks with the t-

th block Xt = {xt,1, · · · ,xt,nt
}T corresponding to the training set for output

ft; the vector y ∈ RN×1 also has T components with yt = {yt,1, · · · , yt,nt}T
corresponding to the observations of ft at Xt.

Given the training data D = {X,y} for T outputs, the task is to learn a
MOGP model as

MOGP : Ωd → Ωf1 × · · · × ΩfT

where Ωd represents the d-dimensional input space, and Ωft represents the out-
put space for ft(x). In this article, we assume that all the T outputs share the

1Though symmetric MOGPs are available in asymmetric scenarios (see the illustration ex-
amples in [13]), they may be not so effective as the particularly designed asymmetric MOGPs.
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same input space 2. Besides, for the training sets, we consider two configurations
below:

- Heterotopic data. It means the T outputs have different training sets,
i.e., X1 6= · · · 6= XT . The heterotopic data often occurs in the scenario
where the T output responses at a point x can be obtained by separate
simulations.

- Isotopic data. It indicates the T outputs have the same training set,
i.e., X1 = · · · = XT = X. The isotopic data often occurs in the scenario
where the T output responses at a point x can be obtained simultaneously
through a single simulation.

For the modeling of the outputs, this article considers two scenarios below:

- Symmetric scenario. In this scenario, the T outputs are of equal impor-
tance and have the same number of training points, i.e., n1 = · · · = nT =
n. This scenario attempts to improve the predictions of all the outputs
and has been popularly studied in multi-output regression [30]. Both the
heterotopic data and the isotopic data are available in this scenario, and
the symmetric MOGPs can be used here.

- Asymmetric scenario. In this article, it particularly refers to the hierar-
chical multi-fidelity scenario where n1 > · · · > nT . This scenario attempts
to improve the predictions of the expensive high fidelity (HF) output fT
by transferring information from the inexpensive low fidelity (LF) outputs
{ft}1≤t≤T−1. Note that only the heterotopic training data occurs in this
scenario, and both the symmetric and asymmetric MOGPs can be used
here.

Throughout the section, we first introduce the typical single-output GP mod-
eling framework, followed by the general multi-output GP modeling framework.

2.1. Single-output Gaussian process

Typical single-output GP (SOGP) attempts to approximate the target out-
put f(x) where x ∈ Rd by interpreting it as a probability distribution in function
space as

f(x) ∼ GP(m(x), k(x,x′)), (1)

which is completely defined by the mean function m(x), which is usually taken
as zero without loss of generality, and the covariance function k(x,x′). The
well-known squared exponential (SE) covariance function [4], which is infinitely
differentiable and smooth, is expressed as

kSE(x,x′) = σ2
fexp

(
−1

2
(x− x′)TP−1(x− x′)

)
, (2)

2Some works have considered the scenario where the outputs have different input spaces,
see the review paper [22].
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where the signal variance σ2
f represents an output scale amplitude; the diago-

nal matrix P ∈ Rd×d contains the characteristic length scales {l2i }1≤i≤d that
represent the oscillation frequencies along different directions.

In many realistic scenarios, we only have the observation of the exact function
value as

y(x) = f(x) + ε, (3)

where the independent and identically distributed (iid) noise ε ∼ N (0, σ2
s) ac-

counts for the measurement errors, the modeling errors, or the manufacturing
tolerances. The consideration of noise in GP is beneficial for numerical stability
[31, 32] and better statistical properties [33] 3.

Suppose that we have a set of training points X = {x1, · · · ,xn}T in the do-
main Ωd and the associated output observations y = {y(x1), · · · , y(xn)}T. Since
GP is a stochastic process wherein any finite subset of random variables follows
a joint Gaussian distribution, the joint prior distribution of the observations y
together with f(x∗) at a test point x∗ is[

y
f∗

]
∼ N

([
0
0

]
,

[
K(X,X) + σ2

sI k(X,x∗)
k(x∗, X) k(x∗,x∗)

])
, (4)

where K(X,X) ∈ Rn×n is the symmetric and positive semi-definite (PSD) co-
variance matrix with the element Kij = k(xi,xj). By conditioning the joint
Gaussian prior distribution on y, the posterior distribution of f(x∗) is analyti-
cally derived as

f(x∗)|X,y,x∗ ∼ N (f̂(x∗), σ
2(x∗)). (5)

The prediction mean f̂(x∗) and prediction variance σ2(x∗) are respectively given
as

f̂(x∗) = kT
∗ [K(X,X) + σ2

sI]−1y, (6a)

σ2(x∗) = k(x∗,x∗)− kT
∗ [K(X,X) + σ2

sI]−1k∗, (6b)

where k∗ = K(X,x∗) ∈ Rn×1 denotes the covariance between the n training
points and the test point x∗. Note that the prediction variance of y(x∗) is
σ2(x∗) + σ2

s .
To use (6a) and (6b) for prediction, we need to infer the hyperparametes θ

in the covariance function k and the noise process ε by minimizing the negative
log marginal likelihood (NLML) as

θopt = arg min
θ

NLML, (7)

where

NLML = − log p(y|X,θ)

=
1

2
yT[K(X,X) + σ2

sI]−1y +
1

2
log |K(X,X) + σ2

sI|+
n

2
log 2π.

(8)

3In the so-called “deterministic” scenario, people often deliberately omit the noise ε to
confine the GP model to an interpolator. However, Gramacy et al. [33] argued that this is a
too narrow and statistically inefficient way to approximate the underlying function.
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Alternatively, problem (7) can be solved by the efficient gradient descent algo-
rithm via the partial derivatives of the marginal likelihood w.r.t. the hyperpa-
rameters θ [4].

2.2. Multi-output Gaussian process

The MOGP intends to approximate the T outputs {ft}1≤t≤T simultaneously
by considering their correlations, with the aim of outperforming individual mod-
eling. For the convenience of presentation below, we use the isotopic training
sets X1 = · · · = XT = X ∈ Rn×d, i.e., nt = n and xt,i = xi for t = 1, · · · , T ,
though the MOGP can be readily extended to heterotopic training sets.

Similar to the SOGP, the T outputs f = {f1, · · · , fT }T are assumed to follow
a Gaussian process as

f(x) ∼ GP(0,KM (x,x′)), (9)

where the multi-output covariance KM (x,x′) ∈ RT×T is defined as

KM (x,x′) =

 k11(x,x′) · · · k1T (x,x′)
...

. . .
...

kT1(x,x′) · · · kTT (x,x′)

 . (10)

The element ktt′(x,x
′) corresponds to the covariance, i.e., the degree of corre-

lation or similarity, between outputs ft(x) and ft′(x
′).

Given the relationship

yt(x) = ft(x) + εt, (11)

where the iid Gaussian noise εt ∼ N (0, σ2
s,t) is assigned to the t-th output, the

likelihood function for the T outputs follows

p(y|f ,x,Σs) = N (f(x),Σs), (12)

where Σs ∈ RT×T is a diagonal matrix with the elements {σ2
s,t}1≤t≤T . Note

that the consideration of εt can (1) help transfer knowledge across the outputs
[34, 35], and (2) capture some output-specific features since it is related to ft.

Then, given the training set X = {X1, · · · , XT }T and the output observa-
tions y = {y1, · · · ,yT }T, the posterior distribution of f(x∗) = {f1(x∗), · · · , fT (x∗)}T
at a test point x∗ can be analytically derived as

f(x∗)|X,y,x∗ ∼ N (f̂(x∗),Σ∗). (13)

The prediction mean and variance are respectively given as

f̂(x∗) = KT
M∗[KM (X,X) + ΣM ]−1y, (14a)

Σ∗ = KM (x∗,x∗)−KT
M∗[KM (X,X) + ΣM ]−1KM∗, (14b)

where KM∗ = KM (X,x∗) ∈ RnT×T has blocks Ktt′(X,x∗) = [ktt′(xi,x∗)] for
i = 1, · · · , n and t, t′ = 1, · · · , T ; KM (x∗,x∗) ∈ RT×T has elements ktt′(x∗,x∗)
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for t, t′ = 1, · · · , T ; the t-th diagonal element of Σ∗ corresponds to σ2
t (x∗); and

ΣM = Σs ⊗ In ∈ RnT×nT is a diagonal noise matrix; the symmetric and block
partitioned matrix KM (X,X) ∈ RnT×nT is calculated by Eq. (10) as 4

KM (X,X) =

 K11(X,X) · · · K1T (X,X)
...

. . .
...

KT1(X,X) · · · KTT (X,X)

 . (15)

Similarly, the hyperparameters θM , including the parameters in {ktt′}1≤t,t′≤T
and {σ2

s,t}1≤t≤T , for the T outputs can be inferred by solving problem (7). Note

that for the sake of brevity, we use f∗t(x) ∼ GP(f̂t(x), σ2
t (x)) to represent the

posterior distribution of ft(x) given the observations throughout the article.

Figure 2: Categories of the existing MOGPs.

It is found that the performance of MOGP depends on the admissible multi-
output covariance structure KM (x,x′) that should be capable of (1) building a
PSD covariance matrix KM (X,X) in Eq. (15), and (2) capturing the output
correlations and transferring available information across outputs. In the fol-
lowing sections, we review and analyze the characteristics and differences of the
existing MOGPs categorized in Fig. 2.

3. Symmetric MOGP

By treating the outputs equally, the key in symmetric MOGP is to develop
symmetric covariance functions in order to capture the output correlations for

4In general setting, we can write the block in the matrix as Ktt′ (Xt, Xt′ ) ∈ Rnt×nt′ for
1 ≤ t, t′ ≤ T .
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sharing useful information across the outputs as much as possible. Here we
classify the symmetric MOGPs into three core categories: (1) separable models
that treat the inputs and outputs separately; (2) process convolution that adopts
a non-separable mixture of inputs and outputs; and (3) simple transformation
models that decompose the multi-output process into a series of single-output
processes by treating outputs as inputs.

