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Abstract- This paper presents a study on Hierarchical
Surrogate-Assisted Evolutionary Algorithm (HSAEA)
using different global surrogate models for solving com-
putationally expensive optimization problems. In par-
ticular, we consider the use of Gaussian Process (GP)
and Polynomial Regression (PR) methods for approx-
imating the global fitness landscape in the surrogate-
assisted evolutionary search. The global surrogate
model serves to pre-screen the EA population for
promising individuals. Subsequently, these potential in-
dividuals undergo a local search in the form of Lamar-
ckian learning using online local surrogate models. Nu-
merical results are presented on two multi-modal bench-
mark test functions. The results obtained show that both
PR-HSAEA and GP-HSAEA converge to good designs
on a limited computational budget. Further, our study
also shows that the GP model is suitable for global sur-
rogate modeling in HSAEA if the evaluation function is
very expensive in computations. On moderately expen-
sive problems, the PR method may serve to generate bet-
ter efficiency than using GP.

1 Introduction

Evolutionary Algorithms (EAs) have emerged as a power-
ful paradigm for global optimization. Over the last decades,
this approach has gained significant interest in complex en-
gineering design problems. However, in many complex
engineering design problems where high-fidelity analysis
codes are used, each objective function evaluation requires
the simulation of the high-fidelity analysis codes, such as
Finite Element Analysis (FEA), Computational Fluid Dy-
namics (CFD) or Computational Electro Magnetics (CEM)
etc., may cost from minutes to days of supercomputer time.
Since EAs typically require thousands of function evalua-
tions to locate a near optimal solution, the use of EAs often
becomes computationally prohibitive for this class of prob-
lems. To address this problem, several efforts have been
made to reduce the computational cost and accelerate the
convergence of EAs. One promising way to significantly
reduce the computational cost of EAs is to employ computa-
tionally cheap surrogate models in place of computationally
expensive exact function evaluations [1], [2], [3], [4], [5].
By leveraging surrogate models, the computational burden
can be greatly reduced since the cost of building the surro-
gate model and optimization using it are much lower than
the standard approach of directly coupling the simulation

codes with the optimizer.
A variety of techniques for the constructions of surro-

gate model, often also referred to as meta-models or ap-
proximation models, have been used in engineering design
optimization. Among these techniques, Polynomial Regres-
sion (PR, also known as response surface method), Artificial
Neural Network (ANN), Radial Basis Function (RBF), and
Gaussian Process (GP) (also referred to as Kriging or De-
sign and Analysis of Computer Experiments (DACE) mod-
els) are the most prominent and commonly used techniques
[6], [7], [8].

Over the recent years, there has been a growing body
of research focusing on the development of new EA frame-
works for solving computationally expensive problems on
a limited computational budget. Hence, there are now var-
ious ways to integrate surrogate models into evolutionary
optimization. In general, researchers either use global or lo-
cal surrogate models in place of the exact simulation codes
that are constructed to predict the fitness of promising indi-
viduals more efficiently. Ratle [3] and El-Beltagy et al. [9]
examined strategies for integrating evolutionary search with
global surrogate models based on Kriging. Jin et al. [10]
also employs an artificial neural network to construct global
surrogate models and an empirical criterion is proposed to
switch between the expensive exact fitness function and sur-
rogate model during the search. Various strategies using GP
global surrogate models have also been considered in Ulmer
et al. [11] and D. B̈uche [12]. However, since the idea of
constructing accurate global surrogate models might be fun-
damentally flawed due to the curse of dimensionality, online
local surrogate models using RBF were proposed in Ong et
al. [1] and Giannakoglou [4] et al. in place of global surro-
gate models.

