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Abstract—Humans have the ability to identify recurring pat-
terns in diverse situations encountered over a lifetime, constantly
understanding relationships between tasks and efficiently solv-
ing them through knowledge reuse. The capacity of artificial
intelligence systems to mimic such cognitive behaviors for effec-
tive problem solving is deemed invaluable, particularly when
tackling real-world problems where speed and accuracy are crit-
ical. Recently, the notion of evolutionary multitasking has been
explored as a means of solving multiple optimization tasks simul-
taneously using a single population of evolving individuals. In the
presence of similarities (or even partial overlaps) between high-
quality solutions of related optimization problems, the resulting
scope for intertask genetic transfer often leads to significant
performance speedup—as the cost of re-exploring overlapping
regions of the search space is reduced. While multitasking solvers
have led to recent success stories, a known shortcoming of exist-
ing methods is their inability to adapt the extent of transfer in a
principled manner. Thus, in the absence of any prior knowledge
about the relationships between optimization functions, a threat
of predominantly negative (harmful) transfer prevails. With this
in mind, this article presents a realization of a cognizant evolu-
tionary multitasking engine within the domain of multiobjective
optimization. Our proposed algorithm learns intertask relation-
ships based on overlaps in the probabilistic search distributions
derived from data generated during the course of multitasking—
and accordingly adapts the extent of genetic transfers online. The
efficacy of the method is substantiated on multiobjective bench-
mark problems as well as a practical case study of knowledge
transfers from low-fidelity optimization tasks to substantially
reduce the cost of high-fidelity optimization.
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I. INTRODUCTION

THE HUMAN brain is a self-learning system. Among
various other things, it has the general capability of com-

prehending its surroundings—being “aware of what is going
on” and “figuring out” what to do [1], [2]. This intrin-
sic feature enables humans to draw inferences from what
one experiences, recognize recurring patterns (relationships)
between diverse tasks, and share knowledge across related
problems [3]. It is indeed this ability to leverage on what
we already know to tackle related tasks that play a signifi-
cant role in boosting our efficiency of problem solving and
decision making [4].

The ability to learn from experience is considered invalu-
able for machines as well. Given modern technologies with
large-scale data storage and seamless communication facil-
ities, the development of machines that mimic human-like
behaviors of autonomously extracting, processing, and trans-
ferring learned knowledge across related problems is surely
an attractive proposition. In this regard, the concept of multi-
tasking has drawn much interest in the field of computational
intelligence [5]–[9]. Not surprisingly, present day artificial
intelligence systems are emerging as powerful tools for multi-
tasking, capable of simultaneously handling myriad tasks with
greater speed and accuracy.

Evolutionary multitasking, a relatively new paradigm in the
field of evolutionary computation, has recently been explored
as a population-based search methodology for solving multiple
optimization problems concurrently [7]. Notably, in the pres-
ence of underlying relationships between constituent problems,
evolutionary multitasking leads to the possibility of fruitful
knowledge transfers, thereby facilitating improved conver-
gence characteristics. Many success stories have thus surfaced
in recent years, encompassing the domains of discrete, contin-
uous, single-objective and multiobjective optimization, includ-
ing various applications in machine learning [10]–[22]. The
practicality of evolutionary multitasking has also been demon-
strated across a wide array of real-world applications span-
ning the manufacturing process design [14]; robot controller
design [23]; vehicle routing [4], [7]; cloud computing [24];
and software engineering [25]; to name a few.

While practitioners have many algorithmic options to
choose from, it is noted that the applicability and success of
present day multitasking solvers depend strongly on task relat-
edness. For those cases where optimization problems share
little in common, blindly transferring knowledge (in the form
of encoded solutions) across them can lead to predominantly
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negative (harmful) effects [14], [26], [27]. Susceptibility to
negative intertask interactions has, in fact, been shown to
impede overall convergence behavior [23]. Existing evolution-
ary multitasking algorithms, such as the multiobjective multi-
factorial evolutionary algorithm (MO-MFEA) [14], generally
lack the cognitive capability of situational awareness [2],
and thus, are unable to decipher and adapt to the degree of
similarity between distinct tasks on the fly.

In light of the above, a matter of increasing importance has
been the design of algorithms that are capable of processing
incoming streams of data from multiple optimization tasks,
and identifying relationships between them. Accordingly, in
this article, we present a cognizant evolutionary multitask-
ing approach, called MO-MFEA-II, which is adept at online
intertask similarity learning and adaptive transfer. The MO-
MFEA-II incorporates probabilistic modeling of the data
generated online during the multitasking search to unveil
recurring solution patterns (measured by the similarity in
search distributions) across different tasks. The proposed data-
driven approach showcases awareness as to when and how
much knowledge is to be transferred—much like the conscious
human mind that decides which tasks to focus on and when to
suppress irrelevant information [28]. We note that the founda-
tions of MO-MFEA-II encompass ideas described in a recently
introduced multifactorial evolutionary algorithm with online
learning capability (MFEA-II) [23]. While MFEA-II focuses
purely on single-objective optimization, the MO-MFEA-II
proposed herein analyzes how similar concepts can apply to
the domain of multiobjective optimization as well. Thus, to the
best of our knowledge, this article is among the first to uti-
lize probabilistic modeling to capture intertask relationships
between multiobjective optimization tasks in the context of
evolutionary multitasking.

The efficacy of MO-MFEA-II is showcased first on a series
of synthetic test functions. Further, we highlight a natural
and practically useful application of the approach to the
domain of multifidelity optimization; that is, leveraging on low-
fidelity function approximations to accelerate the optimization
performance of related high-fidelity tasks via multitasking.

The organization of the remainder of this article is as fol-
lows. Section II presents the backgrounds of multiobjective
optimization and associated multiobjective evolutionary algo-
rithms (MOEAs). In addition, we provide a brief review
of related works in the literature and summarize the exist-
ing MO-MFEA framework. The MO-MFEA-II with online
transfer adaptation capability is presented in Section III.
The experimental results and analyses on a wide range of
multiobjective benchmarks and a practical case study are pro-
vided in Sections IV and V, respectively. Section VI concludes
this article with a discussion on future works.