3.1. Separable models

3.1.1. Linear model of coregionalization

The most widely used generative approach for developing admissible multi-
output covariance functions was pioneered in the geostatistics community, known
as linear model of coregionalization (LMC) [36, 37, 38, 39]. The LMC, as shown
in Fig. 3, expresses the outputs as a linear combination of Q latent functions as

ft(x) =

Q∑
q=1

at,quq(x), (16)

where the latent function uq(x) is assumed to be a Gaussian process with zero
mean and covariance as cov[uq(x), uq(x

′)] = kq(x,x
′), and at,q is the coefficient

for uq(x). It is observed that the T outputs in the symmetric LMC model are
formulated similarly, and they only differ in the coefficients which measure the
output correlations. The LMC model can be expressed in a matrix formulation
as

f(x) = Bu(x), (17)

where f(x) = [f1(x), · · · , fT (x)]T, u(x) = [u1(x), · · · , uQ(x)]T, and B ∈ RT×Q
is a matrix with the t-th row as Bt,: = [at,1, · · · , at,Q].

Figure 3: Graphical model of the LMC.

Besides, the LMC model introduces an independent assumption uq(x) ⊥
uq′(x

′), i.e., cov[uq(x), uq′(x
′)] = 0, for q 6= q′. Consequently, the cross covari-
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ance between two outputs ft(x) and ft′(x
′) can be expressed as

ktt′(x,x
′) =

Q∑
q=1

Q∑
q′=1

at,qat′,q′cov[uq(x), uq′(x
′)]

=

Q∑
q=1

at,qat′,qkq(x,x
′).

(18)

Due to the decoupled inputs and outputs in the covariance structure, the LMC is
known as a separable model [40]. Besides, it has been pointed out that the linear
combination of several covariance functions still results in a valid covariance
function, i.e., ktt′(x,x

′) in Eq. (18) is admissible [4]. Next, the multi-output
covariance KM (x,x′) in Eq. (10) can be expressed as

KM (x,x′) =

Q∑
q=1

Aqkq(x,x
′), (19)

where Aq ∈ RT×T is a symmetric and PSD correlation matrix (also called
coregionalization matrix) wherein the element Aqtt′ = at,qat′,q.

Particularly, if Q = 1 we derive the intrinsic coregionalization model (ICM)
[41], with the multi-output covariance simplified as

KM (x,x′) = Ak(x,x′), (20)

where A ∈ RT×T has the element Att′ = atat′ that represents the correlation
between ft(x) and ft′(x

′). Given the training points X1 = · · · = XT = X, we
have the covariance matrix for the ICM model as

KM (X,X) = A⊗K(X,X). (21)

Compared to the LMC, the ICM is more restrictive since it uses only a single
latent process to capture the possible variability across outputs. But due to the
Kronecker product, the computational complexity of the ICM can be greatly
reduced [34].

3.1.2. Considerations of implementing LMC/ICM

In order to implement the LMC/ICM for multi-output modeling, we need
to specify the latent covariance functions {kq}1≤q≤Q and learn the correlation
matrices {Aq}1≤q≤Q. As for the Q latent covariance functions, all of them
can simply use the SE function in Eq. (2) but own different hyperparameters
{θq}1≤q≤Q; or furthermore, they can choose completely different function types.
As for the number Q of covariance functions, it has been pointed out that a large
value ofQ produces an expressive and flexible model. For example, if the outputs
have different characteristics, e.g., different length scales, the Q > 1 covariances
are capable of describing such variability [40]. The Q value is unrestricted, and
in practice some researchers have recommended, e.g., Q = 2 latent processes
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[42], or Q = T latent processes [43]. The further increase of Q seems to yield
little improvements, while significantly increasing the computational demands
since we need to infer many hyperparameters in the Q latent processes.

In terms of learning the correlation matrix, the simplest way is to have
Aq = I, which indicates that the outputs are uncorrelated. Consequently, the
matrix KM (X,X) is block diagonal. In this case, the output correlations are
buried in kq by sharing the hyperparameters θq across all the outputs [44].
There are some other parameterization choices of Aq, e.g., Aq = 1 and Aq =
1+αI [45]. To improve flexibility, Osborne et al. [46] employed the ICM model
and parameterized the correlation matrix as A = diag(e)STSdiag(e), where e
corresponds to the length scale of each output and S is an upper triangular
matrix describing the particular spherical coordinates of points. Besides, the
semi-parametric latent factor model (SLFM) [47] defines the correlation matrix
as Aq = aqa

T
q where aq = {at,q}1≤t≤T . In this case, Aq has a rank of one, and

is equivalent to the free-form parameterization in what follows for P = 1.
Bonilla et al. [34] introduce a general “free-form” strategy to parameterize Aq

based on the Cholesky decomposition Aq = LLT, which guarantees the positive
semi-definiteness of Aq. The lower triangular matrix L is parameterized as

L =


a1 0 · · · 0
a2 a3 · · · 0
...

. . .
...

aw−T+1 aw−T+2 · · · aw

 , (22)

where w = T (T + 1)/2 is the number of correlation parameters. It has been
pointed out that the free-form parameterization allows the elements of Aq to
scale freely for each pair of outputs, thus enhancing the ability to well estimate
the output correlations [13]. However, a full rank Aq has T (T +1)/2 correlation
parameters, leading to a high dimensional inference problem with the increase
of outputs. To mitigate this issue, an incomplete-Cholesky decomposition is
used in [34] to build a rank-P approximation of Aq as

Aq ≈ Ãq = L̃L̃T, (23)

where L̃ is a T ×P (P ≤ T ) matrix, and consequently, the rank of Aq now is P .
With the increase of P , Eq. (23) is enabled to estimate the output correlations
more accurately and flexibly, but requiring more computational cost due to
the increasing number of correlation parameters. The ICM model with the
correlation matrix A parameterized by Eq. (23) is referred to as multi-task
Gaussian process (MTGP) [34]. For problems with several outputs, we prefer
using a full rank Aq; while for problems with many outputs, e.g., a dataset
with 139 outputs in [34], the P -rank parameterization is required for alleviating
computational budget.

3.1.3. Extensions of the LMC

In the LMC framework, the latent function uq(x) shares the same hyperpa-
rameters θq for all the outputs. As a result, these Q shared processes {uq}1≤q≤Q
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help transfer the common information across outputs. However, except the cor-
related common features, the outputs themselves may have some unique features
that have not yet been considered in the LMC framework.

Figure 4: Graphical model of the CoMOGP.

Therefore, as shown in Fig. 4, Nguyen et al. [42] proposed a collaborative
MOGP (CoMOGP) based on the common-specific decomposition as

ft(x) =

Q∑
q=1

at,quq(x) + vt(x), (24)

where the first Q shared processes in the right-hand side correspond to the
common features of the outputs, whereas the output-specific process vt(x) cor-
responds to the specific features of ft(x) itself. Similar to the role of Q > 1 in
LMC, the output-specific process also has the ability to explicitly capture the
variability of outputs. Besides, this “explaining away” term may help reduce
negative transfer across outputs [48].

Based on the independent assumptions uq(x) ⊥ vt(x
′) and uq(x) ⊥ uq′(x

′)
for 1 ≤ q 6= q′ ≤ Q and 1 ≤ t ≤ T , the covariance function between ft(x) and
ft′(x

′) is given as

ktt′(x,x
′) =



Q∑
q=1

a2t,qkq(x,x
′) + kt(x,x

′), t = t′,

Q∑
q=1

at,qat′,qkq(x,x
′), t 6= t′.

(25)

Consequently, the multi-output covariance is written asKM (x,x′) = [ktt′(x,x
′)]1≤t,t′≤T .

The common-specific decomposition idea has also been explored in [19], known
as common component model (CCM). A recent work [49] further decomposes
the specific process vt(x) into a weighted-sum formulation in order to handle
diverse data structures in multi-output modeling.
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There are some other extensions of typical LMC, for example, the non-
stationary MOGP by using a spatially varying correlation matrix [50, 51], the
combination of the LMC and the Bayesian treed Gaussian process [52, 53], and
the self-measuring MTGP that uses the information of outputs to construct
informative correlation matrix [54, 55].

3.2. Process convolution: a non-separable model

As has been introduced before, the LMC model uses a linear combination of
several independent latent processes to represent the correlated outputs. The
performance of this separable model, especially the ICM model, may be limited
in some scenarios where for example one output is a blurred version of the
other [56]. This is because the model shares the same hyperparameters for
a latent process across the outputs, see Eq. (16). Here we introduce another
way beyond the separable model, called process convolution (CONV). It is a
non-separable generative model that can build valid covariance functions for
multi-output modeling by convolving a base process with a smoothing kernel.
Different from the LMC, the flexible CONV allows to mimic each output using
individual hyperparameters. Besides, it has been pointed out that the convolved
process is ensured to be a Gaussian process if the base process is a Gaussian
process, which makes it analytically tractable.

Figure 5: Graphical model of the CONV, where the symbol ? represents a convolution oper-
ation.

