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Abstract—Today, modern databases with “Big Dimensionality” are experiencing a growing trend. Existing approaches that require the

calculations of pairwise feature correlations in their algorithmic designs have scored miserably on such databases, since computing the

full correlation matrix (i.e., square of dimensionality in size) is computationally very intensive (i.e., million features would translate to

trillion correlations). This poses a notable challenge that has received much lesser attention in the field of machine learning and data

mining research. Thus, this paper presents a study to fill in this gap. Our findings on several established databases with big

dimensionality across a wide spectrum of domains have indicated that an extremely small portion of the feature pairs contributes

significantly to the underlying interactions and there exists feature groups that are highly correlated. Inspired by the intriguing

observations, we introduce a novel learning approach that exploits the presence of sparse correlations for the efficient identifications

of informative and correlated feature groups from big dimensional data that translates to a reduction in complexity from Oðm2nÞ to
Oðm logmþKamnÞ, where Ka � minðm;nÞ generally holds. In particular, our proposed approach considers an explicit incorporation

of linear and nonlinear correlation measures as constraints in the learning model. An efficient embedded feature selection strategy,

designed to filter out the large number of non-contributing correlations that could otherwise confuse the classifier while identifying the

correlated and informative feature groups, forms one of the highlights of our approach. We also demonstrated the proposed method

on one-class learning, where notable speedup can be observed when solving one-class problem on big dimensional data. Further, to

identify robust informative features with minimal sampling bias, our feature selection strategy embeds the V -fold cross validation in the

learning model, so as to seek for features that exhibit stable or consistent performance accuracy on multiple data folds. Extensive

empirical studies on both synthetic and several real-world datasets comprising up to 30 million dimensions are subsequently conducted

to assess and showcase the efficacy of the proposed approach.

Index Terms—Big dimensionality, feature grouping, sparse correlation, one-class learning, robust feature selection

Ç

1 INTRODUCTION

FEATURE correlation is among one of the most commonly
used criteria of feature selection tasks in machine learn-

ing and data mining. While some researchers have focused
on minimizing the correlations among features in the identi-
fied feature subset [1], [2], [3], others have exploited the
mechanism of feature correlations via feature groups that
capture new salient characteristics of the data [4], [5], [6].
These feature groups then serve as cues that could assist the
human user in further analysis of the data. From a survey of
the literature, feature correlation has beenwidely established
as an important criterion for the identification of relevant,
irrelevant, redundant and/or noisy features in learning and
prediction tasks. It has received tremendous attentions over
the past decades since datasets comprising large number of
features are now becoming ubiquitous [2], [3], [4], [7].

Over the last decade, there has been an exponential growth
in the dimensionality of the datasets that were generated.

Such trends are non-isolated and can be observed across a
plethora of diverse disciplines [8], [9], [10]. In bioinformatics,
for instance, the search for a compact subset of relevant bio-
markers from single-nucleotide polymorphism (SNP) in
defining the behaviors of genes are now becoming prevalent
[11]. Each SNP is often modelled as a feature and since each
gene carries thousands of SNPs, the dimensionality of the
genetic data easily reaches millions in size even though only
a very small number of SNPs is relevant to the disease of
interest [12]. Similar developments have been observed in the
domain of imaging, where advancements in digital image
sensors have given birth to digital cameras that can easily
capture verisimilar photo with more than 41 megapixels.
Notably, with a pixel-based feature representation, this trans-
lates to 41 million features in dimension per photo in deep
learning framework. Likewise, in text mining, the feature
spacewhich ismade up of uniquewords and/or phrases that
appear in documents, tweet streams and webpages now eas-
ily extend tomanymillions of dimensions. Recently, the esca-
lation of users that enjoy spending their leisure watching
videos have propelled increasing research efforts towards
intelligent data-centric media computing platforms. With the
myriads of feature descriptors that are available for repre-
senting video contents (i.e., image, motion, acoustic and text,
etc.), millions of features could easily transpire.

From our survey of the literature, today, modern data-
bases with “Big Dimensionality” (i.e., millions of dimen-
sions and above, as discussed in [8]) are becoming evident
and such phenomenon will continue to be a growing trend.
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For a detail exposition on the emerging phenomenon of big
dimensionality, the reader is referred to [8]. As the
dimensionality of datasets continues to push the capability
limits of the algorithms, it is becoming clear that the com-
plexity of the feature grouping and selection tasks being
addressed began to overwhelm the algorithms available, i.e.,
due to the exponential increase in data dimension. In particu-
lar, existing approaches that require the calculations of pair-
wise correlations in their algorithmic designs cannot cope
well with such high dimensional datasets elegantly and often
scoredmiserably, since computing the full correlationmatrix
(i.e., square of dimensionality in size) can become computa-
tionally very intensive. Notably, a dataset with millions of
features would translate to trillions of correlations to be com-
puted. Although some works have been proposed on fast
correlation findings [13], [14], [15], it is still worth noting that
such degree of extreme computational complexity poses a
challenge that has received much lesser attention in the field
of machine learning and datamining research.

To reveal and illustrate the complexity of such a chal-
lenge, the efforts to compute the correlations of two com-
monly used and well established datasets are analyzed in
what follows, including psoriasis with 529,651 SNPs and
news20.binary with 1,355,191 word frequencies1. Theo-
retically, it can be asserted that for a simple brute force
approach, a total number of m

2

� �
computations would be nec-

essary to obtain the pairwise correlations between all fea-
tures in the datasets considered, wherein m denotes the
number of features. In particular, 0.14 and 0.92 trillion corre-
lation computations2 are necessary on these datasets. On the
psoriasis dataset, which has only 529,651 features, it
already took us 20.6 days of wall clock time to compute the
full pairwise correlations of the feature sets in LIBSVM for-
mat, on an Intel Core i7-930 Processor. This clearly poses a
serious impediment to the successful use of the feature cor-
relation criterion on big dimensional datasets. Thus, there is
a need for fresh computational and statistical learning para-
digms to address such emerging challenge explicitly.

Fortunately, our detailed analyses on the well established
datasets (which exhibit characteristics of big dimensional-
ity) revealed that an extremely small portion (i.e., less than
0.1 percent for these two datasets considered) of the feature
pairs have been found to be highly correlated. To illustrate
this observation, we summarized the distributions of corre-
lated feature pairs for the psoriasis and news20.

binary datasets in Figs. 1(a) and 1(b), respectively. In the
figure, each bar denotes the percentage of feature pairs (the
y-axis) that satisfies a given correlation threshold interval
(as indicated on the x-axis). From the figure, the percentage
of feature pairs is noted to decrease exponentially for
increasing correlation threshold values. To be precise,
99.985 percent of the feature pairs in psoriasis and
99.882 percent in the news20.binary dataset have correla-
tion values lower than the threshold of 0.1. This implies
that majority of the feature pairs are uncorrelated or the
features are sparsely correlated. In this paper, we term this

phenomenon as “sparse correlation” and our aspiration is
to exploit this sparse correlation that is made available
through the “Blessings of Big Dimensionality” [8].

In this paper, we introduce a novel learning approach
that exploits the presence of sparse correlations for the effi-
cient identifications of informative feature groups from
datasets, especially in big dimensionality which involves
general classification tasks including binary classification and
one-class learning problem. Our proposed approach is a gen-
eral feature grouping and selection framework, which con-
siders an explicit incorporation of correlation measures as
constraints in the learning model for different types of
learning problem. An efficient embedded feature selection
strategy, designed to remove large numbers of non-contrib-
uting correlations that could confuse the classifier, while
identifying the informative feature groups, is then intro-
duced. Extensive empirical studies on both synthetic and
several real-world datasets comprising up to 30 million
dimensions are subsequently conducted to assess and
showcase the efficacy of our proposed approach. The core
technical contributions of the current research work are
summarized as follows:

1) The current work represents a first attempt to incor-
porate both linear and non-linear feature correlation
measures for feature grouping and selection in
binary and one-class machine learning settings. The
inclusion of correlation constraints among features
in the learning model facilitates possible identifica-
tions of informative feature groups.