II. BACKGROUND

In this section, we first present preliminaries of multiobjective
optimization and associated single-task evolutionary algorithms
(EAs). Next, a brief review of the recent advances in evolution-
ary multitasking, particularly in the domain of multiobjective
optimization is presented. The outlined contributions of this

article are compared and contrasted against those available in
the literature. Finally, the existing MO-MFEA is discussed and
its potential limitations highlighted.

A. Multiobjective Optimization

The goal of solving multiobjective optimization problems
(MOOPs) is to find multiple tradeoff solutions that offer an
optimal compromise between conflicting objectives of interest.
In what follows, we provide a general formulation for a
MOOP.

Given a decision space X ⊂ R
D, a multiobjective

minimization problem can be defined (without loss of gen-
erality) as follows:

minimize F(x) = (f1(x), f2(x), . . . , fM(x)) (1)

where f1(x), f2(x), . . . , fM(x) are M different minimization
objectives, F(x) is the overall objective vector, and x∈X is
a decision vector. For the sake of brevity, additional con-
straint functions have been suppressed in (1). Following
the concept of Pareto dominance [14], a solution x1 is
said to dominate another solution x2 (i.e., x1 ≺ x2)
iff ∀i ∈ {1, 2, . . . , M} : fi(x1) ≤ fi(x2), and ∃j ∈
{1, 2, . . . , M} : fj(x1) < fj(x2). Accordingly, a solution x∗ is
considered to be Pareto optimal if x∗ is not dominated by any
other solution in X. The objective function values correspond-
ing to all the Pareto-optimal solutions collectively form the
Pareto front [29].

B. Multiobjective Evolutionary Algorithms

EAs are considered a popular choice for solving MOOPs.
In particular, the implicit parallelism offered by a population
enables simultaneous sampling, evaluation, and processing of
multiple regions of the search space, leading to a reasonable
representation of the entire set of Pareto-optimal solutions
to be found in only a single run of the solver [9], [26]. In
the literature, some examples of MOEAs that are commonly
used today include nondominated sorting genetic algorithm
(NSGA-II) [30], NSGA-III [31], [32], SPEA2 [14], [33], and
MOEA/D [34]–[36], to name a few. While a plethora of
MOEAs has been proposed over the years, the focus has
mostly been to efficiently solve only one MOOP at a time.
On the other hand, attempts to tackle multiple-related MOOPs
simultaneously (in the spirit of evolutionary multitasking) have
been relatively scarce.

C. Evolutionary Multitasking in Multiobjective Optimization

Since the conceptualization of evolutionary multitasking,
associated algorithmic developments have been seen in the
domain of multiobjective optimization as well [14], [37].
In particular, a handful of methods equipped with adaptive
knowledge transfer capabilities has also come to the fore. For
example, Feng et al. [8] proposed to learn optimal linear map-
pings between different continuous multiobjective tasks using
a denoising autoencoder. In this method, the learned mappings
serve as a bridge between tasks, providing a transformation of
search spaces (and solutions) such that adaptive knowledge
transfers can be conducted.
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Further, in [38], a credit assignment-based technique was
employed to adapt knowledge transfers between tasks in a
manner that promotes exploration, thereby preventing solu-
tions from obtaining trapped in local optima. More recently,
Lin et al. [21] have utilized incremental Naive Bayes classifiers
to select valuable solutions to be transferred during the multi-
tasking search. In their proposed method, the authors also use
a randomized mapping that enhances the exploration capac-
ity of transferred solutions, with the aim of improving overall
convergence behavior.

While there has been growing interest in designing adaptive
multitask solvers, many existing methods are designed based
on prior assumptions of task relatedness, such that solutions
from a source may be directly transferable to a target task.
Some other methods have also been proposed that learn a map-
ping between tasks with the goal of inducing a high (ordinal)
correlation between their respective objective functions [27].
The learned mappings are then applied to transferred solutions,
increasing the likelihood of them being beneficial to the target
task. Nevertheless, it is noted that existing methods typically
do not provide any explicit measures to guard against the threat
of negative transfer; for example, when the learned mapping
is inaccurate. In this regard, the key novelty of our proposed
algorithm is that it takes a data-driven approach to explicitly
guard against negative transfers. Our method is based on the
simple idea that by learning the extent to which search dis-
tributions of different tasks overlap, the amount of knowledge
to be transferred between them can be adapted.

D. Overview of the Existing MO-MFEA

The MO-MFEA [14] is a recently proposed method that
allows efficient resolution of multiple MOOPs simultaneously
by promoting omnidirectional knowledge transfers [10]. By
this we mean that all tasks can benefit from each other via
mutual knowledge sharing. For this to be possible, a unified
search space encoding solutions to all constituent optimization
tasks is first defined. At least in the case of box-constrained
continuous optimization, such unification is achieved in a
straightforward manner by a simple linear map between the
task-specific solution space and the unified space [39]—which
is also continuous and is defined in the range [0, 1]D.

In MO-MFEA, the primary mode of knowledge transmis-
sion is through implicit genetic transfers during intertask
crossovers between parent solutions belonging to different
tasks. Essentially, the extent of genetic transfer is mandated by
a user-defined and fixed scalar transfer parameter defined as
the random mating probability (rmp). For further details about
MO-MFEA, the reader is referred to [14].

1) Tuning the rmp Parameter: It is noteworthy that the
rmp parameter in MO-MFEA is manually specified based on
the intuition of a decision maker. That is, if the optimization
tasks are known to have a high degree of intertask similar-
ity, the rmp is usually set to a value close to 1. On the other
hand, a low rmp value (closer to 0) is prescribed between
optimization tasks that are known to bear low intertask simi-
larity (LS). It is indeed patently clear that such an offline rmp
assignment scheme is heavily dependent on the existence of

prior knowledge in the mind of the practitioner about the rela-
tionships between different optimization problems. In practical
settings, access to domain-specific knowledge about different
optimization problems is often limited, particularly in gen-
eral black-box optimization. Given the possible lack of prior
knowledge about intertask relationships, the appropriate selec-
tion of rmp can become a significant hurdle for a practitioner.
In fact, it has also been shown that inappropriate (blind) pre-
scription of rmp values (via trial and error) risks the possibility
of harmful genetic transfers, thereby leading to significant
performance slowdowns [23].