As shown in Fig. 5, in the convolved multi-output modeling framework, the
output ft(x) can be expressed by convolving a smoothing and output-dependent
kernel gt(.) with a common base process u(.) as [17]

ft(x) =

∫ ∞
−∞

gt(x− z)u(z)dz. (26)

This expression captures the shared and output-specific features of the outputs
by a mixture of common and specific latent processes [43]. With the indepen-
dence assumption gt ⊥ gt′ , the cross covariance between ft(x) and ft′(x

′) is

ktt′(x,x
′) =

∫ ∞
−∞

gt(x− z)gt′(x
′ − z′)k(z, z′)dzdz′. (27)
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Alvarez et al. [56] pointed out that if we take the smoothing kernel to be the
Dirac delta function, i.e., gt(x − z) = atδ(x − z), Eq. (27) degenerates to the
LMC model in Eq. (16) with Q = 1. That is, compared to the static mixture
in the LMC, the CONV can be regarded as a dynamic version of the LMC
due to the smoothing kernel. Note that for defining more complex covariance
functions, Eq. (27) can be extended with Q > 1, i.e., allowing multiple convo-
lutions, see [56]. Moreover, similar to the common-specific decomposition idea,
Boyle et al. [57] developed a dependent GP model using multiple convolutions
corresponding to different features of the outputs.

In practice, we usually assume that the base process u(z) is a white Gaussian
noise [17]. Consequently, Eq. (27) can be simplified as

ktt′(x,x
′) =

∫ ∞
−∞

gt(x− z)gt′(x
′ − z)dz. (28)

By using fourier analysis and SE function for the smoothing kernel, the covari-
ance can be analytically derived as [58]

ktt′(x,x
′;σf,t, Pt, σf,t′ , Pt′) = 2n/2σf,tσf,t′

|Pt|1/4Pt′ |1/4√
|Pt + Pt′ |

× exp
(
−(x− x′)T(Pt + Pt′)

−1(x− x′)
)
,

(29)

where σf,t and σf,t′ are the signal variances for ft(x) and ft′(x
′), respectively;

the diagonal matrix Pt ∈ Rd×d contains the length scales along each input
direction for output ft(x), and similarly, Pt′ has the length scales for ft′(x

′).
We can see that Eq. (29) is equivalent to the original SE covariance function
in Eq. (2) when t = t′, thus allowing to preserve the individual characteristics
of each output in the multi-output modeling framework. Note that the base
process can be extended as a general Gaussian process rather than a white
noise [59, 60]. For some recent variants of the CONV models, please refer to
[61, 62].

It is found that the hyperparameters in Eq. (29) are related to each output,
leaving no free parameters to explicitly describe the output correlations. To
complete and enhance the multi-output modeling process, we need to specify
the parameters to capture the output correlations, e.g., by the free-form strategy
in Eq. (23). As a result, the multi-output covariance for the CONV model can
be expressed as KM (x,x′) = [att′ktt′(x,x

′)]1≤t,t′≤T . Wagle et al. [62] developed
a similar model, called forward adaptive transfer GP (FAT-GP), for two-output
cases by using the covariance in Eq. (29) and a single output similarity factor λ.
There are also some other ways, e.g., space partition [63], to enable the freedom
in capturing output correlations.

Last, we have known that the CONV model is able to take into account the
output-specific features by using an output-dependent convolution process, see
Eq. (26). As has been pointed out before, we can improve the ability of the LMC
to capture output-specific features by increasing the Q value, i.e., adopting more
latent processes with different characteristics. Another way to achieve this is
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to employ a framework like the common-specific decomposition in Eq. (24) to
explicitly account for the output-specific features. One advantage of the CONV
is that it offers a simpler model to describe the data [56].

3.3. Simple transformation models: treating outputs as inputs

The above Bayesian MOGPs employ an integrated modeling process wherein
all the information of the outputs are fused in a multi-output covariance ma-
trix KM (X,X), and the hyperparameters are inferred jointly. Recently, some
simple multi-output models that employ a kind of decomposed modeling process
have been proposed. These models are easy to implement and can be applied
to any surrogate model. Borchani et al. [30] denoted them as problem transfor-
mation methods, because they attempt to transform the multi-output modeling
process into a series of successive single-output modeling processes by treat-
ing outputs as inputs. In what follows, we introduce two simple multi-output
modeling approaches [64], stacked single-target (SST) and ensemble of regressor
chains (ERC), that are motivated by some successful multi-label classification
approaches.

3.3.1. Stacked single-target

The SST is developed from the stacked generalization idea [65] in multi-
label classification. The stacking strategy has also been used for multi-output
sampling [66]. The key of SST is to use the predicted outputs as inputs to
correct the predictions.

The SST training process has two stages. In the first stage, we use the
training data Dt = {Xt,yt} to build the first-stage model f∗t(x) for each of
the T outputs. In the second stage, we augment a point x by involving the
predictions as x′ = [x, f̂1(x), · · · , f̂T (x)]. Thereafter, we use the transformed
training data D′t = {X ′t,yt} to learn a new second-stage surrogate model f ′∗t(x

′)
for each output.

The prediction process at a test point x∗ also has two stages. In the first
stage we use the first-stage models {f∗t(x)}1≤t≤T to have predictions at x∗
in order to transform it as x′∗ = [x∗, f̂1(x∗), · · · , f̂T (x∗)]. Then, we use the
second-stage models {f ′∗t(x′)}1≤t≤T to produce the final predictions at x′∗ for
the outputs.

3.3.2. Ensemble of regressor chains

The ERC is derived from the idea of multi-label classifier chains that chains
single-output models [67]. It begins by selecting a random chain of the outputs
and then builds surrogates for the ordered outputs successively. Given an ran-
domly permuted chain set C where the integer 1 ≤ Ct ≤ T represents the index
of an output, the training process of ERC is described as below. First, the train-
ing data DC1 = {XC1 ,yC1} is used to fit a model f∗C1(x) for fC1(x). Then,
the subsequent surrogate model f∗Ct

(x) for fCt
(x) is fitted to a transformed

training data D′Ct
= {X ′Ct

,yCt
} where X ′Ct

= [X ′Ct
,yC1

, · · · ,yCt−1
].

The prediction process at a test point x∗ is similar. We first use the model
f∗C1

(x) to have a prediction f̂C1
(x∗) for the first output. Then, we transform
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the point x∗ as x′∗ = [x∗, f̂C1(x∗)], and use f∗C2(x) to predict for the second
output at x′∗. We can have the predictions for all the outputs at x∗ by repeating
the above process.

The main disadvantage of ERC is that it is sensitive to the selection of chains
order C [67]. Alternatively, an ensemble strategy can be employed where we
generate s (s ≤ T !) chains and the final predictions come from averaging the
results of s chains.

3.3.3. Discussions

The main advantage of the simple models is the ease of implementation
with existing surrogates. Besides, some theoretical insights [68, 69, 70] pointed
out that the consideration of additional features to transform the training data
helps SST and ERC reduce the model bias at the cost of increasing the model
variance. The main drawback is that the SST and ERC are hard to understand
and interpret for multi-output cases. That is, they have no clear mechanism
to describe the output correlations, which may affect the prediction quality.
Besides, the performance of these simple strategies are affected by the base
surrogate models. Since the GP is a strong surrogate model, it may be difficult to
gain improvements over individual modeling using the SST and ERC methods.

4. Asymmetric MOGP

This article particularly focuses on the hierarchical multi-fidelity scenario
where the T outputs represent the simulators with different levels of fidelity for
the same task. These outputs {ft}1≤t≤T are sorted by increasing fidelity, i.e.,
fT has the highest fidelity and f1 has the lowest fidelity. Besides, they have
a hierarchical training sets as n1 > · · · > nT . Hence, the asymmetric MOGP
devotes to transferring information from the inexpensive T − 1 LF outputs for
enhancing the modeling of the expensive HF output.

The LF outputs in the multi-fidelity scenario usually come from simplified
analysis models by using, e.g., (a) the coarse finite element meshes; (b) the re-
laxed boundary or convergence conditions; and (c) the Euler governing equations
instead of the Navier-Stokes viscous equations. In practice, we cannot afford
extensive HF simulations at many training points. Hence, the multi-fidelity
modeling utilizes the correlated yet inexpensive LF information to enhance the
expensive HF modeling.

An asymmetric dependency structure is required for effective asymmetric
MOGPs. In the multi-fidelity scenario, the discrepancy-based MOGPs have
gained popularity. We classify them into two categories, including Bayesian
discrepancy-based models and simple discrepancy-based models.

4.1. Bayesian discrepancy-based models

Similar to Eq. (17), the discrepancy-based asymmetric model can be de-
scribed in the separable LMC-like framework as

f(x) = BLu(x). (30)
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To have a hierarchical and ordered structure for the asymmetric scenario, BL ∈
RT×T now is a lower triangular matrix, and u(x) contains T latent processes.
Particularly, based on a Markov property (see Eq. (48)), Kennedy et al. [71]
presented an autoregressive model, a variant of Eq. (30), for different levels of
fidelity. This model is an extension to the Co-Kriging (CoKG) model that was
developed in the geostatistics community as a multi-variate Kriging [72], and
can be expressed in a recursive form as

ft(x) = at−1ft−1(x) + δt(x), 2 ≤ t ≤ T, (31)

where at−1 represents the correlation factor between adjacent fidelity levels ft(x)
and ft−1(x), and δt(x) represents the discrepancy between ft(x) and ft−1(x).
This model follows the independent assumption that ft−1(x) ⊥ δt(x). Com-
pared to the symmetric model in Eq. (16), the model, as shown in Fig. 6, uses
a recursive asymmetric structure to achieve the information transfer from the
LF outputs to the HF output.

Figure 6: Graphical model of the CoKG.