Hybrid evolutionary approaches, also sometimes known
as memetic strategies in surrogate-assisted EA have also
been considered recently to accelerate evolutionary search.
Liang and Yao proposed a strategy for coupling EAs with
local search based on a PR global models in [13]. Ong et
al. used a trust-region approach in the hybrid evolutionary
search to interleave use of the exact fitness functions with
computationally cheap online RBF local surrogate models
in the Lamarckian learning process [1]. The use of gradi-
ent information to improve the approximation accuracy of
surrogate-assisted EAs was also considered in Ong et al.
[14]. A recent survey paper that outlines some of the typi-
cal fitness approximation methods and data sampling tech-
niques used in evolutionary computation can be found in Jin



[15].
Existing surrogate-assisted evolutionary algorithm gen-

erally uses the global or local surrogate models. Our recent
studies on surrogate-assisted evolutionary algorithms have
combined both global and local surrogate models for solv-
ing computationally expensive optimization problems. A
novel Hierarchical Surrogate-Assisted Evolutionary Algo-
rithm (HSAEA) that employs computationally cheap online
global and local surrogate models to replace the exact com-
putationally expensive exact fitness evaluations during evo-
lutionary search was reported in [16]. At the first level, the
algorithm employs a GP global surrogate model to filter the
EA population of promising individuals. These potential
individuals then undergo a memetic search in the form of
Lamarckian learning at the next level. The Lamarckian evo-
lution involves a trust-region enabled gradient-based search
strategy that employs RBF local surrogate models to accel-
erate convergence. It was shown to accelerate the evolu-
tionary search much more efficiently than using the global
or local surrogate model alone [16].

The choice of global surrogate model in the HSAEA
should be one that is capable of modeling any complex
global trends of the exact fitness landscape accurately. Since
the GP interpolation method is commonly regarded to pro-
vide accurate approximation of complex global fitness land-
scape, it was proposed in [16] for solving complex engi-
neering design problem. Nevertheless, model construction
based on GP can be very time-consuming when compared
to other approximation methods which scales exponentially
with the training data size and problem dimensionality.

Since the purpose of the GP global surrogate model is
to pre-screen the EA population, the accuracy of the pre-
dicted fitness may not be very critical to the HSAEA algo-
rithm. Rather, the correct selection of promising individu-
als would be of upmost importance from the evolutionary
search point of view. Such a observation was also reported
in Jin et al. [17] where it was shown that the qualitative
fitness approximation of the surrogate model may be suf-
ficient in surrogate-assisted evolutionary frameworks, even
though the approximation error may be quite large. Taking
these cues, in this paper we consider using the PR method in
place of the GP model for building global surrogate model
in the HSAEA algorithm since the PR method is computa-
tionally more efficient. The trade-off is of course a lower
accuracy in the global surrogate model obtained by using
PR.

The remainder of this paper is organized as follows. In
the next section, we outline the HSAEA for solving com-
putationally expensive optimization problems. The basic
theory of the GP and PR modeling is briefly introduced.
Empirical studies on HSAEA using GP or PR global surro-
gate models were conducted on two commonly used multi-
modal benchmark functions. The numerical results ob-
tained are presented and discussed in Section 3 while Sec-
tion 4 summarizes our main conclusions.

BEGIN

Initialize: Generate a database containing a popula-
tion of designs.

Construct a global surrogate model.

While(computational budget is not exhausted)

• Evaluate all individuals in the population using
the global surrogate model.

• For each non-duplicated pre-selectedη percent
promising individuals in the population

∗ Apply trust-region enabled gradient-based
local search strategy to the individual
which interleaves the exact fitness function
with a local surrogate model.

∗ Update the database with any new evalu-
ated design points.

∗ Replace the individuals in the population
with the locally improved solution in the
spirit of Lamarckian learning.

End For

• Apply standard EA operators to create a new
population.

End While

END

Figure 1: Hierarchical Surrogate-Assisted Evolutionary Al-
gorithm (HSAEA)

2 Hierarchical Surrogate-Assisted Evolution-
ary Algorithm

Here, we are interested in cases where the evaluation of
the objective/fitness function is computationally expensive
and it desired to obtain a near-optimal solution on a lim-
ited computational budget. The basic steps of the pro-
posed Hierarchical Surrogate-Assisted Evolutionary Algo-
rithm (HSAEA) are outlined in figure 1.