2) To achieve the goal, we explicitly define the notions
of support feature and affiliated feature. The former
denotes the highly informative features with lower
peer correlation, while the latter are features that are
highly correlated to the support feature. Support-
Affiliated Feature Groups are then established by an
aggregation of the affiliated features that correspond
to each support feature.

3) To identify the support-affiliated feature groups, in
the proposed linear correlation setting, we derive a
generalized relation between the absolute pairwise
Pearson’s correlation coefficient and the discrimina-
tive score of features. With such relationship estab-
lished, the eliminations of uncorrelated feature pairs
can thus be carried out without the need for a full
correlation computation. It is worth noting that, this
translates to a reduction in complexity on correlation
computations, from Oðnm2Þ to Oðm logmþKamnÞ,

Fig. 1. Distributions of correlated feature pairs in some established
datasets, wherein each bar denotes the percentage of feature pairs
(the y-axis) that satisfies a given correlation threshold interval
(the x-axis), i.e., 1� CDFi.

1. Note that, in our real-world experimental studies, besides these
two, datasets with up to 30 million dimensions are considered.

2. To be exact, 140,264,826,075 and 918,270,645,645 correlation com-
putations, respectively.
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where m is the dimensionality, n is the size of data,
Ka is the total number of support features identified
and Ka � minðm;nÞ generally holds.

4) To generalize the proposed framework over that pro-
posed earlier in [4], further studies on i). generaliza-
tions of Proposition 1 by relaxing the assumption
made on data normalization is proved; ii). nonlinear
feature correlation (e.g., symmetrical uncertainty) is
also considered; iii). the one-class learning setting,
where notable acceleration over popular LIBSVM
one-class SVM has been observed.

5) In addition, to reduce sampling bias caused by inad-
equate big dimensional training instances, we embed
the V -fold cross validation as part of our feature
selection scheme so as to converge to the set of
robust features that exhibits stable prediction accu-
racy across multiple folds of data.

The remainder of this paper is organized as follows. In
Section 2, some of the core definitions used in the paper
are presented. Further, Section 3 introduces our proposed
methodology to identify the support-affiliated feature
groups effectively and efficiently. Section 4 gives a brief
review of the related works on feature grouping. Then,
we present the experimental setup and obtain results in
Section 5. The conclusive remark and future work of
interest are given in Section 6.

2 PRELIMINARIES AND MOTIVATIONS

In this section, we present the core definitions and concepts
that are used throughout the rest of the paper.

2.1 Definitions

In this paper, we define m as the dimensionality of the data,
and n is the number of training data observations.
D ¼ fX; yg represents the intact training data, wherein each
observation is denoted by xi 2 Rm, and X ¼ ½x1; . . . ;
xn� 2 Rm�n. Each vector xi is associated with an output label
yi 2 f�1g for binary-class problem, and y is defined as the
vector of labels in the training data. Moreover, let fj denote

a row vector corresponding to the jth feature of all observa-

tions in X, thus X ¼ ½f01; . . . ; f0m�0 2 Rm�n holds. Additionally,
the element-wise product between two matrices A and B is
introduced as A� B, where j 	 j represents the cardinality
operator unless specified. Symbols “0” and “1” are the col-
umn vectors comprising all zeros and all ones. And for each
f, the corresponding mean and standard deviation of the
entries in f are indicated as mf and sf, respectively.

2.2 Feature Correlation Measures, corrð	; 	Þ
In this section, we illustrate both the linear and nonlinear
instantiations of corrð	; 	Þ.

Amongst various correlation measures, Pearson’s corre-
lation coefficient (PCC) is one of the most commonly used
linear correlation measure [16]. The PCC for a pair of fea-
tures fj and fk, rðfj; fkÞ, can be defined as follows:

corrlinearðfj; fkÞ : rðfj; fkÞ ¼ covðfj; fkÞ
sfjsfk

;

¼
ðfj � mfj

10Þðfk � mfk
10Þ0

nsfjsfk

;

(1)

wherein covðfj; fkÞ designates the covariance of the two fea-
tures. However, as its polarity does not affect the informa-
tiveness of a selected feature, the coefficient is hereinafter
referred to the absolute form in the present study.

From linear to nonlinear correlations, mutual information
(MI) represents a well established measure for feature selec-
tion [17], which takes the form of Iðfj; fkÞ ¼ HðfjÞ þHðfkÞ�
Hðfj; fkÞ (withHð	Þ denoting the entropy [18]) that measures
the level of information sharing between feature fj and fk
(i.e., HðfjÞ \HðfkÞ, where HðfÞ ¼ �Pi pðfiÞlog 2 pðfiÞ). In
feature selection, MI is typically used for assessing the rank-
ing of the features in classification problem, i.e., a higher
Iðf; yÞ implies a higher devotion of feature f to class y.

MI is ranged as [0, 1] such that it is not a good quantiza-
tion for pairwise correlation. Alternatively, the symmetrical
uncertainty (SU) [19], which is a form of normalized MI has
often been considered, which is defined by

corrnonlinearðfj; fkÞ : Uðfj; fkÞ ¼ 2Iðfj; fkÞ
HðfjÞ þHðfkÞ : (2)

Note that, both absolute PCC (jrð	; 	Þj) and SU (Uð	; 	Þ) are
symmetrical measures that lie in ½0; 1�. Without loss of gen-
erality, other forms of correlation measure with a range of
½0; 1� may also apply in corrð	; 	Þ. Further, a high (low) value
of corrð	; 	Þ indicates that the pair of features considered are
strongly (weakly) correlated. Hence if two features are fully
independent, their correlation shall be 0. On the other hand,
when they are completely correlated to each other, namely,
one feature can exactly predict the other, 1 follows.

2.3 Support and Affiliated Features

The core objective of traditional feature selection
approaches is to identify a reduced feature subset of infor-
mative features [3], [20]. In contrast to previous studies, this
paper focuses on discovering the underlying interactions
among informative features and capturing the salient char-
acteristics within the data, based on the conception of sparse
correlations and feature groupings, since such groupings
can be useful to assist users in their interpretations of the
data for further analysis. More specifically, we aim at identi-
fying feature groups through pairwise feature correlation
among informative features. Though several prior works
[5], [6], [21] have highlighted the benefits of identifying fea-
ture groups (e.g., many biological studies have suggested
that SNPs usually work in groups for some genetic activi-
ties), how to define the feature groups for general learning
tasks is non-trivial.

In the present study, our interest is to identify a sparse
feature subset of support features, while discovering the
feature groups. Each feature group comprises a parent sup-
port feature with affiliated features as children that are
strongly correlated to it. In what follows, we give the defini-
tions of the support feature and affiliated feature, which
form the basis of the current work.

Definition 1. A Support Feature (SFk) denotes the most infor-
mative (discriminative) feature w.r.t. the output labels among
the residual features. All of the support features identified, as
depicted in full circles of Fig. 2, are uncorrelated or weakly cor-
related to one another.

2474 IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. 38, NO. 12, DECEMBER 2016



Definition 2. An Affiliated Feature (AFks ) should also be an
informative feature, which shares similar predictive capability
with the associated support feature SFk, and is strongly corre-
lated with SFk (i.e., corr(SFk, AFks ) 
 "). The dotted circles of
Fig. 2 showcase this type of features.

With the above definitions, the interest of our current
work is to discover support-affiliated feature groups that
takes the form of Fig. 2 from various datasets in different
machine learning settings.

3 GROUP DISCOVERY MACHINE

In this section, a novel feature grouping and selection
method, labeled here as the group discovery machine (GDM), is
introduced for the discovery of support-affiliated feature
groups in various machine learning tasks, such as one-class
and two-class problems. The essential backbone of the GDM
is a sparse SVM with an efficient quadratically constrained
quadratic programming (QCQP) solver. We introduce an
explicit incorporation of the pairwise linear/nonlinear corre-
lation measures as constraints in the learning model to dis-
cover the appropriate support-affiliated feature groups.