For the CoKG model, the cross and self covariances can be formulated as

kt(t−1)(x,x
′) = at−1kt−1(x,x′), (32a)

kt(x,x
′) = a2t−1kt−1(x,x′) + kδt(x,x

′), (32b)

where kt−1(x,x′) is the covariance of ft−1(x), and kδt(x,x
′) is the covariance

of δt(x). More deeply, based on the recursive formulation in (31), we have

ktt′(x,x
′) =

(
t−1∏
i=t′

ai

)
kt′(x,x

′), ∀t > t′, (33a)

kt(x,x
′) =

(
t−1∏
i=1

a2i

)
k1(x,x′) +

t−1∑
j=2

t−1∏
i=j

a2i

 kδj (x,x′) + kδt(x,x
′). (33b)

Consequently, the two equations are used to form the multi-output covariance
KM (x,x′) = [ktt′ ]1≤t,t′≤T . Note that Qian et al. [73] and Leen et al. [48] also
provided an equivalent modeling framework in different views.

It is found that the CoKG model is similar to the CoMOGP model: both
of them employ the “explaining away” term to represent the specific features,
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which eases the multi-output modeling process. Particularly, the CoKG con-
siders all the specific features in an asymmetric expression, which enables the
asymmetric transfer from the LF outputs to the HF output.

Several improvements regarding the CoKG model have been developed re-
cently. To speed up the model efficiency, Le Gratiet et al. [74, 75] derived a
recursive formulation that is capable of building a T -level CoKG model through
building T independent Kriging models successively. Burnaev et al. [76] and Za-
ytsev et al. [28] enabled the CoKG to handle a large training size via sparse ap-
proximation. A recent interesting work by Perdikaris et al. [77] extended CoKG
to handle cases with up to 105 inputs and 105 training points through data-
driven dimensionality reduction techniques and a graph-theoretic approach.

In order to improve the prediction quality, some works [27, 78] attempted
to utilize the gradient information in the context of CoKG. Given a limited
computational budget, Zaytsev et al. [79] derived a formula to determine the
optimal shares of variable fidelity points by minimizing the maximal interpola-
tion errors of the CoKG model and taking into account the computing ratios
between fidelity levels. Besides, instead of using a constant correlation factor,
Han et al. [27] parametrized it via a polynomial form and organized the model
as

ft(x) = pT(x)at−1ft−1(x) + δt(x), (34)

where p(x) = [1, p1(x), · · · , pq(x)]T contains 1 + q basis functions, and at−1 =
[a0, · · · , aq]T is the corresponding correlation factors. This flexible formulation
enables CoKG to handle multi-fidelity cases with nonlinear correlations. Fur-
thermore, Perdikaris et al. [80] generalized the CoKG model as

ft(x) = zt−1(ft−1(x)) + δt(x), (35)

where zt−1(x) is a function that maps ft−1(x) to ft(x), and can be assigned with
a GP prior. The nonlinear mapping of a Gaussian distribution zt−1(ft−1(x)),
however, is intractable in practice. To keep the analytical tractability of the
Bayesian model, the authors replaced the GP prior of ft−1(x) with the posterior
distribution f∗t−1(x) from the previous fidelity level. Thereafter, a structured
covariance function is introduced as

kt(x,x
′) = kzt−1

(x,x′)kt−1(f∗t−1(x), f∗t−1(x′)) + kδt(x,x
′). (36)

Note that in this nonlinear CoKG (nlCoKG) model, the posterior distribution
p(ft(x∗)|Xt,yt,x∗) is no longer Gaussian, since the point is transformed to
[x∗, f∗t−1(x∗)] that contains uncertain inputs. To obtain the posterior distribu-
tion, we can integrate out f∗t−1(x∗) as

p(f∗t(x∗)) =

∫
p(ft(x∗, f∗t−1(x∗)))p(f∗t−1(x∗))dx∗. (37)

This model has been showed to be capable of handling multi-fidelity data with
nonlinear, non-functional and space-dependent output correlations. Another
improvement is achieved by the calibration strategy that is a means to tune
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physical parameters in order to obtain the best agreement between the predic-
tions and the actual values. Kennedy et al. [81] presented a calibration CoKG
model as

ft(x) = at−1ft−1(x;θc) + δt(x), (38)

where θc is the calibration parameters that should be tuned in order to achieve
the best agreement between ft(x) and ft−1(x). The calibration framework
brings about great flexibility at the cost of estimating many hyperparameters.

4.2. Simple discrepancy-based models

Instead of building the models in a Bayesian view, there are some simple
multi-fidelity models, e.g., the multiplicative model ft(x) = at−1ft−1(x) [82, 83]
and the additive model ft(x) = ft−1(x) + δt(x) [84]. The simple discrepancy-
based model (SDM) ft(x) = at−1ft−1(x) + δt(x) further combines the multi-
plicative model and the additive model to yield better results [85, 29]. The SDM
provides a decomposed modeling process by building the models for the outputs
individually and estimating the correlations separately, which makes it easy to
implement and be extended to existing surrogates, e.g., radial basis functions
(RBF) [86, 87, 88].

The SDM usually decomposes the modeling process into four steps: (1)
fit the low fidelity model f∗t−1(x); (2) estimate the correlation factor at−1
using an error criterion; (3) fit the discrepancy model δ∗t(x) to the train-

ing data {Xt,yt − at−1f̂t−1(Xt)}; and finally (4) build the surrogate model
as f∗t(x) = at−1f∗t−1(x) + δ∗t(x). In step (1), if t = 2, we fit f∗1(x) to
the training data {X1,y1}; otherwise, we repeat the above steps to obtain
f∗t−1(x) = at−2f∗t−2(x) + δ∗t−1(x). In step (2), the factor at−1 is often op-
timized as [29]

at−1 = arg min
a

∑
x∈Xt

|yt(x)− af̂t−1(x)|. (39)

In our testing, the criterion (39) often cannot provide a good estimation of
at−1. We present here a new criterion to obtain at−1 when using the GP to
approximate the outputs. It is found that the prediction variance of f∗t(x) is
expressed as

σ2
t (x) = a2t−1σ

2
t−1(x) + σ2

δt(x; at−1), (40)

where σ2
t−1(x) is the prediction variance of f∗t−1(x), and σ2

δt
(x; at−1) is the

prediction variance of δ∗t(x). Note that σ2
δt

depends on the factor at−1 because

yδt = yt − at−1f̂t−1(Xt). According to the bias-variance decomposition [89],
the generalization error et of f∗t(x) is

et =

∫
(yt(x)− f̂t(x))2 + σ2

t (x)dx. (41)

The bias term (yt(x) − f̂t(x))2 is usually unknown because of the unaccessible
exact observation yt(x) at an unobserved point x; however, the variance term
σ2
t (x) is available for the GP model. Hence, in order to reduce the generalization
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error of the model, we can decrease the integrated mean square error (IMSE)∫
x
σ2
t (x)dx. Along this line, the correlation factor can be optimized as

at−1 = arg min
a

∫
a2σ2

t−1(x) + σ2
δt(x; a)dx. (42)

Eq. (42) attempts to obtain an optimal at−1 to minimize the overall uncertainty
of f∗t(x), thus minimizing the generalization error et.

5. Inference and computational considerations

In order to implement the above reviewed MOGPs, we need to infer the hy-
perparameters and the correlation parameters (also treated as hyperparameters
if possible). Similar to the SOGP, the hyperparameters can be inferred by maxi-
mizing the marginal likelihood p(y|X,θM ), i.e., solving an auxiliary min-NLML
problem as (7). The partial derivatives of the NLML w.r.t. the hyperparameters
θM are analytically derived as [4]

∂NLML

∂θjM
= −1

2
yTK−1y

∂Ky

∂θjM
K−1y y +

1

2
tr

(
K−1y

∂Ky

∂θjM

)

=
1

2
tr

(
(K−1y −ααT )

∂Ky

∂θjM

)
,

(43)

where Ky = KM (X,X) + ΣM and α = [KM (X,X) + ΣM ]−1y. With the avail-
able derivative information, we employ the efficient gradient descent algorithm
to solve problem (7).

It is found that the computational complexity of problem (7) depends on the
calculation of K−1M (X,X) and the dimensionality (i.e., the number of hyperpa-
rameters in θM ). Suppose that this article adopts the SE covariance function
kSE in Eq. (2) that contains d+ 1 hyperparameters for all the latent processes
in the MOGPs throughout. Table 1 lists the computational complexity of calcu-
lating K−1M in each of ten representative MOGPs in the second column; besides,
the last three columns provide the number of hyperparameters in each MOGP,
including the nc correlation parameters, the nSE covariance parameters and the
nnoise noise parameters.

In terms of the computational complexity of K−1M , it represents (1) the type
of modeling process (integrated or decomposed), (2) the type of information
transfer (bidirectional or unidirectional) and (3) the type of hyperparameter
inference (joint or separate). It is found that the first four Bayesian symmetric
MOGPs (MTGP, SLFM, CoMOGP and CONV) employ an integrated multi-
output covariance matrixKM (X,X) in Eq. (15) to fuse the information of all the

outputs. Hence, they have to calculate the inverse of an N ×N (N =
∑T
t=1 nt)

matrix, leading to the computational complexity of O(N3). The integrated
modeling process means that the information is transferred bidirectionally be-
tween the outputs, which is beneficial for the improvement of all the outputs.
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Table 1: The characteristics of ten representative MOGPs, including the computational com-
plexity of K−1

M and the number of hyperparameters to be inferred.