For the sake of readability, we present the proposed
HSAEA optimization framework as four main phases:

Phase 0{Initialization}: At the first step, a population of
design points is initialized either randomly or using design
of experiments techniques such as Latin hypercube sam-
pling. These design points are evaluated using the exact
objective function. The exact fitness values obtained are
then archived in a central database together with the design
vectors. After some initial period of time, a global surro-
gate model is constructed to represent the global trends of
the entire fitness landscape.

Phase 1{Global Search Strategy}: Subsequently, the
global surrogate model is used to pre-evaluate all individ-
uals of the population. The predictions produced by using
the global surrogate model are used to pre-screen subse-
quent EA populations such that only theη% (0 < η < 100)



promising individuals undergo Lamarckian learning. This
eliminates any unnecessary local searches from being con-
ducted on individuals whose actual fitness is anticipated to
be poor.

Phase 2{Local Search Strategy}: A Lamarckian evolu-
tion process involving a trust-region framework devised for
interleaving exact objective functions with computationally
cheap local surrogate models is used during the gradient-
based search. For each non-duplicatedη% individuals, a
local surrogate model is built dynamically to represent the
local fitness landscape in the vicinity of an individual and is
hence termed a local surrogate model. If an improved solu-
tion is found in the Lamarckian learning process, the geno-
type is forced to reflect the result of improvement by placing
the locally improved individual back into the population to
compete for reproductive opportunities. Subsequently, re-
sults of any new exact fitness obtained during the Lamar-
ckian learning process are added into the central database,
facilitating possible updating of surrogate models through
online learning.

Phase 3{Standard EA Operations}: The population
then proceeds with the standard EA operators of crossover,
mutation, etc. This process of hierarchical surrogate-
assisted EA search is continued until the computational bud-
get is exhausted or a user specified termination criterion is
met.

Since local surrogate models will probably be built thou-
sands of times during local searches, computational effi-
ciency is a major concern. This consideration motivates the
use of RBF method, which can be efficiently applied to ap-
proximate multiple-input multiple-output data, particularly
when a few hundred data points are used for training. In
the HSAEA algorithm, the RBF local surrogate model is
constructed using only them neighboring data points in the
database nearest to the design point of interest because the
neighboring points are likely to have more impact than re-
mote ones [4]. In this way, the RBF model offers reasonable
accuracy as well as fast training.

The global surrogate model is constructed by using the
top rankingq archived design points of the database. Since
the training data points spread across the entire search space
to represent the whole fitness landscape, hence the model is
termed a global surrogate model. In this paper, we study
the effect on using GP or PR global surrogate models in
HSAEA for solving computationally expensive optimiza-
tion problems. For greater details on the HSAEA frame-
work, the reader is referred to [16].

2.1 Gaussian Process Modeling

Here, we give a brief overview of the GP modeling tech-
nique for global surrogate model construction.

LetD = {xi, ti}, i = 1 . . . n denote the training dataset,
wherexi ∈ Rd is the input design vector andti ∈ R is
the corresponding target value. The GP surrogate model
assumes the presence of an unknown true modeling function
f(x) and an additive noise termv to account for anomalies
in the observed data. Thus:

t(x) = f(x) + v (1)

The standard analysis requires the specification of prior
probabilities on the modeling function and the noise model.
From a stochastic process viewpoint, the collectiont =
{t1, t2, ..., tn} is called a Gaussian process if every subset
of t has a joint Gaussian distribution. More specifically,

P (t|C, {xn}) =
1
Z

exp
(
−1

2
(t− µ)T C−1(t− µ)

)
(2)

whereC is a covariance matrix parameterized in terms of
hyperparametersθ, i.e., Cij = k(xi, xj ; θ) and µ is the
process mean. The Gaussian process is characterized by
this covariance structure since it incorporates prior beliefs
both about the true underlying function as well as the noise
model. In the present study, we use the following exponen-
tial covariance model

k(xi, xj) = e−(xi−xj)
T Θ(xi−xj) + θd+1 (3)

whereΘ = diag{θ1, θ2, ..., θd} ∈ Rd×d is a diagonal ma-
trix of undetermined hyperparameters, andθd+1 ∈ R is an
additional hyperparameter arising from the assumption that
noise in the dataset is Gaussian (and output dependent). We
shall henceforth use the symbolθ to denote the vector of
undetermined hyperparameters, i.e.,θ = {θ1, θ2, ..., θd+1}.