3.1 General Correlation Constraints

Similar to the idea of feature indicator in [22], a vector

dd ¼ ½d1; . . . ; dm�0 2 f0; 1gm is introduced to define whether a
corresponding SF is selected (dj ¼ 1) or not (dj ¼ 0), such
that the decision function is given by: fðxÞ ¼ w0ðx� ddÞ,
where the vector w 2 Rm denotes weight vector. To limit
the number of selected features to be lower than Ka, the
‘0-constraint kddk0 � Ka is imposed for the purpose of fea-
ture selection. Further, to constrain the correlation among
the selected features, the following constraint on dd is explic-
itly introduced here as

djdk ¼ 0 if jcorrðfj; fkÞj 
 1� t; 8j; k with j 6¼ k: (3)

With this constraint, the feature pair is regarded as
uncorrelated if their correlation coefficient falls below the
bound (1� t), where t 2 ½0; 0:5�. Next we define DD ¼
fddjPm

j¼1 dj � Ka; dj 2 f0; 1g; djdk ¼ 0 if jcorrðfj; fkÞj 
 1� t;

8j; k with j 6¼ kg as the domain for dd. Further, (3) explicitly

defines m
2

� �) Oðm2Þ quadratic constraints with m numbers

of integer variables. As previously noted, our present task is
inclined to solve problems with millions of dimensions, which
translates to trillion quadratic constraints. Moreover, seeking
the solution dd 2 DD involves a process of combinatorial sub-
set selection, resulting in extremely high computational
cost, especially on big dimensional data. In what follows,
we describe in detail our proposed approach to deal with
the trillion correlation constraints that arise.

3.2 Proposed Formulation

In GDM, the interest is to find a large margin decision func-
tion fðxÞ for robust prediction, and seamlessly identify the
informative yet uncorrelated feature subset that satisfies
the constraints defined in (3). For the purpose of simplicity,
the square hinge loss in SVM is considered, thus arriving
at the following optimization problems:

min
dd2DD

min
w;g;�

1

2
kwk22 � g þ C

2

Xn
i¼1

�2i

s:t: yiw
0ðxi � ddÞ 
 g � �i i ¼ 1; . . . ; n;

(4)

where �i 
 0 is the slack variable, g=kwk denotes the margin
and C is a tradeoff parameter to regulate the function com-

plexity kwk22 and the training error (�i’s). Note, as discussed
earlier, the optimization problem in (4) with constraints
defined in (3) is a challenging problem, as a result of the
explosion in the number of constraints involving big dimen-
sional data.

3.3 Solving the Problem Iteratively with Cutting
Plane Algorithm

Cutting planes are a major component of the mixed integer
linear optimization solver for accelerating the progress by
removing fractional solutions. Recently, the cutting plane
algorithm has reported much success in many problems
involving vast varieties of constraints, including SVM train-
ing [23], structure prediction [23], maximummargin cluster-
ing [24] and so on.

Taking the cue, here we solve problem (4) by incorporat-
ing a cutting plane approach. To begin, the inner minimi-
zation section of problem (4) considers a dual form of SVM
w.r.t. w; g and �i. Thus (4) becomes a minimax saddle-
point problem. Inspired by applying the minimax optimi-
zation theory, a tight convex relaxation to problem (4) can
be attained, which takes the form of a QCQP problem:

min
aa2A;u

u : u 
 gddðaaÞ; 8dd 2 DD or min
aa2A

max
dd2DD

gddðaaÞ

define gddðaaÞ ¼ 1

2

Xn
i¼1

aiyiðxi � ddÞ
�����

�����
2

þ 1

2C
aa0aa;

(5)

wherein aa ¼ ½a1; . . . ;an�0 is the vector of dual variables, A ¼
faa��Pn

i¼1 ai ¼ 1;ai 
 0; 8i ¼ 1; . . . ; ng defines the domain of

aa, and u is the upper bound of gddð	Þ. Nevertheless, since

Fig. 2. Structural relationship of support-affiliated feature groups
(denoted using dotted ellipse). SFk: support feature (parent denoted
using full circle), AFks : affiliated features (children of SFk as denoted by
dotted circles).
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there are as many as ðPKa
i¼0

m
i

� �Þ quadratic constraints in

problem (5), the problem remains to be plagued with
computational complexity issues. The cutting-set methods
developed in [25] considers a general worst-case convex
optimization problem with arbitrary dependence on the
uncertain parameters. Hence, rather than solving the origi-
nal problem which involves a vast number of constraints,
cutting-set is used here to generate a subset of active
constraints in an iterative manner. This leads to a relaxed
optimization problem with the current constraint set consid-

ered. At the tth iteration, maxdd2DDgddðaaÞ 
 gddtðaaÞ; 8ddt 2 DD

holds, and correspondingly ddt is constrained by a Kb (i.e.,

support feature size per iteration), where
P

t Kt
b ¼ Ka gener-

ally holds. Thus, for a reduced active constraint set L � DD,
the lower bound approximation of (5) can be obtained as
maxdd2DDgddðaaÞ 
 maxt¼1;...;T gddtðaaÞ with T ¼ jLj, where T is the
maximum number of constraints (iterations) imposed. This
leads to solving a reduced problem of (5) that takes the form

min
aa2A;u

u : u 
 gddtðaaÞ; 8 ddt 2 L: (6)

3.4 Training with Multiple Kernel Learning

In this section, MKL optimization technique is considered
for solving the problem defined in (6), wherein the aim is to
jointly learn both the kernel and SVM parameters, or briefly,
to identify the most appropriate kernel for addressing the
task on hand [26].

Since problem (6) follows a convex QCQP problem, we
introduce mt as the dual variable of each constraint. The
Lagrangian function then takes the form of

Lðaa;mmÞ ¼ �u þ
X
t;ddt2L

mtðu � gddtðaaÞÞ: (7)

Setting the derivative w.r.t. u as zero,
P

mt ¼ 1 can be
attained. We set mm as the vector of mt’s, and U ¼ fmmjPmt ¼
1;mt 
 0g defines the domain of mm. Consequently, the
Lagrangian function Lðaa;mmÞ can be rewritten as

max
aa2A

min
mm2U

X
ddt2L

�mtgddtðaaÞ

¼min
mm2U

max
aa2A

� 1

2
ðaa� yÞ0

X
ddt2L

mtXtX
0
t þ

1

C
I

 !
ðaa� yÞ;

(8)

where Xt ¼ ½x1 � ddt; . . . ; xn � ddt�0, and the equation follows
on account of the fact that the objective function is concave
in aa and convex in mm. The recently developed MKL is ideal
for solving the resultant minimax problem (8) [26], [27],
where the kernel matrix

P
ddt2L mtXtX

0
t to be learnt is a con-

vex combination comprising jLj number of base kernel
matrices (XtX

0
t), each of which is constructed from a feasible

ddt 2 L.
To summarize, the steps for solving the proposed prob-

lem are outlined in Algorithm 1, wherein some of the nota-
tions are explained thereinafter. Specifically, for each
iteration of Algorithm 1, one needs to figure out the worst
case analysis (i.e., finding the most violated constraint ddt) of
Problem (5) [25], [28], which is described in the following

Sections 3.5, 3.6, and 3.7. The obtained ddt is then appended

into the active constraint set L, which forms a subset of DD.
Last but not least, the problemw.r.t. L can be solved via effi-
cient QCQP solvers [4].