Model K−1
M nc nSE nnoise

MTGP [34] O(N3) T (T + 1)/2 d+ 1 T

SLFM [47] O(N3) QT (T + 1)/2 Q(d+ 1) T

CoMOGP [42] O(N3) QT (T + 1)/2 (T +Q)(d+ 1) T

CONV [58] O(N3) T (T + 1)/2 T (d+ 1) T

SST [64] O((n+ T )3) N/A T (d+ 1) + T (d+ T + 1) 2T

ERC [64] O((n+ T )3) N/A s[T (d+ 1) + T (T − 1)/2] sT

CoKGa [71] O(N3) T − 1 T (d+ 1) T

CoKGb [15] O(n3) T − 1 T (d+ 1) T

nlCoKG [80] O(n3) (T − 1)(d+ 1) 2(T − 1) + T (d+ 1) T

SDM O(n3) T − 1 T (d+ 1) T

Also, an inevitable situation arises that the hyperparameters θM , including the
correlation parameters, the covariance parameters and the noise parameters, for
all the outputs should be inferred simultaneously, which makes the min-NLML
problem (7) a non-trivial high-dimensional optimization task. Contrarily to
the four Bayesian symmetric MOGPs, the two transformation models SST and
ERC, which treat outputs as inputs, need to invert a covariance matrix with
the size up to (n+ T )× (n+ T ). But due to the decomposed modeling process,
the hyperparameters for each output can be inferred separately.

As for the four asymmetric MOGPs (CoKGa, CoKGb, nlCoKG and SDM),
three of them are allowed to decompose the multi-output model into a series of
sub-models. Consequently, given n1 = · · · = nT = n, they only need to invert
an n × n covariance matrix K(X,X), reducing the computational complexity
to O(n3). Besides, the hierarchical and decomposed modeling process lets them
unidirectionally transfer information from the LF outputs to the HF output. At
the same time, they can infer the hyperparameters for the outputs separately.
Note that the decomposed modeling process is supported by the fact that the
inexpensive LF outputs can afford more training points than the HF output in
the multi-fidelity scenario.

It is worth noting that for the CoKG model [71], the hyperparameters θM
can be inferred jointly as usual, i.e., it runs as an integrated modeling process.
More efficiently, for the deterministic (i.e., noise-free) cases with nested training
sets (i.e., XT ⊆ XT−1 ⊆ · · · ⊆ X1), Kennedy et al. [71] and Le Gratiet et
al. [74] have derived that the multi-output modeling process can be decomposed
into T successive and independent modeling processes, allowing to infer the
hyperparameters for each output separately. The successive process is as follows:
(1) build the (t− 1)-level model f∗t−1(x); (2) estimate the hyperparameters θt
and the correlation factor at−1 jointly to build δ∗t(x); and (3) obtain the t-
level model f∗t(x) = at−1f∗t−1(x) + δ∗t(x). It is found that this decomposed
modeling process is similar to that of the SDM with the only difference occurs
in step (2): the SDM estimates at−1 separately, whereas the CoKG treats it as
a hyperparameter and estimates it and θt jointly.
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For many realistic cases, however, we can only have some observations of
the function f(x), which might contain noise; the provided training sets for
the outputs might not follow the nested property. Hence, for the general cases
considered in this article, we employ two versions of CoKG for the comparison
purpose. The first is the integrated CoKGa that infers all the hyperparameters
jointly. The second is the decomposed CoKGb that infers the hyperparameters
for the outputs separately. The CoKGb is approximately available for general
cases here because in the multi-fidelity scenario, the relatively cheap LF outputs
can afford many training points; thus the prediction f̂t−1(xt,i) is accurate with a
very small variance, i.e., it can be regarded as a deterministic quantity. Similar
to the CoKGb, the nlCoKG also runs in a decomposed fashion, see the details
in [80].

Another noteworthy thing is that, though inferring the hyperparameters for
the outputs separately, the SDM finds the optimal at−1 by solving the aux-
iliary problem (42), wherein the discrepancy model δ∗t(x) should be refitted
frequently. Hence, the SDM modeling process is time-consuming.

In terms of the number of hyperparameters, the ICM-type (Q = 1) MTGP
model [34] needs to infer T (T + 1)/2 correlation parameters due to the full rank
correlation matrix parameterized by Eq. (22), d+1 covariance parameters for the
single latent process, and T noise variances for each of the outputs (see Eq. (11)).
While for the LMC-type SLFM model [47], this article employs the full rank
free-form strategy to parametrize the correlation matrix Aq. Hence, we should
infer QT (T + 1)/2 correlation parameters, Q(d+ 1) covariance parameters, and
T noise parameters. Compared to the SLFM model, the CoMOGP model [42]
needs to infer T (d + 1) more parameters due to the additional output-specific
processes {vt}1≤t≤T in Eq. (24). The SST model needs to infer T (d + 1) + T
hyperparameters in the first stage to build T GP models individually; it then
infers T (d + T + 1) + T hyperparameters in the second stage to build T GP
models individually by the transformed input data. Similarly, the ERC model
needs to infer T (d+ 1) + T (T − 1)/2 + T hyperparameters to successively build
T GP models using one of the s regressor chains. For the four asymmetric
MOGPs, the CoKGs [71, 15] and the proposed SDM have the same number of
hyperparameters, while the nlCoKG [80] has more hyperparameters due to the
complex covariance function (36).

Finally, to reduce the computational complexity of calculating K−1M for cases
with large-scale training data, some sparse approximations that use m (m� N)
inducing points to approximate the large covariance matrix, or use the varia-
tional inference to approximate the lower bound of p(y), have been applied to
MOGPs [90, 60, 56, 42, 61], reducing the computational complexity to O(m2N).
Since this article tests the MOGPs with moderate training sizes (≈ 103), we thus
do not implement these sparse approximations.

6. Symmetric modeling experiments

In the symmetric scenario where the T outputs are of equal importance and
have the same training size n1 = · · · = nT = n, we intend to assess the capability
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of various symmetric MOGPs to improve the predictions of all the outputs. The
SOGP is also involved in the comparisons to act as a baseline.

We first apply these symmetric MOGPs to three symmetric examples includ-
ing two analytical examples and a realistic dataset from 1D to 6D with T = 2,
since the two-output scenario is popular in research works. In this part, we first
investigate which type of training data (heterotopic vs. isotopic) is more bene-
ficial for the symmetric MOGPs, followed by the analysis of the characteristics
and differences of the symmetric MOGPs. We then study the impact of training
size on the performance of symmetric MOGPs. Finally, the symmetric MOGPs
are applied to a complicated 21D realistic dataset with T = 4.

6.1. Alternative MOGPs and performance measurement

The six alternative symmetric MOGPs include MTGP, SLFM, CoMOGP,
CONV, SST and ERC in Table 1 5. In the experiments below, we perform data
pre-processing by scaling the input domain to [0, 1]d and normalizing each of the
outputs to zero mean and unit variance. These MOGPs follow the structures
described in section 5. Particularly, for the LMC-type SLFM model in (16), we
set Q = T , and compare it to the ICM-type MTGP to see the impact of Q. For
the CoMOGP model in (24), we set Q = 1 to see the impact of output-specific
terms {vt}1≤t≤T when compared to MTGP. For the ERC model, we have s = T !
regressor chains.

Regarding model parameter settings, the length scales {li}1≤i≤d and the
signal variance σ2

f in kSE are initialized to 0.5, the noise variances {σ2
s,t}1≤t≤T

are initialized to 0.01, and the lower triangular matrix L in Eq. (22) is initialized
with the diagonal elements as one and the remaining elements as zero, i.e.,
Aq is initialized as an identity matrix. Regarding hyperparameters learning,
we use the minimize function that adopts a conjugate gradient optimization
algorithm in the GPML toolbox 6, with a maximum number of iterations as
500. Though these MOGPs have different model structures, i.e., different multi-
output covariance functions as well as different number of hyperparameters, we
assign the same initial values to the same hyperparameters and infer them with
the same optimization settings for making a fair comparison.

Finally, to assess the model accuracy, we adopt the relative average absolute
error (RAAE) criterion (also known as standardized mean squared error, SMSE
[4])

RAAE =

∑ntest

i=1 | f(xi)− f̂(xi) |
ntest × STD

, (44)

where ntest denotes the number of test points, and STD stands for the standard
deviation of function values at the test points. The closer the RAAE value
approaches zero, the more accurate the model is.

5The asymmetric MOGPs are not included here, because most of them employ a decom-
posed modeling process, which is unsuitable for the symmetric case.

6http://www.gaussianprocess.org/gpml/code/matlab/doc/
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6.2. Typical symmetric modeling with T = 2

In order to assess the performance of different symmetric MOGPs, we adopt
three examples with different characteristics. The first 1D Toy example has two
outputs respectively expressed as

f1(x) = 1.5(x+ 2.5)
√

(6x− 2)2 sin(12x− 4) + 10, x ∈ [0, 1], (45a)

f2(x) = (6x− 2)2 sin(12x− 4) + 10, x ∈ [0, 1]. (45b)

It is found that the output f1 is a nonlinear transformation of the output f2.
As shown in Fig. 7(a), the two outputs in this example are highly correlated
with the Pearson correlation coefficient of r = 0.95.

Figure 7: The two outputs of (a) the Toy example and (b) the Branin example.

We then employ a 2D Branin example with two outputs defined in Ω2 ∈
[−5, 10]× [0, 15] respectively expressed as

f1(x) = (x2 −
3

4π
x21 +

4

π
x1 − 6)2 + 10(1− 1

8π
) cos(x1) + 2x1 − 9x2 + 32,

(46a)

f2(x) = (x2 −
5.1

4π
x21 +

5

π
x1 − 6)2 + 10(1− 1

8π
) cos(x1) + 10. (46b)

As shown in Fig. 7(b), the output f1 is a slightly modified Branin function plus a
linear discrepancy term, and the output f2 is the original non-stationary Branin
function. Compared to the 1D example, the two outputs in the Branin example
are lowly correlated with the Pearson coefficient of r = 0.67.

We finally apply the six symmetric MOGPs to a practical aircraft design
example. This example selects six important input variables and calculates two
aeroengine outputs (gross thrust and net thrust). We use the Matlab routine
lhsdesign to generate 1000 points and evaluate the two outputs at each point by
the design software. Using the 1000 points, it is detected that the correlation
coefficient between the gross thrust and the net thrust is r = 0.87.