In practice, the undetermined hyperparameters are tuned
to the data using the evidence maximization framework.
Once the hyperparameters have been estimated from the
data, predictions can be readily made for a new testing
point. To illustrate this, assume thattn represents the set
of n targets,Cn the corresponding covariance matrix and
that the process to be modeled has zero mean, i.e.,µ = 0.
Given a new pointxn+1, it can be shown that the prediction
tn+1 has a conditional probability distribution given by :

P (tn+1|D,C,xn+1) =
1
Z

exp

(
− (tn+1 − t̂n+1)2

2σ̂2

)
(4)

where,
t̂n+1 = kT

n+1(x)C−1
n tn (5)

and

σ2
n+1 = k(xn+1,xn+1; θ)kT

n+1(x)C−1
n kn+1 (6)

where, t̂n+1 and σ2
n+1 are the prediction for the pos-

terior mean and variance, respectively, andkn+1 =
{k(xn+1, x1), k(xn+1, x2), . . . , k(xn+1, xn)} ∈ Rn.

From a computational perspective, the search for an op-
timal GP under the evidence maximization framework [18]
involves solving the following nonlinear maximum like-
lihood estimation (MLE) problem to determine the most
probable hyperparametersθMP for the given data:

θMP = min
θ

L(θ), (7)

where

L(θ) = −1
2

log detCn − 1
2
tT
nC−1

n tN − n

2
log 2π (8)

is the negative log likelihood function.



Since computingL(θ) and its gradient generally in-
volves computing and inverting a densen × n covariance
matrix (requiringO(n3) resources) at each iteration, train-
ing the GP model can be prohibitively expensive even for
moderately sized data (e.g., say a few thousand data points).

Here we alleviate the computational bottleneck in stan-
dard GP modeling by employing a data parallel approach,
which makes it possible to deal with datasets containing tens
of thousands of points at modest computational cost. The
proposed Data Parallel Gaussian Process (DPGP) model
achieves parallelism by employing a specialized compactly
supported covariance function defined over spatially local-
ized clusters. It use a compactly supported covariance func-
tion as a building block for GP models is shown to de-
compose the maximum likelihood estimation problem into
smaller decoupled subproblems. The attendant benefits
which include a significant reduction in training complexity,
as well as sparse predictive models for the posterior mean
and variance make this scheme extremely attractive. Greater
details of the DPGP approach is available in [19].

Using the output mean prediction̂t(x) and standard de-
viation σ(x) of DPGP model, a variety of pre-selection
criteria for the selection of promising individuals may be
formulated to accelerate evolutionary optimization search.
Here we use the Probability of Improvement (PoI) as the
pre-selection criterion to filter out promising individuals of
population. Previous work in [11], [16] have also shown
that that thePoI pre-selection criterion performs well.

Let t− denote the smallest value of all the outputs in the
training dataset used to construct the GP surrogate model.
Subsequently, it is intended to use the surrogate model to
predict a new pointx∗ at which the output is likely to be
lower thant−. The PoI at the pointx∗ (i.e., the proba-
bility that the surrogate prediction atx∗ is lower thant−)
can be readily computed from the posterior meant̂(x∗) and
standard deviationσ(x∗) as follows:

PoI(x∗) = Φ
(

t− − t̂(x∗)
σ(x∗)

)
(9)

whereΦ(.) is the normal cumulative distribution function.

2.2 Polynomial Regression Modeling

Next, we briefly describe the Polynomial Regression (PR)
method for approximating multi-dimensional input data of
any order [20].