III. COGNIZANT MULTITASKING MO-MFEA-II

This section provides details of the proposed MO-MFEA-II,
which offers a data driven and cognitive enhancement of its
predecessor MO-MFEA. Specifically, we would want the algo-
rithm to be able to automatically decide when and how much
knowledge to transfer such that the threat of negative trans-
fers is minimized. To this end, the MO-MFEA-II learns the
rmp parameter online (in place of an offline rmp assignment)
and thus adapts the extent of genetic transfers between diverse
tasks in a multitask setting. In order to develop an online rmp
estimation technique with knowledge transfer adaptation capa-
bilities, two key ideas have been incorporated in the existing
MO-MFEA. These include as follows.

1) Utilizing an RMP matrix in place of a scalar rmp to
effectively multitask across more than two tasks with
possibly diverse intertask relationships. For example,
given three different optimization tasks, the degree of
similarity between the first and the second task may
be different from that between the first and the third.
Therefore, using the same rmp value for all task pairs
is considered to be too restrictive.

2) Defining the MO-MFEA framework from a probabilis-
tic modeling perspective, so as to allow capturing of
intertask similarities based on the quantification of over-
laps in search distributions. MO-MFEA-II is equipped to
model the data generated online during the course of a
multitasking search to unveil recurring solution patterns
across different tasks.

A. RMP Matrix

Given K optimization tasks in a multitask setting, the RMP
takes the form of a symmetric K × K matrix of pairwise rmp
values represented as

RMP =

⎡
⎢⎢⎣

rmp1,1 rmp1,2 · ·
rmp2,1 rmp2,2 · ·
· · · ·
· · · ·

⎤
⎥⎥⎦ (2)

where rmpk,j = rmpj,k reflects the extent of transfer between
the kth and the jth task pair. Note that rmpk,k = 1 ∀k. Unlike
the scalar rmp of the present day MO-MFEA, the RMP matrix
offers the distinct advantage of adapting the extent of knowl-
edge transmissions between diverse task pairs with possibly
nonuniform intertask similarities.
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B. Latent Search Distributions in the MO-MFEA

Here, we briefly describe how knowledge transfers are actu-
alized in the original MO-MFEA, through the implicit mixture
of search distributions drawn from different tasks.

For k ∈ {1, 2, . . . , K} consider the parent subpopulation
associated with the kth task Tk to be denoted as Pk(t)′ at
iteration t. Further, let the subpopulations associated with each
of the K tasks originate from the true (but unknown) under-
lying probability distributions p1(x, t), p2(x, t), . . . , pK(x, t),
respectively, that is, Pk(t)′ ∼ pk(x, t) for all k ∈ {1, 2, . . . , K}.

As a consequence of the intertask interactions in the MO-
MFEA (through intertask crossovers), the offspring population
generated for the kth task at the tth iteration can be shown to be
drawn from the following mixture distribution, under the sim-
plifying assumption of parent-centric evolutionary operations
(see supplementary material of [23])

pk
c(x, t) =

⎡
⎣1− 0.5

K
·
∑
k �=j

rmpk,j

⎤
⎦ · pk(x, t)

+ 0.5

K

∑
j�=k

rmpk,j · pj(x, t). (3)

The finite mixture pk
c(x, t) is a linear combination of all K

task distributions, with the degree of mixing given by rmpk,j’s.
Note that 0 ≤ rmpk,j ≤ 1. Clearly, the most trivial way
to prevent any harmful (negative) intertask interactions is to
simply set the rmpk,j values to 0, leading to the cancella-
tion of all knowledge transfers. In this case, (3) implies that
pk

c(x, t) = pk(x, t).

C. Preliminaries on Probabilistic Model-Based Search

For an ideal multitasking engine, the goal is to promote
fruitful transfers whenever possible (i.e., by learning positive
pairwise rmp values) while also minimizing negative intertask
interactions. The proposed idea is thus to leverage on the data
generated during the course of a multitask optimization run,
and to learn an RMP matrix that leads to an effective mixture
distribution in (3). For instance, if the search distributions of
the respective tasks are far from each other in a unified search
space, such that no relationship can be inferred between them,
we would want the corresponding pairwise rmp values to be
automatically very low (near zero). On the other hand, if the
search distributions are overlapping, higher rmp values should
ideally be prescribed. Such a learning strategy is expected
to benefit related tasks while not hurting the performance of
unrelated tasks.

In order to do this learning, we draw from existing theories
in the field of probabilistic model-based search algorithms.
These algorithms guide the optimization search by iteratively
building probabilistic models of parent solutions, and subse-
quently generating new offspring by sampling these models.
The typical steps can be summarized as follows.

Step 1: Start with a uniform distribution model q(x, 0) over
the search space.

Step 2: At iteration t, sample N offspring solutions from the
current model q(x, t − 1).

Step 3: Based on the fitness of sampled solutions, select
n < N parent solutions.

Step 4: Build a probabilistic model q(x, t) of the parent
solutions.

Step 5: Increment iteration count and go to step 2, unless a
termination condition is satisfied.

A well-known result that supports this class of algorithms
is summarized in Theorem 1. Briefly, the result highlights the
benefit of learning probabilistic models q(x, t) that capture the
true underlying parent distribution p(x, t) accurately, in order
to attain asymptotic convergence guarantees. It is this theo-
rem that also serves as the basis of the mathematical program
proposed in this article to learn the RMP matrix online, as
shall be detailed in Section III-E.

Theorem 1: Consider a continuous optimization task T with
objective function f and global optimum f ∗. The prior dis-
tribution q(x, 0) from which initial solutions are sampled
is assumed to be positive and continuous everywhere in
the search space X, with N → ∞. With this, at every
iteration “t” of a probabilistic model-based EA, if the learned
model q(x, t)—from which offspring are sampled—is iden-
tical to the true parent distribution p(x, t), then the search
asymptotically converges to a distribution p(x,∞) such that∫

X f (x) · p(x,∞) · dx = f ∗.
The proof of the above can be found in [40]. We note that

this result originally pertains to the case of single-objective
optimization, and has recently been used in [23] for learning
optimized mixture models in the context of multitasking with
single-objective optimization tasks. In contrast, in this article,
we investigate how the incorporation of the same result can
lead to performance gains in MO-MFEA as well. Details of
the resultant MO-MFEA-II are presented next.