Algorithm 1. Group Discovery Machine—GDM(w; dd;D)

Input: Dataset DðX; yÞ, zero-one vector dd 2 Rm, support
feature size per iteration Kb and correlation threshold t.
Output: Index set SF for SFs and AF for AFs.
Initialization: aa ¼ 1=n; dd ¼ 0m;S ¼ ; andQ ¼ ;.
for t ¼ 1 to T do
1: Call ddt ¼ CRMðD;Kb; t;aa

t;SF ;AFÞ.
2: Set L ¼ L [ fddtg and solve (6), while updating aatþ1.
3: Quit if the objective value is convergent.

end for

3.5 Correlation Redundancy Matching (CRM):
Finding the Most Violated Constraints dd

In this section, the worst case analysis of problem (5),
which plays a key role in Cutting Plane Algorithm [25] is
presented. In the current problem setting, problem (6) is
transformed into solving the following integer optimiza-
tion problems:

max
dd2DD

Xn
i¼1

aiyiðxi � ddÞ
�����

�����
2

: (9)

In general, solving such a problem is considered NP-
hard. However, since one can obtain kPn

i¼1 aiyiðxi � ddÞk2 ¼
kPn

i¼1ðaiyixiÞ � ddk2 ¼Pm
j¼1 s

2
jdj, where we define sj as the

feature discriminative score that follows

sj ¼
Xn
i¼1

aiyixij ¼
Xn
i¼1

aiyifji ¼ fj~aa; (10)

with ~aa ¼ ½a1y1; . . . ;anyn�0, indicating that the informative
features should accord with features of largest absolute
value feature score jsjj’s. Moreover, recall that we embed
correlation measures in dd, thus a natural question arises:
considering all the correlated features, which one poses
higher importance to the output labels?

To address this question, first of all, it is necessary to
offer the instantiations of SF and AF in the proposed GDM.
As discussed previously, SFs refer to the most informative
features with relatively low pairwise correlations in this
work. AFs, on the other hand, refer to the correlated fea-
tures associated with each SF correspondingly. The parent-
child structured relationship between SFs and AFs is illus-
trated in Fig. 2.

Definition 3. SF and AF in GDM. Given any exemplar vector

~aa 2 Rn and a collection of feature vectors ffig, where f0i 2 Rn.
The SF is given by maxijfi~aaj for the given ~aa. The remaining
correlated features in ffjg w.r.t. fi (with jcorrðfi; fjÞj 
 1� t)
then denote the AFs.

For the sake of conciseness, let SF be the index set of the
SFs and here we introduce a data structure AF ¼ fGjg to
represent the hierarchical structure of features, where Gj

denotes the index set of the AFs for the jth SF. In this man-
ner, all the correlated features can be identified and
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archived instead of omitting them.3 Moreover, based on the
definitions above, once a support feature (SFj) is identified
(i.e., the feature with the largest jsjj), all relevant features
(AFjs ) that correlate with SFj then become the affiliated fea-
tures that correspond to it. As the present proposed method
discovers the correlated feature groups, it is labelled as the
GDM here. Note that, alternatively, one could employ a
brute-force approach to search across all features and pair-
wise correlations to identify all feature groups that achieves
the similar goal. However, such a scheme [2] can be computa-
tionally intensive even with small dataset and would become
computational intractable on big dimensional data. For the
details on the intensiveness of a brute-force approach, the
reader is referred to the Appendix E, which can be found
on the Computer Society Digital Library at http://doi.
ieeecomputersociety.org/10.1109/TPAMI.2016.2533384.

Seeking for the most violated constraints dd is then termed
here as Correlation Redundancy Matching (CRM) proce-
dure. In CRM, once an SF is identified, the AFs are isolated
from the rest of the features based on their correlations w.r.t.
the SF. The above procedure is repeated until a maximum of
Kb unique support features are identified in each iteration.

3.6 CRM with Linear Correlation corrlinearð	; 	Þ
In this section, we illustrate the way of feature grouping
with linear correlation, i.e., using PCC rð	; 	Þ as the corre-
lation measure. To this end, we begin with a proposition
to prove the case of linear correlation, which serves as a
generalization of that previously presented in [4] on
assumption made pertaining to data normalization: for a
group of strongly correlated features, if one of them is
informative to the output labels, all of them can be treated
identically (i.e., all of them will make positive contribu-
tions to the output label).

Proposition 1. Given a nonzero column vector ~aa and any two fea-
ture vectors f1 and f2, suppose their absolute PCC jrðf1; f2Þj 

ð1� t), then jf1~aaj � jf2~aajj j �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðD2

s þ D2
m þ 2tsf1sf2Þ

q
k~aak

holds, where the t 2 ½0; 1� and Ds ¼ sf1 � sf2 while Dm ¼
mf1

� mf2
.

Proof. The proof is particularized in Appendix A, available
in the online supplemental material. tu
The above results state that if two feature vectors f1 and

f2 are highly correlated, their distance measure (or correla-
tion) to any exemplar vector ~aa0 will be close to one another.
In what follows, we present a theorem to illustrate that in
practice one can address the linear pairwise feature correla-
tion by scanning only a small subset of the features on big
dimensional problems.

Theorem 1. Given a nonzero column vector ~aa and any two
feature vectors fj and fk, suppose jrðfj; fkÞj 
 ð1� tÞ and
fj is the support feature (i.e., fk is qualified as an affiliated
feature of fj) with feature score jsjj ¼ jfj~aaj based on Equa-
tion (10), then the feature score of fk satisfies jskj 
 jsjj �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nðD2
s þ D2

m þ 2tsfjsfkÞ
q

k~aak with Ds ¼ sf1 � sf2 and

Dm ¼ mf1
� mf2

.

Proof. From Proposition 1, we can obtain that j jfj~aaj � jfk~aaj j
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðD2

s þ D2
m þ 2tsfjsfkÞ

q
k~aak, under jrðfj; fkÞj 
 1� t.

Further, since fj is the support feature, which has the
highest feature score among all other features, so jfj~aaj 

jfk~aaj. Correspondingly, we have jfk~aaj ¼ jskj 
 jsjj�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nðD2
s þ D2

m þ 2tsfjsfkÞ
q

k~aak. This completes the proof. tu

The above theorem states that if two features are strongly
correlated, their scores will be close to one another. In other
words, for a given support feature fj, all other features with
scores that fall below the arrived bound at the correlation level
of (1� t), shall not be considered as the affiliated features of
fj. Correspondingly, this facilitates possible eliminations of
vast numbers of uncorrelated features without the need to
undergo extensive correlation computations. The details of
seeking dd using PCC is then illustrated in Algorithm 2, and
we termGDM that employs the PCC asGDM-PCC.

Algorithm 2. CRMðD;Kb; t;aa
t;SF ;AFÞwith PCC

1: Initialize k ¼ 1 and denote %k~aak as the bound arrived from

Theorem 1. Set the output ddt ¼ 0.
2: Compute feature score vector s according to (10) and sort

jsjj in descending order, record the feature ranking list as E.
while kddtk0 < Kb do
Pick the kth feature fz from D, where z ¼ EðkÞ
if ðj jszjt � jsjjt j > %z;jk~aakt with all existed SF fj) then
SF ¼ SF [ fzg and dtz ¼ 1 (fz is set as new SF)

else
For the SFs that satisfy ðj jszjt � jsjjt j � %z;jk~aakt), compute
rðfz; fjÞ.
if (9j; rðfz; fjÞ 
 1� t) then
AF :Gj ¼ AF :Gj [ fzg (fz is set as new AF for SFj)

else
SF ¼ SF [ fzg and dtz ¼ 1 (fz is set as new SF)

end if
end if
Set k ¼ kþ 1

end while

3.7 CRM with Nonlinear Correlation corrnonlinearð	; 	Þ
Besides linear correlation, nonlinear relationship is also con-
sidered as fundamental to many statistical, physical and
biological phenomena [29]. Among the nonlinear correla-
tion measures, the normalized mutual information is con-
sidered as an important criterion for pairwise vectors [30].
Here we show that, GDM offers flexibility and room for
nonlinear correlation measure to handle more complex
tasks. For the sake of brevity, in this section, we consider
the SU as the normalized MI in GDM (i.e., corrnonlinear
ð	Þ ¼ Uð	Þ) and term it GDM-SU correspondingly. Algo-
rithm 3 summarizes the pseudo code of feature grouping
and selection with nonlinear correlation SU.