Consider the input-output pair(xi, ti), i = 1 . . . n,
wherexi ∈ Rd is the input design vector,ti ∈ R is the
corresponding target value, andxi = (xi1 , xi2 , . . . , xid

), d
denotes the dimension of the problem, we have:

ti = ti(xi) = t(xi1 , . . . , xid
) (10)

Define an exponent vectorε containingn positive inte-
gers(π1, π2, . . . , πd) and definexi

ε as an exponent input
vector(xi1

π1 , xi2
π2 , . . . , xid

πd).
Given a set of exponent vectorsε1, ε2, . . . , εm and the

set of data(xi, ti), wherei = 1, 2, . . . , n, the polynomial
model of(m− 1)th order has the form:

P (xi) = C1xi
ε1 + C2xi

ε2 + . . . + Cmxi
εm (11)

whereC1, C2, . . . , Cm are the coefficient vectors to be
estimated, andCj = (cj1 , cj2 , . . . , cjd

), j = 1, 2, . . . , m.
The least square method is then used to estimate the co-

efficients of the polynomial model. By definition, the least
square errorE to be minimized is:

E =
n∑

i=1

[ti − P (xi)]2 (12)

It may be easily shown thatti = P (xi), and by multi-
plying both sides of equation (11) withxεj

i and taking the
sum ofn pairs of input-output data, we arrive at

C1

∑

i

xε1+εj

i + . . . + Cm

∑

i

xεm+εj

i =
∑

i

tix
εj

i (13)

For j = 1, 2, . . . ,m, the polynomial model can be rep-
resented in the matrix notation as follow

AγT = bT (14)

where

A =




∑
i x

ε1+ε1
i . . .

∑
i x

ε1+εm
i

...
...∑

i x
εm+ε1
i . . .

∑
i x

εm+εm
i


 (15)

b = (
∑

tixε1
i , . . . ,

∑
tixεm

i ) (16)

γ = (C1, C2, . . . , Cm) (17)

Then the coefficient matrix of the polynomial is:

γ = (A−1bT )T (18)

Let Bi = (xε1
i , . . . ,xεm

i ), the following equations may
be derived:

• A =
∑

i BT
i Bi

• b =
∑

i tiBi

• P (xi) = γ.BT
i

The predicted output for a new input pattern is then given
by P (xi) = γ.BT

i .

3 Empirical Results

In this section, we present a numerical study on two
multi-modal benchmark test functions (i.e., the Ackley and
Griewank functions) so as to investigate the convergence
properties of the HSAEA using PR and GP global surrogate
models. Since the Genetic Algorithm (GA) is used in our
present study, the Hierarchical Surrogate-Assisted Genetic
Algorithm with PR or GP global surrogate model is referred
in short as PR-HSAGA and GP-HSAGA, respectively.



• Ackley Test Function:

f(x) = 20 + e− 20e
−0.2

s
1
n

nP
i=1

x2
i − e

1
n

nP
i=1

cos 2πxi

−32.768 ≤ xi ≤ 32.768, i = 1, 2, . . . , n.

• Griewank Test Function:

f(x) = 1 +
∑n

i=1 x2
i /4000−∏n

i=1 cos(xi/
√

i)
−600 ≤ xi ≤ 600, i = 1, 2, . . . , n.

In our study, we employed a standard GA with popula-
tion size of 50, crossover and mutation operators at prob-
abilities 0.6 and 0.001, respectively. A stochastic univer-
sal sampling algorithm is used for selection. Besides the
HSAGA, the Surrogate-Assisted Genetic Algorithm with
Local search Strategy (SAGA-LS) proposed in [1] is also
reported in this paper to facilitate possible comparison in
search performances. In contrast to the HSAGA, SAGA-
LS does not employ any global surrogate models, instead
all individuals of the GA population undergoes local im-
provements in the form of Lamarckian learning. Note that in
our numerical study, SAGA-LS adopts the same parameter
configurations as the standard GA. However, apart from the
standard GA settings, the two user-specified parameters of
the SAGA-LS 1) number of nearest neighboring data points
used to construct the local surrogate model,m and 2) max-
imum trust region iterationsk, are configured to be 100 and
3, respectively.