Table 2 shows the sampling configurations for symmetric MOGPs on the
three examples. In this table, n denotes the number of training points for
each output, since for the symmetric examples we assume n1 = n2 = n; ntest
denotes the number of test points used to calculate the RAAE value of the
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Table 2: Sampling configurations for symmetric MOGPs on three symmetric examples.

Examples d T n = n1 = n2 ntest heterotopic vs. isotopic
Toy 1 2 4 6 8 10 100 n = 6

Branin 2 2 10 20 40 60 5000 n = 20
Aircraft 6 2 20 60 100 140 500 n = 60

model for each output. In what follows, we first investigate the performance
of symmetric MOGPs using heterotopic training points and isotopic training
points, respectively, on the three examples. For the heterotopic training case,
we use the function lhsdesign to generate the training points for the outputs
separately. For the isotopic case, both the outputs f1 and f2 use the training
sets generated in the heterotopic case for f2. The training size for the heterotopic
vs. isotopic comparison is set as 10d, because Loeppky et al. [91] has provided
reasons and evidence supporting that this initial training size is able to build
an effective initial GP model. But since ten points for the 1D Toy example are
too many, we set the size as 6d. Thereafter, the impact of training size n on
the performance of symmetric MOGPs is studied by testing the models with
another three training sizes that are less or larger than 10d/6d.

Besides, since the performance of these MOGPs vary for different training
sets [29], we statistically test them with 100 different training sets for each
sampling configuration. For the analytical Toy and Branin examples, the 100
training sets are generated by the function lhsdesign. For the Aircraft dataset,
the points in each of the 100 sets are randomly selected from the original dataset.
The randomness and the 100 repetitions enlarge the diversity of training sets
for thoroughly showcasing the performance of different symmetric MOGPs.

6.2.1. Heterotopic vs. isotopic

Fig. 8 depicts the boxplots of the RAAE values of six symmetric MOGPs
and the SOGP using heterotopic/isotopic training points on the Toy example
with n = 6, the Branin example with n = 20 and the Aircraft example with
n = 60, respectively. These boxplots in compact formating describe how the
RAAE values of the models vary over 100 training sets. The bottom and top of
each box are the lower and upper quartile values of the RAAEs, the dot circles
represent the median RAAE values, the open symbols (square and triangle)
represent the average RAAE values, the vertical lines (whiskers) extended from
the end of the box represent the extent of the remaining data relative to the lower
and upper quartiles, the maximum whisker length is 1.5 times the interquartile
range, and finally the + and × symbols represent the outliers that beyond the
limit of the vertical lines.

The results in Fig. 8 indicate that the simple transformation models SST
and ERC, which treat outputs as inputs, seem to be insensitive to the type of
training data. This is induced by the decomposed modeling processes that do
not consider the fusion of training data from all the outputs. On the contrary,
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Figure 8: Comparison of different symmetric MOGPs using heterotopic/isotopic training
points on (a) the Toy example with n = 6, (b) the Branin example with n = 20 and (c)
the Aircraft example with n = 60, respectively.

we observe that the four Bayesian MOGPs perform better using heterotopic
training points. The core idea behind the multi-output modeling is to transfer
information as much as possible across outputs. To maximize the information
diversity, the outputs are suggested to have unique information, e.g., different
training sets. As a result, the MOGP can transfer much information across the
outputs when learning them simultaneously. The isotopic case, however, has the
same training set for all the outputs, which reduces the diversity of available
information. Particularly, given the noise-free observations (σ2

s,t = 0) at the
isotopic training points for all the outputs, Bonilla et al. [34] has pointed out
that the predictions of MTGP at a test point x∗ in (14a) are degenerated to

f̂(x∗) =

 kT
∗K(X,X)−1y1

...
kT
∗K(X,X)−1yT

 . (47)

It is found that in this case, the prediction for output ft only depends on the
observations yt, leading to the so-called transfer cancellation or autokrigeability
[92]. From another point of view, the isotopic case can lead to the symmetric
Markov property of covariance functions [93] as

cov[yt(x
′), yt′(x)|yt(x)] = 0,∀x 6= x′. (48)

This property means that if we have already known yt(x), then observing yt′(x)
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gives no information to help predict yt(x
′). Note that even in the isotopic case

with noise-free observations, the same covariance hyperparameters shared in
(47) can still achieve some kind of information sharing across outputs. That is
why some of the four Bayesian MOGPs, e.g., the MTGP, outperform the SOGP
on the Toy and Branin examples using isotopic training data. On the contrary,
the transfer cancellation will not hold in the heterotopic case. Consequently,
most of the four Bayesian MOGPs using heterotopic training data perform much
better than the SOGP on all the three examples due to the augmented infor-
mation diversity.

Figure 9: Illustration of heterotopic vs. isotopic on the Toy example using the MTGP model.

Fig. 9 illustrates a run of heterotopic vs. isotopic on the Toy example using
the MTGP model, where the dot lines represent the locations of training points.
Particularly, the green dot lines represent the isotopic training sets, and they
are same for the two outputs. On the other hand, the red dot lines for f1 and
the green dot lines for f2 represent the heterotopic training sets. We can see
that the isotopic training sets deliver poor information about the two outputs
because of the same locations. Consequently, the MTGP infers poor hyperpa-
rameters with small length scales, leading to no improvement of predictions in
comparison to the SOGP. However, the heterotopic case is different. We can
imagine that the augmented information diversity brought by the heterotopic
training sets is in some way equivalent to increasing the training size for each
output. As a result, though each output only has six points, the MTGP in-
fers good hyperparameters and improves the SOGP predictions significantly by
fusing the heterotopic training points together.

In conclusion, if the physical problem allows to simulate the outputs sep-
arately, it is recommended to generate heterotopic training data to improve
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the information diversity for better hyperparameter learning and finally better
multi-output modeling.

6.2.2. Comparison of symmetric MOGPs

In this section, we intend to investigate the impact of various MOGP struc-
tures that employ different covariance functions (ICM type, LMC type or ex-
tended LMC type) and different modeling processes (integrated or decomposed),
on the modeling performance. To make a fair comparison, all the symmetric
MOGPs follow the parameter settings in section 6.1 for learning hyperparame-
ters and use the heterotopic training data.

We focus on the analysis of the RAAE results of different models using the
heterotopic training points in Fig. 8. To this end, we employ the Nemenyi
post-hoc test to check the statistical significance of the differences between the
models. Particularly, the graphical presentation introduced in [94] is used to
report the statistical results. In this diagram, the models are placed along a
horizontal axis according to their average ranks. Then, a critical difference
(CD) is calculated as the minimal difference in average ranks to decide whether
two models are significantly different or not. Finally, the models are classified
into several groups, each of which connects together the models that are not
significantly different. Fig. 10 depicts the comparison of different models for
the two outputs of the three symmetric examples using the Nemenyi test. Note
that we use a 0.05 confidence level to calculate the CD in this article.
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Figure 10: Comparison of different symmetric MOGPs for the two outputs of (a) the Toy
example, (b) the Branin example and (c) the Aircraft example using the Nemenyi test. The
first column lists the test results for f1 and the second column for f2.

The first observation from the statistical results in Fig. 10 is that the simple
transformation models SST and ERC can not significantly improve over the
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SOGP on the three symmetric examples. The poor results of SST and ERC
are attributed to the use of the GP model, a very strong base regressor. It has
been pointed out that the SST and ERC are able to decrease the model bias
at the cost of increasing the model variance by treating the outputs as inputs
[64]. If we choose some weak base regressors, e.g., the ridge regression [95], the
two models are found to be capable of significantly improving over the single-
output models, see the comparative results in [64]. However, for the GP model
studied in this article, it is a very strong model wherein the NLML expression
(8) itself automatically achieves a bias-variance trade-off [4]. Therefore, due
to the capability of well exploiting the observed information, the GP is hard
to be improved in multi-output scenarios by using the simple SST and ERC
strategies. Besides, the decomposed modeling process limits the performance
of SST and ERC, since it does not fuse the information from all the training
points of the outputs.

The second observation is that the four Bayesian symmetric MOGPs (MTGP,
SLFM, CoMOGP and CONV) usually significantly outperform the SOGP on the
three symmetric examples. Compared to the SST and ERC that have no clear
mechanism to interpret the output correlations, the four Bayesian MOGPs ex-
plicitly take into account the output correlations in the correlation matrices
{Aq}1≤i≤Q for effective multi-output modeling.

The final observation is that the increase of Q (SLFM) or the considera-
tion of additional output-specific terms (CoMOGP ) is able to improve over the
MTGP model. Increasing of Q in SLFM offers more latent functions with dif-
ferent characteristics to enhance the expressive power of the model and transfer
more shared information across the outputs. Similarly, the additional output-
specific terms in CoMOGP explicitly decomposes the outputs into common and
specific features, which make the modeling process easier 7. As for the CONV
model, though containing individual parameters for each output in Eq. (26), it
yields a comparable performance to the MTGP model.

6.2.3. Impact of training size

According to the sampling configurations in Table 2, Fig. 11 investigates the
impact of training size n on the performance of four MOGPs and the SOGP on
three examples. Note that we use the heterotopic training points, and the SST
and the ERC are not involved here due to their poor results in Fig. 10 .

It is first observed that all the symmetric MOGPs and the SOGP yield better
predictions with the increase of training size (i.e., more information about the
outputs). These results are expectable since it has been proved in chapter 7
of [4] that the hyperparameters will be inferred more accurately and the GP
predictions will converge to the underlying function values with the increase of
training size.