3.8 GDM on One-Class Learning (GDM-OC)

In this section, we further illustrate the generality of the
proposed GDM framework for solving One-Class Learning
problems. Particularly, many applications, including
fraud detection and novelty detection, are commonly
seen as one-class learning problems. Under such a prob-
lem setting, an expected classification is taken to

3. The practice of existing works in the literature is to omit all corre-
lated features, i.e., redundancy reduction.
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differentiate between known objects (i.e., the target class)
from unknown objects (i.e., outlier, abnormal observa-
tion), while preserving the corresponding distribution of
the known. Therefore, data with single class label can be
used to assess whether a learning machine is able to
properly preserve the boundary of the learnt class. In
what follows, we show that the proposed GDM frame-
work can readily accommodate one-class problem with
ease by holding the label information of each observation
(i.e., yi ¼ 1 for all known objects) in the proposed sparse
SVM formulation,

Algorithm 3. CRMðD;Kb; t;aa
t;SF ;AFÞwith SU

1: Initialize k ¼ 1 and set the output ddt ¼ 0.
2: Compute feature score vector s and sort jsjj in descending
order, record the feature ranking list as E.
while kddtk0 < Kb do
Pick the kth feature fz from D, where z ¼ EðkÞ
if (9j; Uðfz; fjÞ 
 1� t) for SFj then
AF :Gj ¼ AF :Gj [ fzg (fz is set as new AF for SFj)

else
SF ¼ SF [ fzg and dtz ¼ 1 (fz is set as new SF)

end if
Set k ¼ kþ 1

end while

min
dd2DD

min
w;g;�

1

2
kwk22 � g þ C

2

Xn
i¼1

�2i

s:t: w0ðxi � ddÞ 
 g � �i i ¼ 1; . . . ; n:

(11)

Taking the dual form, similar derivation to Sections 3.3, 3.4,
and 3.5 can be attained with the exception of gddðaaÞ in prob-

lem (5) becoming 1
2

��Pn
i¼1 aiðxi � ddÞ��2 þ 1

2C aa
0aa, while prob-

lem (8) takes the form of

min
mm2U

max
aa2A

� 1

2
aa0 X

ddt2L
mtXtX

0
t þ

1

C
I

 !
aa: (12)

The corresponding feature discriminative score can then
be computed with sj ¼

Pn
i¼1 aixij ¼

Pn
i¼1 aifji ¼ fjaa. At the

same time, the decision to predict normal patterns can be
determined by fðxÞ ¼ sgnððw0 � ddÞx� gÞ, where g is the
learnt threshold. In this case, Algorithm 1 remains to hold
(unless all inputs share the same class), and g can be
obtained from aa from the dual solution based on Karush-
Kuhn-Tucker (KKT) conditions [31].

Besides this, one can also adapt the constraint to perform
different learning tasks, such as classification on structured
or semi-structured data [32] or using the selected features
for graph embedding [33].

3.9 Convergence Analysis of GDM

In this section, we conduct the convergence analysis by
introducing some theorems and propositions.

Theorem 2. Let ðaa; uÞ be the global optimal pair of (5), define

bk ¼ max
1�i�k

gddiðaakÞ ¼ min
aa2A

max
1�i�k

gddiðaaÞ
and ’k ¼ min

1�j�k
gddjþ1ðaajÞ;

where k denotes the number of iterations, then we have

bk � u � ’k: And with an increasing k, bk is monotonically

increasing while ’k is monotonically decreasing.

Proof. The proof is particularized in Appendix B, available
in the online supplemental material. tu

Proposition 2. With the proposed correlation redundancy
matching algorithm, the most violated constraint selection prob-
lem (9) can be solved with the most informative feature selected.

Proof. The proof is particularized in Appendix C, available
in the online supplemental material. tu
The next theorem indicates that the proposed GDM can

globally converge and exhibits the non-monotonic property
for feature selection.

Theorem 3. For each iteration of Algorithm 1, suppose that the
reduced minimax subproblem (6) can be globally solved and
the most violated constraint selection (9) can be solved with
the most informative feature selected, Algorithm 1 terminates
after a finite number of iterations.

Proof. The proof is particularized in Appendix D, available
in the online supplemental material. tu
In general, the Cutting Plane Algorithm typically con-

verges to robust optimal solution within tens of iterations
under the worst case analysis (i.e., finding the most violated
constraint ddt), where notable performances on many real
applications have been reported [25].

3.10 Implementation Issue

It is often the case that big dimensional datasets are usually
sparse. To store such massive data, a sparse format is prefer-
able. For example, LIBSVM has implemented a data struc-
ture with double linked list structure, where indices are
generated for fast accessing of each sample point. However,
the LIBSVM format4 requires a sequential search to retrieval
the features, it is inefficient for feature selection involving
big dimensional datasets. To facilitate fast direct access of
features, in this work, we have introduced a feature-based
indexing for each feature. With such an implementation, the
efficiency is significantly improved as demonstrated in
Appendix E, available in the online supplemental material.

3.11 Complexity Analysis

In GDM, the most violated dd is obtained via the CRM algo-
rithm, where the m number of features are firstly sorted
based on the feature score metric jsjj in GDM. Conse-
quently, Kb number of most informative features with corre-
lation consideration (i.e., w.r.t. the other predictive features)
are identified. For T iterations, there will be T �Kb SFs at
most, which is the worst case to consider in MKL. Neverthe-
less, as previously discussed, the cutting plane strategy
requires a small T for convergence to happen—a cap of ten
iterations is used in the experimental study on binary classi-
fication, thus T is not a crucial term in the complexity. For
the sake of brevity, the detailed complexity analysis on the

4. The comparison of GDM and baseline with both implementations
are presented in Appendix E, available in the online supplemental
material.
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two iterative steps of the proposed method is given in
Table 1, where S indicates the number of support vectors in
the SVM. Note that for the feature grouping stage of CRM,
the complexity OðKbmnÞ is for the worst case, however, due
to the phenomena of “sparse correlation” highlighted in the
Introduction, the true complexity is much less than
OðKbmnÞ. To conclude, GDM is very efficient for the real-
world data with “sparse correlation”.

4 RELATED WORKS ON FEATURE GROUPING

In the recent years, feature grouping, has been shown to be
a good means for building simple structure of the data. A
feature group accumulates substantive characteristics of the
features (i.e., it has a functional interpretation to the predic-
tion task). Furthermore, considering each group as a branch,
a feature structure of the data can be established by an
aggregation of the branches. The established feature struc-
ture can be helpful for grasping the properties of the feature
space of interest and assist users in their interpretations of
the data for further analysis. The graph-guided fused lasso
(GFlasso) is among the early feature grouping approaches
and operates by identifying feature groups based on the
graph-structure defined over the features [5]. Moreover,
GFlasso employs a sparse regularization over a graph to
penalize the differences in feature coefficients bi and bj by
jbi � signðri;jÞbjj, and then connects/associates fi to fj when

ri;j > 0. Other works include the Elastic-Net [34] and group

Lasso [35], wherein the former uses the hybridization of ‘1
and ‘2 regularizers to gather strongly correlated features
into groups when dealing with high dimensional problems;
the latter, however, introduces an extension of the lasso
penalty, which is deemed as an intermediate between ‘1
and ‘2 penalty, so as to favor robust features. Octagonal
shrinkage and clustering algorithm for regression (OSCAR),
on the other hand, incorporates the ‘1-penalty as a means
to reduce similar feature pairs [36], while the ‘1 regularizer
is maintained for feature selection purposes. Further, Zhong
and Kwok introduced an efficient projection step to acceler-
ate the process of feature grouping [37]. Recently, Yang
et al. employed a convex function to penalize the pairwise
infinity norm of connected regression/classification coeffi-
cients, while achieving simultaneous feature grouping and
selection [6]. They considered a non-convex optimization
function to enforce bias alleviation.