Furthermore, the maximum number of training design
points (i.e.,qmax) and clusters for constructing the global
surrogate model using DPGP (referred here as GP) for
HSAGA are configured as 2000 and 2, respectively. While
η is configured as40%. It is worth noting that all configu-
rations used in this study were based on those suggested in
earlier studies [1], [16]. All results presented are the aver-
age of 20 independent simulations conducted on a limited
computational budget of (6× 103) exact objective function
evaluations.

3.1 Effect of PR Order

We begin by presenting the effect of PR orders for approxi-
mating the multi-modal Ackley function.

The two dimensional Ackley function depicted in Figure
2(a) is approximated using 2nd, 5th and 10th order polyno-
mial regression and 300 training data points, which are plot-
ted in Figures 2(b) to 2(d), respectively. The Ackley func-
tion is highly multi-modal with many local minima and a
global minimum located at (0,...,0). From the figures, it may
be observed the 2nd order PR model is unable to approxi-
mate the complex landscape of the Ackley function very
well. The approximated Ackley becomes a quadratic func-
tion. Higher order PR models, on the other hand, approx-
imates the multi-modal landscape of the Ackley function
more closely. However, a higher order PR incurs greater
computational cost to construct the global model. The main
computational cost of PR modeling isO((dm)3) for n pairs
of data, and(m− 1)th order.
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(d) 10th order PR Approximation

Figure 2: Two-dimensional Ackley function

We also study the convergence behavior of HSAGA
framework using different orders of PR for global surro-
gate modeling. Figures 3 and 4 depict the search traces of
PR-HSAGA search on the two multi-modal test functions.
The PR2nd-HSAGA fares poorer than both the 5th and 10th
order counterparts on the test functions. This may be at-
tributed to the inferior approximation accuracy of the 2nd
order PR global model which results in poor identification
of promising individuals during the pre-screening process.

The results in figures 3 and 4 also show little improve-
ments in using the PR10th-HSAGA over the 5th order coun-
terpart. In effect, we use the PR5th-HSAGA in our subse-
quent experimental study since it is more computationally
efficient and competitive than the PR10th-HSAGA.
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Figure 3: Averaged search trends of PR-HSAGA for differ-
ent orders on 20-dimensional Ackley function
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3.2 Performance Comparison of PR-HSAGA and GP-
HSAGA

Figures 5 and 6 depicts the search performance traces of the
5th order PR-HSAGA and GP-HSAGA on the Ackley and
Griewank functions, respectively.
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Figure 5: Averaged search trends of SAGA-LS, GP-
HSAGA, and PR-HSAGA on 20-dimensional Ackley func-
tion

It may be observed in these figures that both PR-HSAGA
and GP-HSAGA were able to filter off unnecessary lo-
cal searches, thus accelerating convergence and providing
significant computational cost savings over the SAGA-LS.
Overall, GP-HSAGA converges to better designs faster than
PR-HSAGA. We observed that this is due to the inability
of the PR method to approximate the complex high dimen-
sional landscape accurately, resulting in poor qualitative fit-
ness approximation. Consequently, the PR global surro-
gate model fails to accurately identify theη% top ranking
promising individuals in the EA population that will un-
dergo Lamarckian learning. Figure 7 illustrates one such
case where vectory is preferred overx due to the poor qual-
itative fitness approximation of the PR model. Nevertheless,
it is worth noting that PR-HSAGA is still capable of provid-
ing significant computational cost savings over the SAGA-
LS. This is most likely due to the second level surrogate-
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Figure 7: Poor qualitative approximation of surrogate
model

assisted local search which helps maintain good accuracy in
the evolutionary search.