D. Probabilistic Mixture Modeling in MO-MFEA-II

At any iteration t of MO-MFEA-II, we start by build-
ing probabilistic models qk(x, t) for parent subpopulations
Pk(t)′ ∈ {P1(t)′, P2(t)′, . . . , PK(t)′}. The model qk(x, t) is seen
as a limited data approximation of the true parent distribution
pk(x, t). Given the learned models above, (3) can equivalently
be written as

qk
c(x, t) =

⎡
⎣1− 0.5

K
·
∑
k �=j

rmpk,j

⎤
⎦ · qk(x, t)

+ 0.5

K

∑
j�=k

rmpk,j · qj(x, t) (4)

where qk
c(x, t) is a mixture model approximating the true

pk
c(x, t) in (3).

From Theorem 1, we know that in this probabilistic
interpretation, asymptotic convergence is guaranteed in the
limit N →∞ if the offspring distribution is equal to the parent
distribution. This result suggests that learning the RMP matrix
such that mixture model qk

c(x, t) in (4) accurately replicates
pk(x, t), for all k ∈ {1, 2, . . . , K}, shall implicitly decrease the
tendency of negative intertask interactions.
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E. Learning the RMP Matrix Online in MO-MFEA-II

To this end, given the probabilistic models qk(x, t) for all
tasks k ∈ {1, 2, . . . , K}, the following mathematical program
is formulated to learn the RMP matrix:

max
RMP

K∑
k=1

n∑
i=1

log qk
c(xik, t) (5)

where xik is the ith sample (individual) in parent subpopulation
Pk(t)′. The rationale behind this formulation can be seen from
the following theorem.

Theorem 2: Maximizing the likelihood function in (5), in
the limit n→ ∞, is equivalent to minimizing the Kullback–
Leibler divergence KL(pk(x, t)||qk

c(x, t)) averaged across all
tasks {T1, T2, . . . , Tk, . . . , TK}.

The proof of the above can be found in [23], where the
Kullback–Leibler divergence is used as a standard measure
of the discrepancy between probability distributions. With
regard to the computational tractability of optimizing the RMP
matrix, we note that the mathematical program in (5) is con-
vex upward. Therefore, in practice, the RMP matrix can be
learned at little computational overhead (as long as K is not
large) using classical convex optimization solvers.

It is also worth highlighting the importance of the type
of constituent probabilistic models qk(x, t) to be chosen for
approximating the parent distributions pk(x, t). If we choose
to build a complex (highly expressive) model on a typically
small subpopulation dataset Pk(t)′, then this may cause model
overfitting—which in turn can be shown to result in the can-
cellation of intertask knowledge transfers in (4) as the trivial
solution of rmpk,j = 0 ∀k �= j optimizes the program in (5).
To alleviate this overfitting issue, we propose to use simple
(less expressive) and fast probabilistic models, for example,
univariate marginal distributions ignoring variable dependen-
cies, to approximate the parent distributions; thus, allowing
all other models in the multitask setting to be mobilized to
fill in the distribution gaps and actualize knowledge trans-
fers. An additional step that actively prevents the cancellation
of intertask transfers is to inject some random noise into the
available subpopulation datasets. Specifically, a simple modi-
fication that is found to work well in practice is to add a small
amount of uniformly sampled noise to the dataset Pk(t)′ ∀k,
resulting in a corrupted version Pk(t)′′. Thereafter, building
the model qk(x, t) on the corrupted dataset Pk(t)′′ naturally
prevents overfitting to the original dataset Pk(t)′ [41].

F. Summary of MO-MFEA-II

Given all the enhancements above, we can now summarize
the MO-MFEA-II algorithm.

1) Preliminary Definitions: Consider the case of solving
K multiobjective optimization tasks {T1, T2, . . . , TK} concur-
rently using a single population P of evolving individuals,
encoded in a unified space (denoted as Y). Let the subpopula-
tion associated with the kth task be denoted as Pk. An approach
for comparing the fitness of candidate solutions in such a mul-
titask setting is formulated by defining the following properties
for each individual in P.

Algorithm 1: Pseudocode of MO-MFEA-II
1 Randomly sample N · K individuals in Y to form initial population P(0)

2 for every individual pi in P(0) do
3 Assign skill factor τi = mod (i, K)+ 1, for the case of K tasks
4 Evaluate pi for task τi

5 Compute scalar fitness ϕi∀pi via lexicographic ranking of NFi, CDi
6 Set t = 1
7 while stopping conditions are not satisfied do
8 Configure offspring population Pc(t) = ∅
9 P(t)′ = Tournament Selection of n · K parent solutions from P(t)

10 Learn RMP(t) as per Eq. (5)
11 while offspring generated for each task < N do
12 Sample two individuals xi and xj at random from P(t)′
13 if τi == τj then
14 [xa, xb]← Intra-task crossover + mutate (xi, xj)
15 Assign offspring xa and xb skill factor τi
16 else if rand≤ rmpτi,τj then
17 [xa, xb]← Inter-task crossover + mutate (xi, xj)
18 Each offspring is randomly assigned skill factor τi or τj
19 else
20 Randomly select x′i with skill factor τi
21 [xa]← Intra-task crossover + mutate (xi, x′i)
22 Assign offspring xa skill factor τi
23 Randomly select x′j with skill factor τj ;
24 [xb]← Intra-task crossover + mutate (xj, x′j)
25 Assign offspring xb skill factor τj

26 Evaluate [xa, xb] for their assigned skill factors only
27 Pc(t) = Pc(t) ∪ [xa, xb]

28 R(t) = Pc(t) ∪ P(t)
29 Update scalar fitness of all individuals in R(t);
30 Select N · K fittest members from R(t) to form P(t + 1)

31 t = t + 1

1) Definition 1 (Skill Factor): The skill factor τi corre-
sponds to the one task (out of the available K tasks)
the ith individual is associated with in the multitasking
environment.

2) Definition 2 (Scalar Fitness): The scalar fitness of the ith
individual is defined as ϕi = 1/ri

τi
, where ri

τi
corresponds

to the rank of the ith individual on task τi. Note that
max{ϕi} = 1.