In spite of the increasing efforts that focus on identifying
feature groups, existing strategies have met with limited
success on Big Volume and big dimensional data [8]. The
key factor responsible for this lies in the need to compute an
extremely large covariance/correlation matrix for big
dimensional data, which is computationally intractable.
Notably, a dataset with millions of features translates to

trillions of correlations to be computed. In contrast to previ-
ous works, with the proposed GDM, we exploited the pres-
ence of sparse correlations for the efficient identifications of
informative and correlated feature groups from big dimen-
sional datasets, without the need to compute a full covari-
ance/correlation matrix.

5 EXPERIMENTAL STUDY

In this section, we present the experimental study on the
proposed GDM-PCC and GDM-SU together with several
state-of-the-art feature selection methods, including: 1)
mRMR5 [2], 2) FCBF6 [3], 3) RCFS [38], 4) SVM-RFE [20] and
5) ‘1-SVM

7 [39]. In addition, some state-of-the-art feature
grouping methods are also considered here to assess the
performance efficacies of GDM. These include: 6) OSCAR
[37], 7) ncFGS & ncTFGS [6] and 8) GFlasso [5]. To provide
insights to the contributions of incorporating correlation
constraints, t ¼ 0 is configured to arrive at GDMt¼0. This
forms the baseline where no differentiations between sup-
port and affiliated features are made (i.e., features with
highest jsjj’s are preferred).

5.1 Experimental Setup

Among the feature selection methods considered here,
mRMR, FCBF and RCFS represent filter methods, SVM-RFE
is a representative of the wrapper method, while ‘1-SVM
belongs to the family of embedded method. For the feature
grouping methods, OSCAR, ncFGS & ncTFGS and GFlasso
all operate based on the strategy of pruning the covariance/
correlation matrix. The configurations of all the methods
considered are set to be consistent to those used in the
respective articles reported, and implemented in C++.
Moreover, to facilitate fair comparisons, the standard SVM
classifier is used as the underlying classifier. In GDM, the
parameter C of the standard SVM is set to ‘1’, while in
‘1-SVM, C is unique and vary with the number of features
selected. In the experimental study, we set the correlation
parameter as t ¼ 0:3 for GDM-PCC while t ¼ 0:4 for GDM-
SU, and for the mutual information calculation in GDM-SU,
we use 10 percent of the feature value range as the estima-
tor. To show the results of different numbers of selected fea-
tures, Kb is set as natural number (e.g., 1, 2, . . ., 10). All
experiments are conducted on the PC with Intel Xeon CPU
E5-2695 v2 (2.4 GHz, 2 processors) and 128GB memory
under Windows Server 2012 R2 Standard.

5.2 Results on Synthetic Dataset

To illustrate the mechanisms of the proposed GDM, we
begin our study on a synthetic dataset, where the ground
truth support-affiliated relationships are known in advance.
Correspondingly, the aim is to verify if our proposed
method is able to discover the feature groups and how it
fares against the existing state-of-the-art feature grouping
methods. The training set comprises 2,048 observations,
each having 10,000 features. There are 12 predefined
informative features which have been further expanded as

TABLE 1
Complexity Analysis for Each Iteration in GDM

Sub-procedure Complexity

CRM
Feature Score s OðmSÞ
Sort jsjj’s Oðm logmÞ
Feature Grouping OðKbmnÞ

MKL OðTKbnÞ

5. http://penglab.janelia.org/proj/mRMR
6. http://www.cs.man.ac.uk/~gbrown/fstoolbox
7. http://www.csie.ntu.edu.tw/~cjlin/liblinear
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12 feature groups with variant size, as depicted in Fig. 3(a).
Each support feature has 0 to 5 affiliated features as chil-
dren, while the others then form the noisy features. The pre-
dictive ability of each group is configured to follow a
normal distributionNð0; 1Þ. The pseudo algorithm of gener-
ating this dataset is provided in Appendix G, available in
the online supplemental material, and since we use linear
correlation to generate the feature group, the GDM-PCC is
adopted in the experiment. Thus, in what follows, GDM
indicates GDM-PCC in this section.

The experimental results obtained by the various feature
groupingmethods and feature selectionmethods on the syn-
thetic dataset are tabulated in Table 2. In particular, success
hits and training time are the performance metrics used to

assess the algorithms under consideration as summarized in
the table. Success Hits provides a measure on the complete-
ness of a feature grouping method or feature selection
method in correctly identifying all the core features. Training
Time, on the other hand, gives the wall-clock time incurred to
train a learning model. From the results in Table 2, both the
wrapper (i.e., SVM-RFE) and embedded methods (i.e.,
GDM, ‘1-SVM) have been observed to attain competitive per-
formances on bothmetrics for feature selectionmethods.

With the correlation constraint in (3) disabled by setting
t ¼ 0, GDMt¼0 is observed to achieve performances that
are close to the ‘1-SVM. This is unsurprising due to the
similar sparse SVM strategy used in both algorithms. Filter
methods such as mRMR and FCBF suffered the worst

Fig. 3. Feature group structures generated by the various feature grouping methods.

TABLE 2
Results on Synthetic Dataset of Various Methods

Methods
Feature Grouping Feature Selection

GDM OSCAR ncFGS ncTFGS GFlasso GDMt¼0 mRMR FCBF RCFS SVM-RFE ‘1-SVM

Success Hits 86.8 percent 50.0 percent 60.5 percent 52.6 percent 71.1 percent 9/3/0 2/3/7 6/1/5 7/2/3 8/3/1 10/2/0

Training Time 0.85 � 0.13 130.68 455.34 456.62 132.49 0.31 � 0.16 2.28 � 0.25 4.56 � 0.52 101.95 33.73 � 0.98 0.33 � 0.07

Success Hits stands for the completeness in identifying the features. It measures the matching degree for feature grouping methods (i.e., #correct
#all

� 100%Þ whilst
taking the form of “# correct SF/# correct AF/# incorrect feature” for feature selection methods. The Training Time is in reported seconds, wherein the deviation
below 1 second is reported.
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performances. Nevertheless, RCFS, though achieved com-
petitive result, incurred a learning time of 102 seconds,
which is 300+ times more than embedded feature selection
method, i.e., GDMt¼0 and ‘1-SVM.

The feature group structures generated by the various fea-
ture grouping methods are then depicted in Figs. 3(b), 3(c),
3(d), 3(e), and 3(f). Visually, Fig. 3(b)which is the group struc-
ture produced by the proposed GDM, is noted to match the
ground-truth feature groups of Fig. 3(a) most closely than
all the others, (i.e., Figs. 3(c), 3(d), 3(e), and 3(f)). To assert this
quantitatively, we use Success Hits to measure the obtained
feature group structures of the various feature grouping

methods (i.e., matching degree for feature groupingmethods,
#correct
#all

� 100%Þ), among which GDM ranked at the top, with

a value of 86.84 percent (i.e., 33/38 of ground truth features).
GFlasso managed to uncover 27/38 of the ground truth fea-
tures,while all the other feature groupingmethods only iden-
tified less than 23 of the ground truth features. For the sake of
illustration, the important features that have been identified
by the feature groupingmethods are depicted in Fig. 3.

5.3 Results on Real-World Datasets

To assess the performance of GDM on real world settings,
here we present a study on a range of big dimensional data-
sets from diverse domains. The first is the 20 newsgroup
dataset, which has been size-balanced for binary text classi-
fication with each class comprising 10 groups and labelled
here as news20.binary

8. The second is the kdd2010
8

challenge dataset used in the educational data mining com-
petition. The aim of the competition is to provide predic-
tions on the “correct first attempt” for a subset of “steps”.
The third is the spam web page data webspam

9, which is
collected by “Webb Spam Corpus 2006” with adequate
number of spam pages for the purpose of spam detection.
One biology data considered here is the psoriasis dataset
comprising SNPs as the features. This data is collected from

a collaborative association study of psoriasis (CASP)10 to
identify susceptibility pathways and important genes [40].
As SNPs data is very dense, this makes feature grouping
and selection a challenging and non-trivial task.