3.3 Wall Clock Time of PR-HSAGA and GP-HSAGA

Many existing works on surrogate-assisted evolutionary al-
gorithms only report the fitness values obtained against the
number of exact evaluation calls made to the computation-
ally expensive optimization problem. However, it is obvious
there is significant difference in the computationally efforts
incurred by GP and PR for surrogate modeling. Hence, it
would be interesting to consider the actual wall clock time
of the PR-HSAGA and GP-HSAGA, inclusive of the model-
ing time. The computational efforts for a single generation
of the HSAGA search may be formulated as

Tgen = tg + tls + k · η · npop · tobj + tga (19)

wheretg, tls, tobj and tga denotes the wall clock time
to construct the global surrogate model, complete a trust-
region local search with on-line RBF local surrogate mod-
els, evaluate a single exact objective function and perform
standard GA operators, respectively.

In solving optimization problems, the termstls, k, η,
npop and tga in equation (19) are the same for both PR-
HSAGA and GP-HSAGA, but differs in the time taken to
constructing the global surrogate model,tg. The main com-
putational cost involved in constructing GP surrogate mod-
els occurs in the maximum likelihood estimation phase so as
to determine the most probable hyperparameters [18]. The
evaluation of the likelihood function requires factorization



Model Using training data size of
Type 500 2000

the 5th order PR 0.333165 1.20895
GP(2 cluster DPGP) 11.912108 1255.4707

Table 1: Average Wall Clock Time (seconds) to Construct
Surrogate Model

of the correlation matrix and scales asO(n3). In compari-
son, the main computational cost in constructing PR model
is performing matrix inversion which scales asO((dm)3)
but is independent on the number of training data, i.e.n in
GP model.

Since the number of training data,n, used to built the
models is often large in size anddm ¿ n, the time to con-
struct PR modeling is significantly lower compared to using
GP. Table 1 tabulates the average wall clock time to con-
struct the GP and PR global surrogate models for different
sizes of training dataset.
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on the 20-Dimensional100s Griewank Function
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on the 20-Dimensional10s Griewank Function

With the great difference in the time taken to construct
models using PR and GP, it is apparent some approximation
methods may not be efficient if the the computational ex-

pense of the optimization problem is not very high. Hence,
it would be interesting to investigate a suitable approxima-
tion method for the optimization problem in hand. Techni-
cally, when using HSAGA to solve an optimization problem
having a computational expense oftobj , one should use a
GP global model over PR if the following condition is sat-
isfied:

tobj À tgp

k · η · npop
(20)

wheretgp is the wall clock time to construct a GP model
in each EA generation, andnpop is the population size.

On the other hand, the PR method is preferred over GP
when:

tpr

k · η · npop
¿ tobj <

tgp

k · η · npop
(21)

wheretpr andtgp are the wall clock time to construct a
PR or GP model in each EA generation, respectively.

To validate this, we investigate the search performances
of HSAGA for variable-fidelity problems by using the
Griewank function with time delays. Note that in the present
experiment, all parameter configurations are kept the same
as before. By substituting the values ofk, η, npop, tpr and
tgp to equations (20) and (21), we can arrive attobj À
20.924512 and0.0201492 ¿ tobj < 20.924512, respec-
tively.

Figures 8 and 9 show the search traces of GP-HSAGA
and PR-HSAGA on the100s and 10s Griewank func-
tion. On the 100s Griewank function, i.e.,tobj À
20.924512, GP-HSAGA is observed to perform better than
PR-HSAGA. On the other hand, PR-HSAGA is supe-
rior to GP-HSAGA on the10s Griewank function when
0.0201492 ¿ tobj < 20.924512. These results thus prove
our hypothesis in equations (20) and (21).

4 Conclusion

This paper has elaborated the use of combining both global
and local surrogate models for solving different complex en-
gineering design problems. The PR and GP global surrogate
models are studied to guide the hierarchical evolutionary
search. Numerical study show that both PR-HSAEA and
GP-HSAEA converge to good designs on a limited com-
putational budget. Further, it may be inferred that the GP
method should generally be used in the HSAEA for global
surrogate modeling if the evaluation function is very expen-
sive in computations. On moderately expensive problems,
the PR method may serve to be a better choice.
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