2) Algorithm Summary: Algorithm 1 provides the pseu-
docode for MO-MFEA-II. The algorithm is built upon the
NSGA-II [30], which utilizes lexicographic ranking based on
each candidate solution’s nondominated front (NF) and crowd-
ing distance (CD) to guide the population as a whole through
complex multiobjective search spaces. For the sake of brevity,
further details of the NSGA-II have not been reproduced in
this article.

The MO-MFEA-II evolves a single population of N ·K indi-
viduals encoded in a unified space Y. A uniform resource
allocation scheme is adopted whereby each task Tk ∈
{T1, T2, . . . , TK} is equally assigned N individuals to comprise
its subpopulation Pk. Lines 7–31 in Algorithm 1 form the main
evolutionary multitasking loop, describing the steps associated
with offspring generation, task-specific fitness evaluation, and
environmental selection.

For offspring creation, a pool of parent candidates P(t)′ is
first selected through binary tournament selection (line 9). The
selection is based on the scalar fitness of each of the indi-
viduals such that P1(t)′ ∪ P2(t)′∪, . . . ,∪PK(t)′ = P(t)′. The
selected parent subpopulations are then used to build proba-
bilistic models and learn the RMP matrix according to (5).
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Notice that the RMP matrix is currently learned and adapted
online at every iteration t (line 10).

Apart from the conventional intratask crossover between
parent solutions belonging to the same task (lines 13–15),
intertask crossover (lines 16–18) also takes place between
parent solutions belonging to different tasks (i.e., parents having
different skill factors). In particular, the extent of implicit genetic
transfer in MO-MFEA-II is governed by the pairwise rmp values
in the learned RMP matrix–which mandates the probability of
intertask crossover between two solutions xi and xj that may
have different skill factors. Clearly, if the learned RMP is the
identity matrix, then no knowledge transfer will be actualized.

3) Selective Evaluations in MO-MFEA-II: Each of the off-
spring individuals is evaluated with respect to only one task
(its assigned skill factor) amongst all other tasks in the multi-
tasking environment (line 26). This salient feature combats the
issue of otherwise exhaustively evaluating every individual for
every task, which would often be computationally demanding.
Post evaluation, the fittest N · K individuals survive for the
next iteration of the evolutionary search (line 30).

The aforementioned steps (lines 7–31 in Algorithm 1) repeat
until some stopping condition is met.

IV. EXPERIMENTAL STUDY

In this section, experimental results are presented that
showcase the efficacy of the proposed MO-MFEA-II in the
domain of multiobjective optimization. The performance of
MO-MFEA-II is compared against its predecessor, the MO-
MFEA, and its baseline algorithm, that is, NSGA-II per-
forming a single task at a time. For the case of synthetic
benchmarks tackling two MOOPs at a time (Sections IV-D1
and IV-D2), the evolutionary multitasking via explicit autoen-
coding (EMEA) [8] algorithm is considered as an addi-
tional state-of-the-art multitasking baseline for comparison.
Essentially, the EMEA leverages on the search biases from
two different MOEAs (i.e., NSGA-II and SPEA2) acting upon
two distinct tasks, respectively. During knowledge transfers,
candidate solutions are first transformed via a linear mapping
before being transferred from one task to the other.

A. Experimental Configuration

The experimental setup is outlined in what follows. To
ensure consistency, the population size N (per task) is kept
the same for all algorithms. For all the test problems under
consideration, the following general settings are applied.

1) Continuous unified search space [0, 1]D.
2) Evolutionary operators used for MO-MFEA-II,

MO-MFEA, and NSGA-II are:
a) SBX crossover with probability (pc) = 1 and

distribution index ηc = 10;
b) polynomial mutation with probability (pm) = 1/D

and distribution index ηm = 10.
3) Probability Model in MO-MFEA-II: Normal

distribution.
4) Population size (N):

a) for synthetic benchmarks: 50;
b) for practical study: 20.

5) Maximum number of generations: 250.
6) RMP is learned online for MO-MFEA-II. For MO-

MFEA, rmp values set as either 0.9, 0.6, or 0.3.
7) Transfer interval in the EMEA: ten generations.

Note that no uniform crossover like variable swap is applied
between offspring to ensure parent-centric crossover oper-
ations with minimum chromosome disruptions [42], thus
allowing us to clearly observe the effects of intertask implicit
genetic transfers.

B. Specification of Benchmark MOOPs

We highlight that the following benchmarks are created based
on prior knowledge of the relationships between tasks in mul-
titask settings. The relationship is measured in terms of the
overlap between their optimal solutions and the rank (ordi-
nal) correlations between their function landscapes [26]. Given
such prior knowledge, evolutionary multitasking is naturally
expected to benefit from the scope for genetic transfers between
tasks that share a degree of intertask similarity. On the other
hand, it may be less effective to conduct knowledge exchange
across tasks that have little in common, as this could potentially
lead to negative transfers and impede the optimization process.
In the latter scenario, an ideal multitasking algorithm should
be able to automatically reduce intertask interactions, thereby
performing no worse than its baseline single-tasking algorithm.

In this particular study, we consider a variety of MOOP bench-
marks proposed for evolutionary multitask optimization [14],
[26]. These problems are characterized by different proper-
ties, including the type of the Pareto front, multimodality, and
separability.

1) Problem 1: In this multiobjective problem, g(x) takes
the form of the sphere function

min f1(x) = g(x) cos
(πx1

2

)

min f2(x) = g(x) sin
(πx1

2

)

g(x) = 1+
D∑

i=2

xi
2

x1 ∈ [0, 1], xi ∈ [−100, 100], i = 2, 3, . . . , D. (6)

2) Problem 2: This particular MOOP is defined as follows:

min f1(x) = x1

min f2(x) = g(x)

(
1−

(
x1

g(x)

)2
)

g(x) = 1+ 9

n− 1

D∑
i=2

|xi|

x1 ∈ [0, 1], xi ∈ [−100, 100], i = 2, 3, . . . , D. (7)

3) Problem 3: Here, g(x) takes the form of the Griewank
function [43]

min f1(x) = g(x) cos
(πx1

2

)
cos
(πx2

2

)

min f2(x) = g(x) cos
(πx1

2

)
sin
(πx2

2

)

min f3(x) = g(x) sin
(πx1

2

)
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TABLE I
SUMMARY OF TEST PROBLEMS

g(x) = 2+ 1

4000

D∑
i=3

(zi)
2 −

D∏
i=3

cos

(
zi√

i− 2

)