To proceed with our study on the webspam and psori-

asis datasets, we randomly select 80 percent of the entire
observations as the training set, and the rest 20 percent are
kept for testing. For news20.binary, we set the training
and testing set to be equal in size due to the sparseness of
the dataset, so as to better preserve the original feature
space. Further, detailed information on the datasets is listed
in Table 3, wherein the bold font indicates the core chal-
lenge of each dataset considered, e.g., the challenge of big
dimensionality in kdd2010 with nearly 30 million features,
high density characteristic of psoriasis and enormous
storage requirement of webspam, etc.

To adapt with the feature selection task, we use SFs to
represent GDM series methods, i.e., GDM-PCC and GDM-
SU. Further, to evaluate the feature selection performances,
classification accuracy, training time complexity and redundancy
rate11 [41] are considered.

5.3.1 Accuracy Results

Fig. 4 summarizes the accuracy performance attained by the
methods considered including SVM-RFE, ‘1-SVM, GDMt¼0,
GDMs (GDMs refers to both GDM-SU and GDM-PCC in
this section). Note that, all the other feature grouping meth-
ods as well as the filter feature selection methods have been
observed to be inadequate for handling such high
dimensionality considered, hence only results of the wrap-
per and embedded methods are reported. Furthermore,
SVM-RFE consumed a large number of inner SVM evalua-
tions, thus it fails to converge well on the three larger data-
sets under the limited training budget available.

Overall, GDM attains very high accuracy improvements
over the other methods on the real world datasets. From

Fig. 4. Testing accuracy (in percent) on real-world datasets.

TABLE 3
Characteristics of the Real-World Datasets Considered

Dataset # Features # Training # Positive # Negative # Testing # Nonzeros Density Size on disk

news20.binary 1,355,191 9,996 6,000 3,996 10,000 3,584,383 2.646e-04 133.52 MB
kdd2010 29,890,095 19,264,097 16,579,660 2,684,437 748,401 585,609,985 1.017e-06 4.96 GB
webspam 16,609,143 280,000 169,786 110,214 70,000 1,044,482,369 2.245e-04 23.31 GB
psoriasis 529,651 2,176 1,131 1,045 545 1,424,895,775 0.989 11.67 GB

8. http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets
9. http://www.cc.gatech.edu/projects/doi/WebbSpamCorpus.html

10. http://www.sph.umich.edu/csg/abecasis/casp
11. Redundancy rate generally assesses the averaged correlation

among all the selected feature pairs.
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Fig. 4, we can also observe that both GDM-PCC and GDM-
SU fare significantly better than GDMt¼0 on the larger data-
sets. This improvement can be attributed to the benefits
brought about by the feature correlation constraints consid-
ered in GDM, i.e., identifying the SFs and AFs, since the
only disparity between GDMs and GDMt¼0 lies in the lack
of differentiations between SFs and AFs in the latter. While
for news20.binary, since the informative features are
mostly uncorrelated, only a small number of feature groups
are identified by both GDM methods, hence similar accura-
cies are reported by GDMs and GDMt¼0. Besides, GDM-
PCC performs slightly better than GDM-SU on three of the
datasets, while on the psoriasis biological data, the non-
linear correlation measure of GDM-SU exhibited improved
and more stable accuracy, especially when the number of
selected SFs is small. Moreover, both GDMs and GDMt¼0

showcase statistically significant improvements in accuracy
over the ‘1-SVM, however, relatively high variance is dis-
played in the prediction accuracies reported w.r.t. the
increasing number of selected SNPs, which is mainly due to
the high dimension small sample size characteristic of the pso-
riasis dataset that we will illustrate further in a section of
further study (see Section 5.4).

5.3.2 Training Time Results

Fig. 5 further summarizes the training cost incurred,
wherein embedded methods are noted to be more effi-
cient on the news20.binary dataset when compared to
the wrapper method, SVM-RFE. Moreover, Fig. 5(b)
shows that, on the highly sparse kdd2010 dataset (see
the density in Table 3), ‘1-SVM was able to take advan-
tage on the sparseness characteristics of the kdd2010

dataset to achieve the shortest training time observed.
However, on dense datasets, i.e., psoriasis, ‘1-SVM
did not fare well and in fact incurred large training costs
due to the inadequate management of memory resources.
When no differentiations between SF and AF are consid-
ered, GDMt¼0 displays remarkable training efficiency

compared to GDM-PCC and GDM-SU, as shown in
Figs. 5(b) and 5(c), with some tradeoff in prediction accu-
racies. Most importantly, GDMt¼0 could possibly satisfy
the real-time requirement of some applications if some
form of parallel computing is used. Despite having to
handle the massive number of feature correlation compu-
tations involving big dimensional dataset, GDM-PCC
reported a comparable or smaller training time costs than
‘1-SVM. Further, referring to the number of selected SFs
and AFs reported in Fig. 7, it can be observed that when
the quantity of AFs in GDM-PCC and GDM-SU are simi-
lar, and GDM-SU incurs a higher computational time
than GDM-PCC (e.g., as observed on the news20.

binary and kdd2010 dasasets). However, on the dense
dataset psoriasis, GDM-SU exhibits higher efficiency
with a smaller identified feature groups (note that for
webspam, GDM-PCC may take advantage of the sparse-
ness in the dataset to reduce the cost of PCC calculation).

5.3.3 Redundancy Rate Results

Last but not least, in Fig. 6, the redundancy rate attained
by various methods are depicted, wherein GDM-PCC
achieves a low rate in most cases. Compared to embed-
ded methods, both GDM-SU and GDM-PCC outperform
the ‘1-SVM in terms of redundancy reduction, while
exhibiting improved accuracy performance at the same
time. Moreover, this implies that the SFs selected by
GDM-SU or GDM-PCC approximately form a good feature
set [1]. Specifically, from Fig. 6(a), SVM-RFE also reported
low redundancy rate. However, tracing back to Fig. 4(a),
SVM-RFE did not fare so well on the accuracy perfor-
mance metric. It appears that the redundancy of SVM-
RFE suffers from the presence of irrelevant features.
Overall, considering both the results in Figs. 4 and 6, both
GDM-PCC and GDM-SU are noted to attain low redun-
dancy rate and superior accuracy performance simulta-
neously on the real-world datasets and relative to all the
feature selection methods considered.

Fig. 5. Training time (in seconds) on real-world datasets (in logarithmic scale, averaged from 5 runs).

Fig. 6. Redundancy rate on real-world datasets.
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5.4 Further Study: Embedded Cross Validation

As a result observed from Fig. 4, the accuracies of GDM-
PCC grow smoothly on three of the real-world datasets,
however, shake sharply on the psoriasis dataset, which
is possibly due to the high dimension small sample size charac-
teristic of the data. In practice, when dealing with big
dimensional data, the feature size sometimes far exceeds
the number of data samples by many orders of magnitude
[42], [43]. In such cases, it is typical that any slight variations
in the training data often produces radical changes in the
selected feature models. In order to identify an intrinsic set
of features that represent the entire data or the original fea-
ture space, here we aggregate the feature selection results of
multiple feature selectors by means of voting/averaging, in
the spirit of the ensemble feature selection strategy [42].
With a consensus made using diverse feature selectors, pos-
sible biases caused by the inconsistent distributions of the
data can be reduced.