Additionally, we can see that the four symmetric MOGPs often outperform

7Note that, similar to the SLFM, we can further improve the performance of the CoMOGP
by using Q > 1 common processes at the cost of inferring more hyperparameters.
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Figure 11: Impact of the training size n on the performance of different symmetric MOGPs
on (a) the Toy example, (b) the Branin example and (c) the Aircraft example, respectively.

the SOGP with different training sizes. But they are found to perform simi-
larly to or worse than the SOGP with extreme training sizes. For instance, the
MOGPs perform worse than the SOGP for the two outputs of the Toy example
with n = 4 and for the first output of the Aircraft example with n = 10. Like-
wise, the MTGP and the CONV perform worse than the SOGP on the Branin
example with n = 60; all the MOGPs except the CoMOGP have deteriorated to
be close to the SOGP on the Aircraft example with n = 140; and more seriously,
all the MOGPs perform worse than the SOGP on the Toy example with n = 10.

The poor performance of the symmetric MOGPs using a few training points
is induced by the information sparsity. If the training size n is too small, the
model can not capture the primary features of the outputs. As a result, model-
ing the outputs jointly can gain little benefits, sometimes it on the contrary may
lead to poor predictions. A too large training size n, however, will also harm the
performance of symmetric MOGPs due to the discrepancy between the shared
information and the exact information. For output ft, the information trans-
ferred from other outputs, however, is more or less different from the exact
information itself. In cases with limited information about ft, the additional in-
formation transferred from related outputs surely enhance our knowledge about
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ft. But in cases with abundant information about ft, the transferred informa-
tion may lead to poor predictions because of the discrepancy between this kind
of information and the exact one.

Finally, from the foregoing discussions, we empirically conclude that in
the symmetric scenarios, the four Bayesian symmetric MOGPs outperform the
SOGP with moderate training sizes (e.g., around 10d (d > 1) or 6d (d = 1)),
but perform worse with extreme training sizes.

6.3. Robot inverse dynamic example with T = 4

Apart from the above three T = 2 examples, we finally apply the symmetric
MOGPs to a more complicated and high-dimensional realistic example. This
example is an inverse dynamic model of a 7-degree-of-freedom anthropomorphic
robot arm [96]. It has 21 input variables including 7 joints positions, 7 joint ve-
locities and 7 joint accelerations; the corresponding outputs are 7 joint torques.
We attempt to approximate the 2nd, 3rd, 4th and 7th joint torques using the
symmetric MOGPs. The Robot dataset contains 48933 data points [42] and it is
found that the 2nd torque is negatively correlated with the other three torques,
the 2nd and 4th torques have the lowest correlation of r = −0.57, whilst the
4th and 7th torques have the highest correlation of r = 0.96.
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Figure 12: The RAAE values (left column) and the Nemenyi test results (right column) of
symmetric MOGPs for the four outputs of the Robot example.

30



For the complicated Robot example, we follow the 10d rule to choose 210
heterotopic training points from the original dataset for each of the four outputs.
Similarly, we have 100 different training sets, each of which is randomly selected
from the original dataset. Besides, we leave a separate test set containing 4449
data points to calculate the RAAE.

Fig. 12 depicts the RAAE values as well as the Nemenyi test results of the
four symmetric MOGPs for the four outputs of the Robot example. We can
see that all the four MOGPs outperform the SOGP significantly for the four
outputs. Among them, the SLFM produces the best performance, since it is
always one of the two best MOGPs for each of the four outputs. Besides, we
clearly see that the MOGPs are much more time-consuming than the SOGP,
since they fuse all the training points in a single covariance matrix and have
many hyperparameters. For instance, a single run of the SLFM takes about 780
s, while a run of the SOGP for the four outputs only needs 39 s.

7. Asymmetric modeling experiments

In the asymmetric multi-fidelity scenario, the intent is to use the related T−1
LF outputs to enhance the modeling of the HF output with the training sizes
as n1 > · · · > nT . This section first studies four asymmetric MOGPs, including
CoKGa, CoKGb, nlCoKG and SDM in Table 1, on three asymmetric examples
with two-level fidelity. The two-level fidelity scenario is by far the most popular
of the research works in the literature. Besides, the four Bayesian symmet-
ric MOGPs are also employed for the comparison purpose. We first compare
the symmetric/asymmetric MOGPs to see their pros and cons in multi-fidelity
scenarios, followed by the study of the impact of HF training size. Finally,
these MOGPs are applied to an example with three-level fidelity to assess their
performance in the general hierarchical multi-fidelity scenario.

For the asymmetric MOGPs, the correlation factor at−1 is initialized to 1.
For the nlCoKG model in (35), we calculate the posterior mean and variance
at x∗ by Monte Carlo integration of Eq. (37) using 1000 points sampled from
p(f∗t−1(x∗)). Besides, in the SDM modeling process, we solve the auxiliary
optimization problem (42) with a in the range [−5, 5]. Other parameters keep
the same as that in the above symmetric experiments.

7.1. Typical asymmetric modeling with two-level fidelity

This section investigates the performance of four asymmetric MOGPs and
four symmetric MOGPs on three multi-fidelity examples, each of which has an
expensive HF output and a cheap LF output. The first two examples are the
Toy example and the Branin example used before. Here, we regard f1 as the
inexpensive LF output and f2 as the expensive HF output. The third realistic
Airfoil example comes from [79] that calculates the lift coefficient of an airfoil
under different flight conditions and geometry parameters. The Airfoil data is
generated based on six most important design variables selected from 52 design
variables including the geometry parameters, the speed and the angle of attack
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Table 3: Sampling configurations for symmetric/asymmetric MOGPs on three asymmetric
examples.

Examples d T nh = n2 nl = n1 nhtest nltest
Toy 1 2 4 5 6 8 12 100 100

Branin 2 2 5 10 20 40 60 5000 5000
Airfoil 6 2 20 40 60 140 200 200 1500

[97]. The lift coefficient is calculated using two solvers with different levels of
fidelity, resulting in 365 HF points and 1996 LF points. Finally, it is detected
from the dataset that the Pearson correlation coefficient between the HF and
LF solvers is r = 0.90.

Table 3 shows the sampling configurations for symmetric/asymmetric MOGPs
on the three asymmetric examples. The symbol nh denotes the number of HF
training points, nl denotes the number of LF training points, and nhtest and nltest
denote the numbers of HF and LF test points, respectively. The large amount
of LF points indicate that the LF output can be well approximated. Similar
to the above symmetric experiments, the training set for the Toy and Branin
examples is generated by the lhsdesign function and has 100 instances. Note
that the 100 instances of each sampling configuration for the Airfoil example
are randomly selected from the original dataset.

7.1.1. Comparison of different MOGPs

Fig. 13 depicts the RAAE values of different symmetric/asymmetric MOGPs
and the SOGP on the Toy example with nh = 6, the Branin example with
nh = 20, and the Airfoil example with nh = 60, respectively. Besides, the cor-
responding right sub-figures provide the Nemenyi test results of these MOGPs.

We first observe that most of the symmetric/asymmetric MOGPs signifi-
cantly outperform the SOGP on the three asymmetric examples. For example,
all the MOGPs significantly outperform the SOGP on the Toy example; all of
them except the SDM significantly outperform the SOGP on the Airfoil exam-
ple; six out of the eight MOGPs perform significantly better than the SOGP on
the Branin example.

Besides, we observe that with the decrease of output correlations, the asym-
metric MOGPs using decomposed modeling process outperform the symmetric
MOGPs. The integrated modeling processes of the symmetric MOGPs enable
them to mimic the output behaviors from one another by bidirectional informa-
tion transfer between the outputs. Different from the symmetric scenario where
the two outputs have similar amount of training information (e.g., n1 = n2),
the asymmetric scenario here, however, has an information asymmetry prop-
erty (nh(n2) < nl(n1)). As a result, the LF output contributes to most of the
information in the correlation matrix KM . Hence, through transferring infor-
mation bidirectionally between outputs, the symmetric MOGPs mainly mimic
the LF behaviors to represent the HF output. If the HF/LF outputs are highly
correlated, the symmetric MOGPs are expected to have good predictions. For
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Figure 13: The RAAE values (left column) and the Nemenyi test results (right column) of
symmetric and asymmetric MOGPs on (a) the Toy example with nh = 6, (b) the Branin
example with nh = 20 and (c) the Airfoil example with nh = 60, respectively.

instance, two of the three best MOGPs on the Toy example (r = 0.95) are sym-
metric MOGPs, see, e.g., the CoMOGP run in Fig. 14(a); and all the three best
MOGPs on the Airfoil example (r = 0.90) are symmetric MOGPs. However,
if the HF/LF outputs have a low correlation, the HF predictions mainly learnt
from the LF output may be far away from the exact value. This issue becomes
more serious for those symmetric MOGPs with a strong expressive power, i.e.,
being capable of learning more from the LF output. For instance, the CoMOGP
has the poorest predictions on the Branin example (r = 0.67), see an illustra-
tion run in Fig. 14(b). Finally, it is found that different from other asymmetric
MOGPs, the CoKGa performs similarly to the symmetric MOGPs on the three
examples due to the integrated modeling process.

On the contrary, the remaining three asymmetric MOGPs (CoKGb, nlCoKG
and SDM) unidirectionally and purely transfer all the LF information to the HF
output due to the decomposed modeling process. To avoid purely using the LF
behaviors to represent the HF output, they additionally consider a discrepancy
term δt(x) as well as a correlation factor at−1 to adjust the HF predictions. As a
result, the three asymmetric MOGPs significantly outperform the other models
on the complex Branin example, see, for example, the CoKGb run in Fig. 14(b).
A question arises that the CoKGa also contains a discrepancy term but cannot
yield such good results on the Branin example. We think it is attributed to the
integrated modeling process where the common and discrepancy information is
fused in KM . If the shared information is not accurate for fh, which occurs for
symmetric MOGPs on this example, the quality of discrepancy information will
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Figure 14: Illustration of the SOGP, the CoMOGP and the CoKGb on (a) the Toy example
with nh = 6 and (b) the Branin example with nh = 20.

be affected. Hence, the decomposed modeling process here not only reduces the
computational complexity, but also provides benefits for the prediction quality.