(z3, z4, . . . , zD)T = (x3, x4, . . . , xD)T − s

x1 ∈ [0, 1], x2 ∈ [0, 1], xi ∈ [−50, 50]

i = 3, 4, . . . , D (8)

where s = (20, 20, . . . , 20) represents a shift vector.
4) Problem 4: Here, g(x) takes the form of the Ackley

function [44]

min f1(x)
1

2
(x1 + x2)

min f2(x) = g(x)

(
1−

(
x1 + x2

2 · g(x)

)2
)

g(x) = −20 exp

⎛
⎝−0.2

√√√√ 1

D− 2

D∑
i=3

x2
i

⎞
⎠

− exp

(
1

D− 2

D∑
i=3

cos(2πxi)

)
+ 21+ e

x1 ∈ [0, 1], x2 ∈ [0, 1], xi ∈ [−100, 100]

i = 3, 4, . . . , D. (9)

5) Problem 5: In this case, g(x) takes the form of the
Rastrigin function [45]

min f1(x) = x1

min f2(x) = g(x)

(
1−

√
x1

g(x)

)

g(x) = 1+ 10(D− 1)+
D−1∑
i=1

z2
i − 10 cos(4πzi)

(z2, z3, . . . , zD)T = M · (x2, x3, . . . , xD)T

x1 ∈ [0, 1], xi ∈ [−5, 5], i = 2, 3, . . . , D (10)

where M is a randomly generated (D− 1)× (D− 1) rotation
matrix. The properties of these MOOPs are summarized in
Table I. In all cases, the dimensionality of the search space
is set to D = 10. The inverted generational distance (IGD)
measure [46] is used for performance comparison between all
the algorithms under consideration.

C. Measuring Complementarity Between Constitutive Tasks

In [26], two quantities have been proposed to mea-
sure the complementarity between different multiobjective

(a)

(c)

(b)

Fig. 1. Top: Convergence trends (averaged over 30 independent runs)
achieved by all the algorithms in the CI-HS composite MOOP benchmark.
Below: Pairwise rmp’s learned between tasks T1 and T2 over successive gen-
erations. The shaded regions span one half standard deviation on either side
of the mean. (a) Convergence trends of T1 in CI-HS. (b) Convergence trends
of T2 in CI-HS. (c) Learned intertask rmp’s of MO-MFEA-II.

optimization tasks in a multitask setting. First, the degree of
overlap of the global optima of the g(x) functions of constitu-
tive tasks is considered. A scenario in which there is complete
overlap between the respective global optima in the unified
space is defined as complete intersection, and is denoted as
CI. On the other hand, the global optima of task pairs may
also not intersect, which we denote as NI. Second, Spearman’s
rank correlation (Rs) measure is utilized to capture the sim-
ilarity between the overall trends of the fitness landscape of
tasks. The task pairs for which the Spearman rank correlation
Rs < 0.2 are characterized as having LS; the task pairs in the
range 0.2 ≤ Rs < 0.8 are defined as having medium similarity
(MS); and Rs ≥ 0.8 implies high intertask similarity (HS).

D. Experimental Results

1) Complete Intersection and High Similarity (CI-HS):
We begin by considering a composite MOOP set with com-
plete intersection and high similarity. In this setup, task T1
is represented by Problem 1 (6) while task T2 is represented
by Problem 2 (7). The intertask similarity is measured to be
Rs = 0.97. The convergence trends (IGD metric averaged over
30 independent runs) for the first 100 generations are shown
in Fig. 1.

Since the composite MOOPs share high degrees of intertask
similarities, the effect of knowledge transfers in all the mul-
titasking algorithms is observed to be beneficial. The results
indicate that both MO-MFEA-II and MO-MFEA outperform
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(a) (b)

(c)

Fig. 2. Top: Convergence trends of all the algorithms in the NI-LS com-
posite MOOP benchmark. Bottom: Pairwise learned rmp’s. (a) Convergence
trends of T1 in NI-LS. (b) Convergence trends of T2 in NI-LS.
(c) Learned intertask rmp’s of MO-MFEA-II.

the single-tasking NSGA-II. Fig. 1(a) and (b) shows that
MO-MFEA variants with high specified rmp values (i.e., 0.9
and 0.6, inducing high frequency of genetic transfers) show-
case better convergence trends than MO-MFEA with a lower
prescribed rmp value of 0.3. As such, note that the MO-MFEA
requires careful rmp tuning in order to achieve the desired
performance. In contrast, the MO-MFEA-II alleviates the hur-
dle of manual parameter tuning. By learning the pairwise rmp
values online and adapting knowledge transfers on the fly,
MO-MFEA-II has recorded improved convergence characteris-
tics for both tasks T1 and T2. Fig. 1(c) reveals that the learning
module of MO-MFEA-II is able to deduce rmp values that
agree well with the a priori known intertask similarity; high
rmp values are learned throughout the optimization process
implying high frequency of transfers.

We further compare MO-MFEA-II with the results achieved
by the EMEA algorithm for the CI-HS case. Recall that the
EMEA employs two different solvers to tackle the two differ-
ent tasks; T1 is optimized by NSGA-II while T2 is optimized
by SPEA2. As observed from Fig. 1, the EMEA has shown
similar performance behavior as the MO-MFEA-II and other
MO-MFEA variants. It leverages on the scope of knowledge
transfers to improve its baseline algorithms for both the tasks.

2) No Intersection and Low Similarity (NI-LS): Next, we
consider the extreme case of tackling two unrelated MOOPs
with no intersection of the global optima and having LS. In
this setup, task T1 is represented by Problem 3 (8) while task
T2 is represented by Problem 4 (9). The intertask similarity
is measured to be Rs = 0.08. The experimental results are
reported in Fig. 2.