In achieving such a goal, the universal support feature
set dduni is elected, which is formulated as

min
wv;dduni

X
v

GDMðwv; dduni;DvÞ; (13)

wherein the superscript 	v in the function denotes the vth fea-
ture selector, hence wv represents the corresponding weight
vector andDv the data subset. Further, a universal feature set

dduni is enforced to identify only single set of robust SFs kept
in testing (i.e., rather than one set per cross validation run).
To solve problem (13), we embed the traditional V -fold
cross-validation within the GDM. Consequently, this frame-
work is labelled here as Embedded Cross Validation (ECV),
whose algorithm is summarized in Algorithm 4. Further,
with such adoption, the complexity only involves the CRM
V times, while exhibiting only one robust feature set.

We thus train this data using ECV, where V ¼ 5 folds are
adopt in the procedure. We can observe from Fig. 8 that

ECV not only outperforms GDM in terms of prediction
accuracy, it also reports a significantly more stable results.
This underlines the benefits of embedding the cross valida-
tion with GDM to arrive at ECV that helps alleviate the bias
of such data distribution, so as to converge to robust fea-
tures. Thus, it is worth emphasizing that the aggregation of
performances by diverse feature selector is helpful for
improving the robustness of the selected features, especially
in high dimension small sample size problem settings [8], [44],
wherein different feature subsets are often reported to yield
similar performances.

Algorithm 4. GDMwith Embedded Cross-Validation

Input: Dataset DðX; yÞ, Kb, t and number of fold V .
Output: Index sets of SF and AF .
Initialize aa ¼ 1=n;SF ¼ ; and AF ¼ ;, and randomly split
the training set into V equal partitions Dv.
for t ¼ 1 to T do
Compute feature score vector s and sort jsjj in descending
order, record the feature ranking list as E
for v ¼ 1 to V do
Call ddtv ¼ CRMðDv;Kb; t; aa

t;SF v;QvÞ
end for
1: Set ‘1’ for the indices of top Kb features from

P
v dd

t
v in ddt.

2: Archive AF from each AF v that corresponding to SF .
3: Set L ¼ L [ fddtgwhile updating aatþ1.

end for

5.5 Result on One-Class Study of GDM

In this section, we showcase the effectiveness of the
proposed GDM-OC for solving one-class learning problem.
The standard one-class SVM (OCSVM) integrated in

Fig. 7. Number of AFs selected w.r.t. the number of SFs by GDM-PCC and GDM-SU.

Fig. 8. Accuracy results on psoriasis for ECV.

TABLE 4
Comparison of One-Class Learning Result between

LIBSVM-OCSVM and GDM

Dataset
Accuracy Training Cost (in sec)

OCSVM GDM-OC OCSVM GDM-OC

news20. 63.11 percent 62.90 percent
54.71 1.37

binary n ¼ 0:5 55 features

kdd2010
N. A. 71.76 percent

N. A. 408.49N. A. 20 features

webspam
74.14 percent 76.00 percent

1.75�105 170.91n ¼ 0:5 70 features

psoriasis
52.84 percent 48.26 percent

1,260.25 89.49n ¼ 0:8 100 features
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LIBSVM12 [45] is then considered for comparison. In the
experimental study, all four real-world datatsets are consid-
ered to maintain consistency. The difference is that only the
positive training points of the datasets are used as training
data in the one-class setting. Different from binary-class set-
ting, since the convergence preference is needed, 0.01 percent
in precision of objective difference is set (In this case, T ¼ 1
in Algorithm 1). Kb is then set as natural number {2, 5, 10}
and a better result is recorded. Further, the n in LIBSVM-
OCSVM is set from 0.2 to 0.8 with an interval of 0.1 and the
best result for this method is presented for comparison. The
empirical results obtained including accuracy and training
cost are given in Table 4, from where one can easily figure
out that with the embedded feature selection, not only is the
training accuracy maintained, the training process is also
accelerated. Notably, this speed up is in proportional to the
density of the data, as can be observed from Table 3. This
indicates that GDM suits sparse dataset verywell.

6 FUTURE WORK AND CONCLUSION

In this section, we begin with some future work discussion
and follow up with the conclusion for the paper.

6.1 Future Work on the Benefits of Affiliated
Features on Image Data

Image clustering is one of the most challenging tasks of
computer vision research, especially when dealing with
face images. The reason falls on the fact that very often the
description of different faces can be rather similar whilst
being very distinct only in the background. Thus, traditional
clustering methods without proper feature normalization
tend to be easily misled. Recently, Nie et al. presented a
spectral embedded clustering (SEC) method, which learns
the feature embedding and clustering at the same time, and
reported state-of-the-art face clustering performances on
several commonly used face image databases [46]. In this
section, to further illustrate the benefits of the proposed
GDM, particularly the practicality and interpretability of
the derived affiliated features, we showcase an intriguing
example where feature groups describe important regions
that discriminate between faces and flowers.

The experiment comprises of two core steps: Firstly, the
feature groups of face region are identified using a “face vs.
non-face” binary scheme. Here, we adopt the Yale Face

Database B
13 for the face dataset and the 17 category

flower dataset
14 as the non-face dataset. Next, the SEC is

conducted on the selected feature groups for further evalua-
tion, in comparison to the original full pixels. The selected
features (pixels) or feature groups are shown in Fig. 9 (i.e.,
selected important face region), which look like pencil
sketches of portraits upon aggregation. Subsequent cluster-
ing on the selected features as a multi-class classification
task leads to the results given in Table 5, where significant
improvements in the clustering performance in terms of
both clustering accuracy and mutual information are
reported. Notably, the running time to perform clustering is
also significantly reduced when the feature groups are used
over the original pixels as feature descriptors.

6.2 Conclusion

Today, modern databases with big dimensionality are
experiencing a growing trend. State-of-the-art approaches
that require the calculations of pairwise feature correlations
in their algorithmic designs have not coped well on such
database, since the computation burden of m2 is often
impractical. In this paper, our observations from several
real-world databases have established that an extremely
small portion of the feature pairs contribute significantly to
the underlying feature interactions, i.e., there is a presence
of sparse correlations, and there exists feature groups that
are highly correlated. Taking the cue, we then embarked on
a comprehensive study on potential correlated informative
features or feature groups using the concepts of support fea-
ture and affiliated feature, to fill in the research gap that has
been identified. In particular, our proposed GDM embeds
an explicit incorporation of both linear and nonlinear corre-
lation measures as constraints in the learning model to filter
out large number of non-contributing correlations that
could otherwise confuse a classifier, while identifying the
correlated and informative feature groups. Notably, the
affiliated features are constructed in the proposed method
without any additional cost, since they are generated along
with the support features. Besides, we also demonstrated
the proposed method on one-class learning, where notable
acceleration can be achieved by GDM-OC from big

Fig. 9. Interpretability of selected support-affiliated feature groups.

TABLE 5
Clustering Performance Results Using Original and
Selected Pixels for Face Recognition from 5 Runs

(i.e., the Value Is in the Form of mean � std.)

Features Used Original Support-Affiliated
Feature Groups

Clustering Accu. (in percent) 32.67 � 0.20 34.98 � 0.36
Mutual Info. (in percent) 45.36 � 0.18 47.22 � 0.29
Elapsed Time (in sec.) 320.15 � 1.29 87.49 � 1.07

12. http://www.csie.ntu.edu.tw/~cjlin/libsvm
13. http://www.robots.ox.ac.uk/~vgg/data/flowers
14. http://cvc.yale.edu/projects/yalefacesB/yalefacesB.html
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dimensional one-class data. Further, to identify robust infor-
mative features with minimal sampling bias, ECV is
designed to embed the cross validation scheme in seeking
for stable and robust feature sets that are consistent across
different data folds. Extensive empirical studies have been
reported on both synthetic and several real-world datasets
to reveal the superior prediction accuracy of GDM through
the identified SFs, while some feature redundancies via the
identification of AFs are useful for enhanced interpretation
of the learning tasks. Last but not least, both the theoretical
analysis and empirical studies verified the high efficacies of
the proposed methodology, which makes trillion correla-
tions feasible when dealing with big dimensional data.
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