Besides, for the other two examples with highly correlated outputs, there is
no significant difference between the symmetric MOGPs (SLFM and CoMOGP)
and the asymmetric MOGPs (CoKGa and CoKGb) on the 1D Toy example; but
the asymmetric MOGPs perform significantly worse than the SLFM on the
6D Airfoil example. Among the three asymmetric MOGPs, the CoKGb and
the nlCoKG significantly outperform the simple SDM on two examples. As
for the complex Branin example, the nlCoKG outperforms the CoKGb since it
has the capability to capture the nonlinear correlations over the whole domain.
Interestingly, the simple SDM offers a comparable performance to the nlCoKG
on the Branin example.

Finally, note that the decomposed modeling processes in CoKGb, nlCoKG
and SDM gain benefits from the information asymmetry property, i.e., the in-
expensive LF output owns many more training points than the expensive HF
output. If the information asymmetry is no longer hold, for example, it degen-
erates to the symmetric case with nl = nh, the decomposed modeling process
will yield poor results because of the poor quality of LF predictions. Taking the
Branin case with nl = nh = 20 for example, we have RAAEnlCoKG = 0.0923 and
RAAESLFM = 0.0045. That is why we did not include the asymmetric MOGPs
in the symmetric modeling experiments in section 6.
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7.1.2. Impact of HF training size

Fig. 15 investigates the impact of HF training size nh on the RAAE values of
different MOGPs on the three asymmetric examples according to the sampling
configurations in Table 3.
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Figure 15: The impact of HF training size nh on the RAAE values of different MOGPs on
(a) the Toy example, (b) the Branin example and (c) the Airfoil example, respectively.

Different from the symmetric results in Fig. 11, we here find that the MOGPs
can generally improve the SOGP predictions with a small HF training size,
e.g., nh = 4 for Toy, nh = 5 for Branin and nh = 20 for Airfoil. This is
because the LF output has already provided sufficient related information to
help learn the HF output in the asymmetric scenario. Besides, with the increase
of nh, the MOGPs, especially the symmetric MOGPs, begin to lose their ability
to improve over the SOGP. For example, the median RAAE values of most
MOGPs are close to that of the SOGP with nh = 8 on the Toy example. More
seriously, the symmetric MOGPs together with the CoKGa perform worse than
the SOGP with nh = 40 on the Branin example. The reason is the same for the
deterioration of symmetric MOGPs with large training sizes in Fig. 11.

Additionally, it is observed that the nlCoKG using a space-dependent cor-
relation term zt−1 in Eq. (35) usually performs worse than the CoKGb using
a constant correlation term at−1 in Eq. (31) on the three asymmetric exam-
ples with small HF training sizes. The reason is that the nlCoKG is hard to
accurately capture the nonlinear HF/LF correlations with a few HF training
points. But the nlCoKG begins to outperform the CoKGb with the increase of
nh, especially on the Branin example with complex output correlations.

Finally, from the foregoing discussions, we empirically conclude that in the
multi-fidelity asymmetric scenarios, the symmetric/asymmetric MOGPs outper-
form the SOGP with small and moderate HF training sizes (e.g., conservatively,
less than about 10d (d > 1) or 6d (d = 1)), but perform worse with large HF
training sizes.
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7.2. The stochastic incompressible flow example with three-level fidelity

As stated before, the multi-fidelity scenario has a hierachical structure with
n1 > · · · > nT . Hence, we finally applied the MOGPs to a realistic example with
three-level fidelity. This example is a 2D stochastic incompressible flow (SIFlow)
passing a circular cylinder under a random inflow boundary condition [98], with
the goal of modeling the 0.6-superquantile risk of the base pressure coefficient
R0.6(CBP ) with the condition of Reynolds numberRe = 100. The output should
be simulated in both the physical space wherein the incompressible flow field
is governed by the Navier-Stokes equations, and the probability space wherein
three simulators of different precisions are used. The computing time of the HF
simulator is about 3 times the medium fidelity (MF) simulator, and is about 15
times the LF simulator. The SIFlow dataset comprises 30 HF data points, 99
MF data points and 357 LF data points, which are simulated in parallel on one
rack of IBM BG/Q (16384 cores) [98].
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Figure 16: The RAAE values of symmetric and asymmetric MOGPs for (a) the HF output,
(c) the MF output and (c) the LF output of the SIFlow example, respectively. Besides, the
Nemenyi test results of the MOGPs on the HF output are provided in (b).

For the SIFlow example with three-level fidelity, we test different MOGPs
with 10 HF points, 30 MF points and 100 LF points. Each of the training set has
100 instances randomly selected from the original dataset. Fig. 16 depicts the
RAAE values and the Nemenyi test results of different MOGPs on the SIFlow
example. Note that though our intent is to improve the prediction quality of the
HF output, we still provide the results of MOGPs for the MF and LF outputs
in this figure to show the gradual improving process from the LF output to the
HF output.

In such a hierarchical scenario, the symmetric MOGPs are capable of im-
proving the HF output, since they fuse the information of all the outputs and
transfer knowledge between each other. But the improvements brought by the
symmetric MOGPs seem to be weaker than most of the asymmetric MOGPs,
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which are specifically designed for the hierarchical scenario. For instance, ex-
cept the CoMOGP, the other three symmetric MOGPs yield larger RAAE values
than three asymmetric MOGPs for the MF output. As for the final HF out-
put, though the SLFM shows a competitive performance, the other symmetric
MOGPs perform significantly worse than most of the asymmetric MOGPs. Fi-
nally, in the four asymmetric MOGPs, the simple SDM can not improve over
the SOGP for both the MF and HF outputs.

8. Conclusions

This article attempts to provide insights into the state-of-the-art MOGPs,
which are promising for multi-output approximation in terms of improving pre-
diction quality. We classify them into two main categories as (1) symmetric
MOGPs and (2) asymmetric MOGPs. We thoroughly examined the perfor-
mance of ten representative MOGPs on eight examples in the symmetric and
asymmetric scenarios. Eight out of the ten MOGPs are found to be promising
in terms of improving the SOGP predictions for multiple outputs. Though ac-
cording to the no-free lunch theorem [99], no one in the eight MOGPs always
outperforms the others. From the review and the numerical experiments, we
can provide some recommendations for the use of these MOGPs and highlight
potential directions for further research.

In the symmetric scenario where the intent is to improve the predictions of
all the outputs jointly, we considered n1 = · · · = nT and investigated six repre-
sentative symmetric MOGPs on four examples using different types of training
points, different training sizes and different output sizes. Based on the numerical
experiments, we have the following findings:

- If the physical problem allows to simulate the outputs separately, it is
recommended to generate heterotopic training data to improve the infor-
mation diversity for better multi-output modeling;

- The simple transformation models SST and ERC can not significantly im-
prove over the SOGP. Besides, they are hard to understand and interpret
multi-output problems;

- The four Bayesian symmetric MOGPs (MTGP, SLFM, CoMOGP and
CONV) usually significantly outperform the SOGP. Among them, the
CONV is found to have a performance similar to the ICM-type MTGP.
But the increase of Q (SLFM) or the consideration of additional output-
specific terms (CoMOGP) is able to improve over the MTGP;

- The four Bayesian symmetric MOGPs outperform the SOGP with mod-
erate training sizes (e.g., around 10d (d > 1) or 6d (d = 1)), but perform
worse with extreme training sizes.

Moreover, in the multi-fidelity asymmetric scenario where the intent is to
extract information from related and inexpensive LF outputs to approximate
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the expensive HF output, we considered n1 > · · · > nT and investigated four
symmetric MOGPs and four asymmetric MOGPs on four examples, and have
the following findings:

- Most of the symmetric/asymmetric MOGPs significantly outperform the
SOGP in the multi-fidelity scenario;

- With the decrease of output correlations, the asymmetric MOGPs using
decomposed modeling process, e.g., CoKGb and nlCoKG, outperform the
symmetric MOGPs;

- The symmetric/asymmetric MOGPs outperform the SOGP with small
and moderate HF training sizes (e.g., conservatively, less than about 10d
(d > 1) or 6d (d = 1)), but perform worse with large HF training sizes.

Last, based on the qualitative and quantitative analysis of the state-of-the-
art MOGPs, we highlight some potential research directions to further improve
the performance of MOGPs and extend the available applications. For exam-
ple, we can devote to (1) effective MOGPs that utilize positive transfer while
avoid negative transfer across outputs [48, 62]; (2) efficient MOGPs that han-
dle “Big data” with numerous training points in high dimensions [42, 77]; (3)
non-stationary MOGPs that handle, e.g., discontinuous problems [52, 100]; (4)
sampling strategies for sequential updating of the MOGPs by considering the
output correlations and, particularly, the computing ratios between different
fidelity levels in asymmetric scenarios [75, 101]; and (5) MOGP-assisted opti-
mization [102, 103] and uncertainty quantification [104].
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[13] R. Dürichen, M. A. Pimentel, L. Clifton, A. Schweikard, D. A. Clifton,
Multitask gaussian processes for multivariate physiological time-series
analysis, IEEE Transactions on Biomedical Engineering 62 (2015) 314–
322.

[14] P. M. Zadeh, V. V. Toropov, A. S. Wood, Metamodel-based collaborative
optimization framework, Structural and Multidisciplinary Optimization
38 (2009) 103–115.
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