TABLE II
INTERTASK SIMILARITIES Rs

The lack of intertask similarity in this scenario suggests that
there exists little scope for crossover-based intertask knowl-
edge transfers. However, consider the convergence trends of
the MO-MFEA variants with higher frequency of transfers
(i.e., rmp = 0.6 and rmp = 0.9). While these configurations
seem to have improved the performance of task T2 in compari-
son to NSGA-II [Fig. 2(b)], we observe that their performance
deteriorates significantly on task T1 [Fig. 2(a)]. This may be
a counter effect of the omnidirectional transfer mechanism,
which, if not controlled, could lead to undesired negative trans-
fers for one of the tasks. This conjecture is also supported by
the results of EMEA on T1, which is found to be hampered
by negative transfers as well. As such, the MO-MFEA vari-
ants are seen to improve one task at the expense of worsening
the other, but, with a decreased rmp value (0.3), such counter
effects are minimized. On the other hand, MO-MFEA-II has
recorded superior convergence trends for both tasks. As shown
by the learned rmp curve in Fig. 2(c), the frequency of transfer
is low, thus making the algorithm less prone to the impact of
negative transfers.

3) Study With More Than Two Tasks: Studies focusing on
many tasking have been carried out in the domain single-
objective optimization [13], [47]. Along similar lines, we
extend our current experimental study to more than two
multiobjective tasks. In particular, we attempt to analyze the
effects of omnidirectional transfers in the context of pooling
several tasks (up to five MOOPs) in the same multitasking
environment. For this set of experiments, all the five problems
defined in Section IV-B are considered. Tasks T1, T2, . . . , T5
are represented by problems: 1, 2, . . . , 5, respectively. The
intertask similarities are given in Table II.

The experimental results are reported in Table III and Fig. 3.
According to the results, MO-MFEA-II records the overall best
performance. More important, no harmful effects of negative
transfer are seen for MO-MFEA-II in any of the five tasks.
Clearly, such superior performance is attributed to the fact
that MO-MFEA-II incorporates an RMP matrix, capable of
capturing diverse intertask relationships between various task
pairs and adapting the extent of transfers accordingly.

In contrast, the MO-MFEA variants that employ a user-
specified scalar rmp are found to suffer. Since the rmp is fixed,
the extent of transfer remains the same (uniform) across all
task pairs (irrespective of the existence of nonuniform intertask
synergies reported in Table II). In such a restrictive approach,
the threats of negative transfers are observed to be predomi-
nant. For instance, while analyzing the convergence trends in
Fig. 3, it can be observed that prescribing a relatively high
rmp (e.g., 0.6) may bolster performance in a few tasks while
hampering others (in most cases, the conventional MO-MFEA
performs worse than single-tasking NSGA-II).
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TABLE III
AVERAGE IGD VALUES ACHIEVED BY NSGA-II, MO-MFEA-II, AND MO-MFEA (WITH A RANGE OF rmp VALUES) FOR ALL K = 5 TASKS.

BOLD FACE ENTRIES ARE THE BEST (BY WILCOXON TEST WITH SIGNIFICANCE LEVEL 0.05)

(a) (b) (c)

(d) (e)

Fig. 3. Convergence trends (averaged over 30 independent runs) achieved by all the algorithms on five tasks. (a) Convergence trends of T1. (b) Convergence
trends of T2. (c) Convergence trends of T3. (d) Convergence trends of T4. (e) Convergence trends of T5.

Furthermore, Tables IV and V show numerical results for
pooling K = 4 and K = 3 tasks (MOOPs) together, respec-
tively. Performance trends similar to Table III are observed.

V. EVOLUTIONARY MULTITASKING FOR HIGH-FIDELITY

OPTIMIZATION: PRACTICAL STUDY

One of the key beneficiaries of our proposed MO-MFEA-II
framework is expected to be in the domain of high-fidelity
optimization settings. The fact that real-world high-fidelity
numerical simulations can take anywhere between several
minutes to several hours for a single run, the use of tradi-
tional single-task optimization approaches still remains too
costly. On the other hand, knowledge exploitation from
cheaper optimization problems to cut down the computa-
tional costs of (related) expensive problems has shown to
be promising [6], [48]. In this section, we demonstrate the

efficacy of MO-MFEA-II in leveraging knowledge transfers
from low-fidelity tasks to speed up the performance of higher
fidelity tasks.

In particular, we consider multiobjective optimization of the
unmanned aerial vehicle (UAV) path planning problem. Before
we proceed to the details of our experimental settings, we
present a brief overview of the UAV path planning proce-
dure. UAVs have emerged as promising tools for autonomous
inspection of large geographical areas and performing mis-
sions in hazardous environments, such as military surveil-
lance, nuclear power plant operations, and outer space explo-
ration [49], [50]. Autonomous navigation by UAVs through
unknown environments is a challenging task that requires
safe and efficient path planning strategies, such that opera-
tional risks (in the presence of hazards, including obstacles
or environmental factors) are minimized. The risks associated
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TABLE IV
AVERAGE IGD VALUES FOR ALL K = 4 TASKS

TABLE V
AVERAGE IGD VALUES FOR ALL K = 3 TASKS

with UAVs may vary from collisions to loss of control.
Collisions are usually caused by static or dynamic obstacles
while loss of control can result from system failure, navigat-
ing beyond signal range (e.g., radio, WiFi or GSM networks),
or adverse environmental conditions (e.g., bad weather or bad
GPS reception) [51]. In our experimental study, we consider
a realistic scenario with multiple UAVs operating in a spec-
ified region in the southwest of Singapore. The operational
environment is characterized by different types of hazards and
environmental factors (e.g., signal strength and weather con-
ditions). For our simulations, a data-driven multitask Gaussian
process (GP) model of the environment is created. The prob-
abilistic predictions from such a GP model are then used
to define a path-integral risk metric, which gives the prob-
ability of an unsafe outcome along a UAV’s traversed path.
Background details of safety risk assessment in UAVs, GP
modeling of the environment, and the mathematical definitions
of the path-integral risk metric are not reproduced herein for
the sake of brevity, but can be found in [51].

A. Multiobjective Risk-Averse UAV Path Planning

The problem of minimizing operational risk for multiple
UAVs in uncertain environments can be defined in a
multiobjective optimization framework, addressing the trade-
off between the path-integral risk measure and path efficiency
(travel distance). The considered MOOP can be represented
as follows:

minimize (Risk, Distance) (11)

where the first objective corresponds to minimizing the proba-
bility of an unsafe event occurring for at least one UAV, while

TABLE VI
PRACTICAL STUDY EXPERIMENTAL CONFIGURATIONS. DIFFERENT TASK

INSTANCES ARE GENERATED BY DEFINING DIFFERENT DISCRETIZATION

STEP SIZES (dstep)

the second objective accounts for the total distance traveled
by all the UAVs from their respective origins to destinations.

With regard to the risk measure, the path integral over a
continuous path for a particular UAV is evaluated through
a discretization of its trajectory. We note that the runtime
of evaluating the risk metric along a finite discretized path
is highly dependent on the discretization step size. To elab-
orate, a smaller step size implies numerical integrations of
high-fidelity, making the optimization process computationally
expensive. Such high-fidelity simulations, albeit more accu-
rate, can take up several minutes or even hours. On the other
hand, lower fidelity simulations with larger discretization step
sizes can be much faster, although they do not offer the same
level of accuracy in the risk estimations.

In this demonstration, we consider five UAVs operating in
a region of about 10× 7 km2 in the southwest of Singapore.
We introduce two environmental factors that translate into
hazards: 1) signal strength (4G signal) and 2) the weather con-
ditions (defined by different wind speeds). Further, the region
includes geofences which UAVs cannot enter, and there exist
a couple of other constraints such as maintaining a minimum
separation distance between UAVs and flying within specified
altitude boundaries. The trajectories of UAVs are defined using
cubic spline interpolation [52]. For full experimental details,
the reader is referred to [51].

Table VI shows two different experimental configurations
used to demonstrate the efficacy of MO-MFEA-II for high-
fidelity multicriteria optimization of UAV trajectories.

As shown, different instances of tasks (representing differ-
ent fidelity levels) are generated using different discretization
step sizes (dstep) associated with the path-integral risk measure.
In both configurations, the high-fidelity task T1 represents the
main task of interest, while the low-fidelity tasks T2 and T3 are
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(a) (b)

Fig. 4. Left: Convergence trends (averaged over ten independent runs) achieved by NSGA-II and MO-MFEA-II for experimental Configuration 1. Right:
Pairwise rmp’s learned between tasks T1 and the helper task T2 over total run time. The shaded regions span one half standard deviation on either side of
the mean. (a) Convergence trends of T1. (b) Learned intertask rmp’s of MO-MFEA-II.

(a) (b)

Fig. 5. Left: Convergence trends achieved by NSGA-II and MO-MFEA-II for experimental Configuration 2. MO-MFEA-II employs two helper tasks,
respectively. Right: Pairwise rmp’s learned between tasks T1 and the helper tasks T2 and T3. The shaded regions span one half standard deviation on either
side of the mean. (a) Convergence trends of T1. (b) Learned intertask rmp’s of MO-MFEA-II.

considered as helper tasks. Since all the specified tasks essen-
tially solve the same MOOP, but with different fidelity levels,
there inherently exists underlying complementarities that can
be exploited via multitasking.

While the baseline NSGA-II solves the main tasks in iso-
lation, the MO-MFEA-II pools together the main and helper
task(s) for simultaneous optimization. The hypervolume met-
ric [53] is used as an indicator to measure the quality of
solutions obtained by the two different algorithms.

Fig. 4(a) shows the convergence trends of T1 mapped against
the total run time for experimental Configuration 1. As is
seen, the MO-MFEA-II leads to a significant boost in the
optimization search during the initial stages of the main task.
Specifically, to achieve a hypervolume measure of 0.415 for
the high-fidelity task T1, MO-MFEA-II takes 33% less time
compared to NSGA-II. The corresponding learned rmp values
are depicted in Fig. 4(b). As shown, T1 experiences a high
frequency of transfers from its lower fidelity helper task T2,
thereby boosting the overall convergence trend.

Next, in experimental Configuration 2, we demonstrate the
effects of introducing an additional low-fidelity helper task
T3. As shown in Fig. 5(a), the overall convergence trend of
the high-fidelity task T1 (blue curve) is further boosted rel-
ative to the former experimental setup with only one helper
task [shown by the red curve in Fig. 5(a)]. The performance
enhancement is attributed to the learned rmp curves given by

Fig. 5(b). Therein, T1 is observed to be experiencing knowl-
edge transfer from both helper tasks T2 and T3, with the
learned rate of transfer from T2 being much more frequent;
this agrees with our intuition from Table VI that T1 is more
similar to T2 than it is to T3. Notably, from Fig. 5(b), it is also
seen that T3 helps T2 (see T2− T3 rmp curve), which in turn
helps boost the optimization performance of the high-fidelity
task T1.

VI. CONCLUSION

In this article, we presented a cognizant multitasking
multiobjective multifactorial evolution algorithm, namely,
MO-MFEA-II. The salient feature of MO-MFEA-II is its self
awareness, constantly modeling diverse relationships in the
optimization environment and adapting its own mechanisms
accordingly. We demonstrated the efficacy of MO-MFEA-II
experimentally on various benchmark MOOPs. The exper-
imental results show that the proposed method is capable
of learning intertask relationships between different MOOPs,
demonstrating the algorithm’s ability to decipher when and
how much knowledge to transfer across different tasks. As
opposed to the restrictive scalar transfer parameter in the
present day MO-MFEA, the flexibility of MO-MFEA-II to
capture diverse intertask relationships is enhanced through an
RMP matrix representation.
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In addition to the above, a practically useful application
is found to be in the domain of multifidelity optimization.
The simulation results highlight the ability of MO-MFEA-II
to exploit relevant knowledge from low-fidelity (cheaper) tasks
to quickly optimize high-fidelity tasks, thereby leading to sig-
nificant cost-saving benefits. Further, the empirical evidence
in this article shows the potential benefits of incorporating
multiple low-fidelity tasks for performance enhancement of
the high-fidelity task.

Although MO-MFEA-II is adept at capturing intertask rela-
tionships across several tasks at once, we however note that
the associated learning procedure becomes computationally
demanding as the number of tasks grows increasingly large.
In the literature, there have however been some recent works
to efficiently handle many-task optimization [13], [18]. While
the direct scalability of MO-MFEA-II to many tasking can be
achieved through simplifications such as reduced frequency of
RMP learning, we shall take up a more rigorous study of this
issue in our future work.
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